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Abstract
Measurement-based quantum computing (MBQC) is a promis-
ing quantum computing paradigm that performs computa-
tion through “one-way” measurements on entangled quan-
tum qubits. It is widely used in photonic quantum computing
(PQC), where the computation is carried out on photonic
cluster states (i.e., a 2-D mesh of entangled photons). In
MBQC-based PQC, the cluster state depth (i.e., the length
of one-way measurements) plays an important role in the
overall execution time and circuit error. In this paper, we
propose FMCC, a compilation framework that employs dy-
namic programming with heuristics to efficiently minimize
the cluster state depth. Experimental results on six quan-
tum applications show that FMCC achieves 51.7%, 57.4%,
and 56.8% average depth reductions in small, medium, and
large qubit counts compared to the state-of-the-art MBQC
compilations.
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1 Introduction
Quantum computing has experienced rapid development in
the past decades, demonstrating its supremacy over classical
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computers in various application fields [8, 20, 43]. Most quan-
tum computing primarily focuses on matter-based quantum
computers that utilize superconducting [2] and trapped-ion
[9] qubits, following the gate-based quantum computation
paradigm. Recently, there has been a growing interest in
photonic quantum computing (PQC) that employs photon
qubits [7, 36, 44]. PQC generally leverages measurement-
based quantum computation (MBQC) that carries out com-
putation through “one-way” measurements on a 2-D mesh
of entangled photon qubits (known as cluster states) [7, 40].
Specifically, computation is conducted by measuring the
photons and propagating the measurement results through
a cluster state [7, 40, 41]. MBQC-based PQC offers several
advantages compared to gate-based quantum computation,
such as longer coherence times and better scalability [37].
In MBQC, a quantum algorithm is executed by mapping

the measurement patterns of each quantum gate onto a clus-
ter state (detailed discussion in Section 2.1). A cluster state
is generated using cluster state generator hardware that
produces entangled photons with fixed cluster state width,
where the width is the number of rows of entangled pho-
tons in the 2-D mesh [7, 10, 15, 18, 27, 38, 40]. In MBQC,
the computation is realized by measurements to process and
transmit information between neighboring entangled pho-
tons. As such, the depth (i.e., the number of photon columns
to execute a quantum algorithm) is a metric that critically
affects the execution time and error of quantum algorithms.
In this paper, we observe that modern MBQC execution

on cluster states is not optimized for the cluster state depth,
resulting in a long depth that induces a large photon resource
cost [15, 18, 38] and increases quantum error rate [21, 44, 46].
To this end, we propose FMCC (Flexible MBQC Compilation
on Cluster State), an MBQC compilation framework that
achieves the minimized depth to execute quantum algo-
rithms on a cluster state. Specifically, the motivation stems
from our observations that i) a significant amount of pho-
tons are wasted in cluster states during execution, and ii)
the MBQC execution allows different valid mapping “vari-
ants”. To generate different MBQC mapping variants that
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utilize the wasted photons, we categorize the measurements
in MBQC circuits into “components” — each being a group of
neighboring measurements. We identify two types of map-
ping variants, intra-component and inter-component, and
employ dynamic programming with heuristics to exploit the
variants to generate the MBQC circuit with minimized depth
on a cluster state.

To the best of our knowledge, the only existing work that
optimizes the depth is proposed by Li et al. [29]. While their
work primarily focuses on reducing the number of redundant
photon measurements, they do not explore MBQC mapping
variants, yielding sub-optimal depth. In this paper, we use
their work as our baseline and provide a quantitative compar-
ison in Section 6.2 and Section 6.3. The main contributions
of the paper are the following:
•We identify cluster state depth as a key metric for reducing
the execution time of quantum algorithms on photonic
cluster states. We find that an alternative MBQC mapping
effectively reduces cluster state depth.

•We categorize the photon measurements on cluster state
into different components. We define the component con-
straints in circuit mapping and use components to generate
mapping variants. Then, we formulate the problem into
a dynamic programming problem and exploit both intra-
component and inter-component mapping variants. This
significantly reduces the mapping search space and avoids
simple heuristic pitfalls.

•We conduct experiments using six representative MBQC
quantum applications with a small, medium, and large qubit
count. Experimental results indicate that, compared to the
state-of-the-art MBQC compilation, FMCC achieves 51.7%,
57.4%, and 56.8% average depth reductions in small, medium,
and large qubit counts, respectively.We also report the error
impact of FMCC and show it improves the overall circuit
fidelity compared to state-of-the-art MBQC compilers.

2 Background
2.1 Photonic Cluster State
A cluster state consists of photon qubits initially prepared in
the |+⟩ state where each photon is entangled with its neigh-
boring photons. A cluster state is generated by a photonic
hardware generator (i.e., cluster state generator) that contin-
uously produces entangled photons [10, 15, 18, 27, 38, 46, 48].
Fig. 1(c) shows such a generation process in which the gener-
ator has a fixedwidth of 3 photons and the entangled photons
are generated from left to right. In the 2-D mesh cluster state,
the width and depth are important for a quantum circuit
execution on a cluster state [24, 29, 40].
Cluster state width. The width refers to the number

of rows in a cluster state. A fixed width simplifies pho-
tonic cluster state generator hardware, which is a typical
design [10, 15, 18, 27, 38, 48]. However, the minimum width
required by each quantum algorithm varies according to the

(h) CNOT gate(g) CP gate with a SWAP

(d) Arbitrary rotation gate (f) Wire(e) Hadamard gate

IN YX Y Y X XININ X 𝛼 𝛽 𝛾

X Y Y YC Y Y

Y

X X X Y X XT

ZZ ZZZ
TX 

Component

XC

X 𝜃T

X

𝜃

𝜃 ZZ

XX

X X

TP 
Component

Depth: 4

Width: 3

(a) Cluster state example

Z measurement |+⟩ |+⟩|+⟩|+⟩

|+⟩ |+⟩|+⟩

|+⟩ |+⟩ |+⟩ |+⟩

|+⟩ |+⟩|+⟩|+⟩

|+⟩|+⟩|+⟩|+⟩

|+⟩ |+⟩ |+⟩ |+⟩

(b) After applying Z measurement to (a)

Measure

Measurement direction

Entanglement Free photons:

Photons in the Cluster State:

Measured-out photons:

(c) “Measure-on-the-fly’” MBQC execution

Figure 1. Cluster state and Measurement pattern examples.

number of logical qubits it has [7, 29, 40]. Specifically, each
logical qubit is mapped to a row of photons in the cluster
state. To prevent undesired interactions between two logical
qubits, the corresponding photon rows cannot be adjacent
since the adjacent photons are entangled in a cluster state.
Therefore, MBQC cuts out one row of photons between the
two rows where logical qubits are mapped. Hence, a quan-
tum algorithm requires a minimum of 2𝑁𝑞 − 1 rows to be
executed in a cluster state, where 𝑁𝑞 represents the number
of qubits in the quantum algorithm [29, 40, 41].
Cluster state depth. The depth refers to the number of

columns in a cluster state. A hardware generator produces
entangled photons from left to right, where there are no
hardware generator constraints in the cluster state depth.
Thus, the depth of the cluster state is only determined by
a quantum algorithm and its mapping on the cluster state.
The depth directly affects execution time and error rate: the
shorter the cluster state depth, the faster the execution and
the lower the error rate [10, 15, 18, 38, 44, 46, 48]. Therefore,
our goal is to reduce the depth in a fixed-width cluster state.

There are two approaches to generating a photonic cluster
state: i) emitter-based and ii) fusion-based. In the emitter
approach, a 2D cluster state is generated deterministically by
using entangled quantum emitters [15, 18, 48] or one emit-
ter with feedback loop [17, 38]. While the emitter approach
guarantees successful cluster state generation, it is limited by
the emitter decoherence [15, 18, 30, 46, 48]. In contrast, the
fusion approach generates cluster states by merging multi-
ple resource states (i.e., each resource state consists of three
entangled photons) [4, 19]. While it shows advantages in
cluster state scalability and generation speed [4], the fusion
operation (shown in Fig. 2(a)) has only a 75% success rate.
That is, the more fusion being used, the less possibility to
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generate a cluster state successfully. In this paper, we primar-
ily focus on emitter-based cluster state generation. However,
our approach is also applicable in fusion-based cluster state
generation and mitigates the error probability in both ap-
proaches (Section 6.5).
Fig. 1(c) also illustrates the “measure-on-the-fly” execu-

tion paradigm employed in cluster states [36, 41, 44] for both
cluster state generation methods. That is, the measurements
are applied to the photons while the cluster state is gener-
ated. This avoids the need to store a large-scale photonic
cluster state in optical quantummemory, increasing MBQC’s
scalability [36, 41, 44]. Note that the measurement direction
must be the same as the cluster state generating direction in
this paradigm (i.e., from left to right). As shown in Fig. 1(c),
the cluster state generator entangles free photons (green cir-
cles) into a cluster state (blue circles). Meanwhile, a column
of photon detectors measures the leftmost column of the
cluster state to perform computations. Once measured, the
photons (gray circles) are no longer entangled.

2.2 MBQC on Cluster State
MBQC employs two types of measurements to achieve uni-
versal quantum computation [39, 40]: i) X and Y measure-
ments (𝜎𝑥 and 𝜎𝑦 eigenbasis) to perform Pauli gate opera-
tions [39, 40], and ii) 𝜃 measurements to perform non-Pauli
gate operations. Implementation of quantum gates (also
called “pattern” [40]) is achieved by a set of measurements
applied to entangled photons in cluster states. Fig. 1 shows
several pattern examples with annotated measurement an-
gles. The patterns of a single-qubit arbitrary rotation gate and
an H gate are shown in Fig. 1(d) and (e), where measurements
are applied to a row of consecutive entangled photons and
computation is carried out “one-way” from left to right. The
consecutive even-number X measurements serve as identity
gates or “wires”, allowing logical qubit transmission through
qubit rows without applying any operations [40] (Fig. 1(f)).
MBQC uses Z measurements to “cut out” entangled photons
from a cluster state [39, 40]. Fig. 1(a) shows an example of
applying a Z measurement to a photon in the cluster state,
destroying the entanglements between the photon and its
neighbors. The resulting cluster state is shown in Fig. 1(b).
The Z measurements eliminate unwanted interactions be-
tween logical qubits by separating qubit rows in a cluster
state. It also eliminates any photons within the cluster state
that are not involved in the computation.
Two notable two-qubit gate patterns are the combined

CP and SWAP gate and the CNOT gate, shown in Fig. 1(g)
and (h), where measurements are applied to three rows of
entangled photons. The first row corresponds to the control
qubit, whereas the third row corresponds to the target qubit.
Among the measurements in the middle row, the X, 𝜃 , and
Y measurements facilitate communication between the two
logical qubits, while the Z measurements cut out unused pho-
tons and separate rows for control and target qubits. While

1 2 3 4 5 6

fusion
(a) A fusion apply to two resource 

states 

(b) Generation of four-photon 

states

(d) Generating a cluster state with 

fusions

1 2 5 6

(c) Generation of five-

photon states

Figure 2. Examples of using fusions to generate cluster state.

CNOT and single-qubit gates together enable universal quan-
tum computation [35, 42], MBQC provides further advan-
tages as CNOT gates together with combined CP and SWAP
gates reduce the need for quantum gate decomposition and
enhance the flexibility of quantum computation [40].

3 Error Models of Photonic Cluster State
There are fourmajor errors ofMBQC on the cluster state:
• Emitter decoherence: If the cluster state is generated
by emitters, the fidelity of photons is affected by the de-
coherence of the emitter [15, 18, 30, 46, 48]. The emitter
decoherence error rate is 1− 𝑒

−𝑡
𝑇2 , where𝑇2 is the coherence

time of the emitter and 𝑡 is the total time to generate a clus-
ter state. Since a column of photons is emitted at a constant
rate, 𝑡 is proportional to the depth of a cluster state 𝑑 . In
our modeling, we set 𝑇2 = 4.4𝜇s and generate a column of
photons in 0.2 ns based on prior work [18, 23].

• Fusion failure: As introduced in [4, 19], a cluster state
can also be generated by merging multiple resource states
using fusions. Since a fusion has a success rate of 75%, the
success rate of generating a cluster state using fusions is
0.75𝑁𝑓 , where 𝑁𝑓 is the number of fusions. To generate a
cluster state, it requires four-photon states and five-photon
states, as illustrated in Fig. 2(b) and Fig. 2(c). The figures
also show how to use fusion to generate four-photon states
and five-photon states. Consequently, the generation of a
cluster state with depth 𝑑 and width 𝑤 (assuming 𝑑 > 3
and𝑤 > 3) requires four resource states, 2(𝑤 −2) +2(𝑑 −2)
four-photon states, (𝑤 − 2) · (𝑑 − 2) five-photon states, and
additional fusion operations to merge them. Therefore, the
total number of fusions to generate a cluster state with
width 𝑤 and depth 𝑑 is 𝑁𝑓 = 2(𝑤 − 2) + 2(𝑑 − 2) + 2(𝑤 −
2) · (𝑑 − 2) + (𝑑 − 1) ·𝑤 + (𝑤 − 1) ·𝑑 = 4𝑤 ·𝑑 − 3𝑤 − 3𝑑 . As
such, the smaller the width and the depth, the less number
of fusions are required to generate the cluster state.

• Photon loss: In photonic quantum computing, photon loss
(i.e., measurement failure) is the dominant error [12, 21,
36, 46]. Photon loss can be caused by: i) inefficient pho-
ton detector, or ii) imperfect photon creation [7, 21, 44, 46].
The success rate of a photon measurement is calculated
as 𝑆𝑚 = 𝑆𝑑 · 𝑆𝑝 , where 𝑆𝑑 is the success rate of a photon
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Figure 3. Example of a quantum algorithm mapped on a cluster state.

detector and 𝑆𝑝 is the successful generation rate of a sin-
gle photon. According to [7, 12, 21, 46, 47], 𝑆𝑝 and 𝑆𝑑 are
constant for every photon measurement (i.e. Z, X, Y, and
𝜃 measurements). Therefore, the success rate for measure-
ments of all photons in a cluster state can be calculated as
𝑆𝑡𝑜𝑡𝑎𝑙 = 𝑆

𝑛𝑝
𝑚 , where 𝑛𝑝 is the total number of measurements

and 𝑆𝑚 is a constant [21, 46]. Since all photons in a cluster
state are measured [40], the total number of measurements
𝑛𝑝 in a cluster state with width𝑤 and depth 𝑑 is 𝑛𝑝 = 𝑤 · 𝑑 .

• Pauli/Computation error: Eachmeasurement in anMBQC
circuit excluding the Z measurements (i.e., X, Y, and 𝜃 mea-
surements) can cause Pauli (i.e., computation) error [3, 7, 12,
25]. Note that, Z measurements do not induce Pauli errors
as they do not participate in computation. Assuming each
non-Z measurement has a Pauli error probability 𝑃𝑐 , the
fidelity of a given quantum circuit is (1 − 𝑃𝑐 )𝑛𝑐 , where 𝑛𝑐
is the total number of non-Z measurements in the cluster
state. Since 𝑃𝑐 does not change with cluster state depth and
width [3, 7, 12, 25], the fidelity of the quantum circuit is af-
fected by 𝑛𝑐 (i.e., the total number of non-Z measurements).

4 Opportunities and Challenges
We use a real MBQC example to illustrate the opportuni-
ties and challenges in optimizing the cluster state depth.
Fig. 3(a) shows a two-qubit quantum algorithm, where its
corresponding MBQC implementation on a photonic cluster
state is shown in Fig. 3(b). After the computation on a logical
qubit (i.e., a photon row), an output photon is employed for
readout measurement 𝑂 . Fig. 3(b) shows the mapping from
a quantum algorithm to a cluster state, which we refer to as
an MBQC circuit in the rest of this paper.
The one-way computation in MBQC can result in long

cluster state depth, which is often due to inefficient photon
usage. For example, only three of six photon rows are being
used in Fig. 3(b). That is, rows 1, 2, and 6 in Fig. 3(b) are
not used by effective computation and are cut out by Z mea-
surements. Moreover, there are Z measurements that cut out
photons within the three used photon rows, as indicated by
the blue boxes. This motivates the question: Can we leverage
these unused photons and rows to reduce the circuit depth?

4.1 MBQC Circuit Variants
In practice, the measurements corresponding to a logical
qubit in a cluster state are not necessarily mapped to the
same row. This is because the quantum computation on a
logical qubit remains unchanged as long as the same mea-
surements are made on entangled photons in the same order
as in a cluster state [39, 40]. That is, one can leverage the
entangled photons in the same column, rather than being
strictly limited to entangled photons in the same row. We
define the measurement sequences on entangled photons in
cluster states as “channels”. Note that measurements within
a column can be performed either simultaneously or sequen-
tially [36, 44]. In the baseline MBQC circuit mapping, one
channel is necessarily mapped to one photon row. However,
if we allow the channel to span multiple rows, it can leverage
unused photons and potentially reduce depth.

Different MBQC circuits can be generated when the chan-
nel spans multiple photon rows in a cluster state. To explore
shorter MBQC circuits with the same function, we first parti-
tion anMBQC circuit into different components, then explore
the variant of each component and connect them together.
Each component is a group of adjacent measurements with
a specific functionality. We define four types of components:
• TP: The TP component is used to connect the control qubit
(i.e., control channel) and the target qubit (i.e., target chan-
nel) in the combined CP and SWAP gate pattern. It consists
of one X and three 𝜃 measurements. The fourmeasurements
of a TP component are colored in green in Fig. 1(g).

• TX: The TX component consists of three Y measurements
and is used to connect the control qubit and the target qubit
in CNOT gate patterns. The TX component is colored in red
in Fig. 1(h). The three Ymeasurements in the TX component
are required to be measured simultaneously [40].

• S: The S component represents single-qubit measurements.
An S component consists of consecutive measurements
within individual channels, e.g., Fig. 1(d) and Fig. 1(e). Note
that an S component cannot include pairs of X measure-
ments because they only form wires.

•wire: A wire is a consecutive sequence of an even number
of X measurements. As previously discussed, a wire only
serves as a connector between two components and does
not perform any quantum computation.
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Based on these four types of components, we next define
intra-component variants and inter-component variants.

Intra-component variants: For each component, there
are multiple MBQC mappings that have the same quantum
functionality as in a baseline MBQC circuit. Specifically, each
type of component has its own unique set of variants:
• TP variants: A TP component has only one valid variant.
Fig. 4(a) shows the TP component in the baseline MBQC
circuit, whereas Fig. 4(b) shows its valid variant and one
example of an invalid variant. The valid variant swaps the
𝜃0 and 𝜃2 measurements in the first and third rows, respec-
tively. As discussed in Section 2.1, the measurements in a
cluster state are performed from left to right. This implies
that measurements in the first column should be executed
before those in the second column. As such, the valid vari-
ant preserves the same order as the baseline because the
samemeasurements are present in each column. In contrast,
the invalid variant does not preserve the same measure-
ment order, resulting in an incorrect computation due to a
different measurement sequence [39, 40].

• TX variants: Similar to the TP component, the TX com-
ponent also has only one valid variant. Fig. 4(c) shows the
baseline TX component and Fig. 4(d) shows its valid variant
and one example of an invalid variant. The valid TX variant
also swaps the baseline TX component measurements. In
both the baseline TX and the valid TX variant, the three Y
measurements can be performed simultaneously as they are
in the same column. However, in the invalid variant, Y2 and
Y3 are measured after Y1, leading to incorrect computation.

• S variants: Fig. 4(e) shows an example of an S component
with three measurements. In the baseline S component,
measurements follow a left-to-right sequence, from X to Y1.
Although the two Y measurements are in the same column
in the valid variant shown in Fig. 4(f), X is measured first in
the left column and Y0 can be measured before Y1 [36, 44].
Hence, the same measurement order can still be kept. In
contrast, in the invalid variant, the X measurement is to the
right of the two Y measurements and it would be measured
after these two.

•wire variants: A wire component only requires an even
number of X measurements. Fig. 4(g) shows three variants
of a wire component. The valid variant I has six X measure-
ments and the valid variant II has two. The invalid variant
has one measurement, changing the wire’s function.
Inter-component variants: Between two adjacent com-
ponents, we refer to the component on the left as the “left
component” and the component on the right as the “right
component,” and refer to measurements linking these adja-
cent components as “connected points.” By adjusting the po-
sitions between two adjacent components, we can decrease
the depth of an MBQC circuit by optimizing photon use in a
cluster state. In this process, it is essential to maintain the
connection between adjacent components, where the right
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component’s connected point should attach to the “anchor
points” on the left component. Anchor points are defined as
the unused neighboring photons of the left component’s con-
nected point, where the right components can be attached.
For example, Fig. 5(a) shows the three anchor points of the S
component (𝑃 = {𝑃𝑢, 𝑃𝑟 , 𝑃𝑙 }). Applying the TX component
to 𝑃𝑢 is not possible as it results in overlapping measure-
ments, which is not allowed in MBQC [40]. As shown in
Fig. 5(d), anchoring at 𝑃𝑙 reduces circuit depth compared to
𝑃𝑟 . Unlike the S component, TP and TX components offer
four anchor points, as shown in Fig. 5(b) and (c). In Fig. 5(e)
and (f), each right component of the TP and TX components
applies to a different pair of anchor points, where the pair
(𝑃𝑢, 𝑃𝑙 ) minimizes circuit depth.
Illustrating intra- and inter-component opportunities:
Exploiting both intra-component and inter-component vari-
ants allows us to reduce the circuit depth while maintain-
ing the correct quantum function. An example is shown in
Fig. 3(c) which is functionally equivalent to the MBQC cir-
cuit in Fig. 3(b). Specifically, for intra-component, we use
variants of S0, S3, and S4 that span more rows to reduce the
depth. For inter-component, we attach S2 to the lower anchor
point of TP0, attach TX0 to the upper anchor point of S2, and
attach S3 to the upper anchor point of TX0. As a result, the
depth is reduced from 17 (in Fig. 3(b)) to 10 (in Fig. 3(c)).

4.2 MBQC Constraints
While exploiting intra- and inter-component variants allows
us to reduce the depth, it is a nontrivial task where certain
constraints have to be satisfied to guarantee correctness.
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Figure 6. Examples of violating constraints.

Constraint-I Channel connectivity. It is crucial to ensure
channel connectivity in the MBQC circuit. That is, the se-
quence of measurements (i.e. the channel) should remain the
same as in the baseline circuit. This constraint is violated if
a channel is disconnected between two adjacent measure-
ments. In Fig. 6(a), we show an S component adjacent to a
TX component. Fig. 6(b) shows this constraint violation due
to a disconnected channel.
Constraint-II Invalid connection. Measurements that
have no connection in the baseline MBQC circuit should
remain disconnected. This violation occurs when using an
inappropriate variant or connecting components to inappro-
priate anchor points. For instance, in example I of Fig. 6(c),
an invalid connection, marked by the red cross, is caused by
the adoption of an inappropriate variant of the S component
where the Y0 and Y3 measurements are connected. In exam-
ple II of Fig. 6(c), there is an invalid connection between X
and Y2 due to the inappropriate anchor points.
Constraint-III Component dependency. The dependency
among the components has to be maintained when explor-
ing MBQC circuit variants to ensure quantum computation
correctness. That is, any component (including all the mea-
surements in it) should not be conducted before those com-
ponents it depends on.
Constraint-IV Cluster state width. The depth-reduced
MBQC circuit must not have variants that exceed the fixed
width of the cluster state. Violating this constraint makes the
quantum circuit inexecutable on the cluster state [7, 29, 40].

5 Our Approach
In this paper, we design FMCC (Flexible MBQC Compilation
on Cluster State), an MBQC compilation framework that ex-
ploits both intra-component and inter-component variants
while satisfying the aforementioned constraints. However,
this process faces two challenges. First, the design space can
be prohibitively large, making exhaustive search practically
infeasible. For instance, given a circuit with 𝑛 components, if
each component has 𝑣 variants and 𝑘 anchor points, concep-
tually, one can have 𝑣𝑛×𝑘𝑛−1 MBQC circuits. While a simple
heuristic may work, the second challenge is that among the
𝑣𝑛 × 𝑘𝑛−1 MBQC circuits, many of them may be invalid due
to constraints violations. As such, a heuristic approach may
lead to invalid MBQC circuits. To this end, our proposed
FMCC employs dynamic programming (DP) with heuristics
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Figure 7. Partial circuit set constructed at each iteration.

to construct a valid MBQC circuit with reduced depth, while
addressing the two challenges.

5.1 Constructing MBQC Circuits
In FMCC, MBQC circuits are built component-wise. The con-
struction sequence is guided by a Directed Acyclic Graph
(DAG), which captures the dependencies among non-wire
components, referred to as a component DAG1. We iterate
through each component of the DAG, to generate a set of
variants for that component. In each iteration, one compo-
nent is chosen from the DAG. We define a variant set for a
component chosen at iteration 𝑘 as:

Definition 1. (Variant set) The variant set 𝑉 (𝑐) at iteration
𝑘 is the set of all valid variants of the component 𝑐 selected at
iteration 𝑘 , including its baseline variant.

Starting from the independent components, i.e., compo-
nents without parents in the DAG, a set of partial circuits is
constructed iteratively by integrating the set of variants for
the selected component. We define the partial circuit set as:

Definition 2. (Partial circuit set) The set of partial circuits
𝑃𝐶 (𝑐𝑖 ) for the selected component 𝑐𝑖 , where 𝑖 ∈ {1, ..., 𝑛} for
𝑛 components in the DAG, has elements constructed using the
set of partial circuits for 𝑐𝑖−1 (i.e., 𝑃𝐶 (𝑐𝑖−1)) with the variant
set of 𝑐𝑖 (i.e., 𝑉 (𝑐𝑖 )), where 𝑐𝑖−1 is the parent component of
component 𝑐𝑖 in the DAG. That is,

𝑃𝐶 (𝑐𝑖 ) = ∪𝑧∈𝑃 (𝑃𝐶𝑥 ⊕ 𝑉𝑦) (1)
∀ 𝑃𝐶𝑥 ∈ 𝑃𝐶 (𝑐𝑖−1), 𝑎𝑛𝑑 ∀𝑉𝑦 ∈ 𝑉 (𝑐𝑖 )

where 𝑃𝐶𝑥 is a partial circuit in 𝑃𝐶 (𝑐𝑖−1), 𝑉𝑦 is a variant of
component 𝑐𝑖 in𝑉 (𝑐𝑖 ), ⊕ stands for both component integration
and partial circuit combination, and 𝑃 is the set of all anchor
points in 𝑃𝐶𝑥 .

To illustrate the partial circuit set constructed in each
iteration, consider the component DAG in Fig. 7(a) which
includes 𝑛 = 4 components. In the first iteration, the inde-
pendent component S0 is selected and all its valid variants
are generated as 𝑉 (𝑆0). Since S0 lacks parent components,
partial circuit set 𝑃𝐶 (𝑆0) is generated using the initial partial
circuit set ∅ and 𝑉 (𝑆0). Similarly, in the second iteration,
𝑃𝐶 (𝑆1) is generated using ∅ and𝑉 (𝑆1). In the third iteration,
1The component dependency is inherited from the gate dependency in the
original logic circuit. Capturing the gate dependency has been substantially
explored by prior quantum compilers [28, 29, 33].
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Figure 8. Example of component integration.

𝑃𝐶 (𝑆2) is generated by integrating 𝑃𝐶 (𝑆0) and 𝑉 (𝑆2) since
S2 has a parent component S0 in the DAG. In the fourth iter-
ation, 𝑃𝐶 (𝑇𝑋0) is generated by integrating 𝑃𝐶 (𝑆2), 𝑃𝐶 (𝑆1),
and 𝑉 (𝑇𝑋0) according to Equation 1.
With the definitions of variant and partial circuits, we

next elaborate on how FMCC constructs an MBQC circuit.
At each iteration, one independent component is selected and
removed from the component DAG. Based on the position
of the component in the DAG, FMCC performs either com-
ponent integration or partial circuit combination. Following
this, wires may be inserted.

Component integration. At the beginning, FMCC starts
with the initial partial circuit set as ∅ and selects the first
independent component from the DAG. If there are multiple
independent components, FMCC randomly chooses one of
them. Fig. 8(a) shows an example DAGwith two components
S0 and TX0. Since S0 is independent, FMCC chooses S0 as the
first component. Next, FMCC generates the variant set of S0,
i.e. 𝑉 (𝑆0), which contains all the variants of S0, as shown in
Fig. 8(b). Based on equation 1, the partial circuit set 𝑃𝐶 (𝑆0)
is constructed by adding𝑉 (𝑆0) to ∅, the initial partial circuit
set. Next, TX0 becomes independent as S0 is removed from
the DAG in the previous iteration. FMCC chooses TX0 and
generates its variants set𝑉 (𝑇𝑋0) as shown in Fig. 8(c). Then,
FMCC performs component integration using the partial
circuit set 𝑃𝐶 (𝑆0) and the variants set𝑉 (𝑇𝑋0). According to
equation 1, all the anchor points of each partial circuit 𝑃𝐶𝑥

in 𝑃𝐶 (𝑆0) are explored with each variant𝑉𝑦 in𝑉 (𝑇𝑋0). Take
as an example the 5th partial circuit (𝑃𝐶 (𝑆0)5 in Fig. 8(b))
and the both variants of TX0, Fig. 8(b) shows the three an-
chor points (𝑃 = {𝑃𝑢, 𝑃𝑟 , 𝑃𝑙 }) of 𝑃𝐶5. FMCC integrates the
TX0 variants to each of the anchor points, generating partial
circuits shown in Fig. 8(d). This results in the first three vari-
ants being valid, while the fourth has an invalid connection.
FMCC constructs the partial circuit 𝑃𝐶 (𝑇𝑋0) by exploring all
the partial circuits in 𝑃𝐶 (𝑆0) and all the variants in 𝑉 (𝑇𝑋0).
Partial circuit combination. Selected components can

have more than one parent, which additionally requires a
combination. For example, in Fig. 9(a), TX0 has two parent

S1
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components (S0 and S1). In this case, partial circuit combina-
tion of the two dependent sets 𝑃𝐶 (𝑆0) and 𝑃𝐶 (𝑆1) is required
before TX0 can be integrated. The combination follows an all-
to-all manner. That is, each partial circuit from 𝑃𝐶 (𝑆0) is com-
bined with each partial circuit from 𝑃𝐶 (𝑆1) in combination.
Fig. 9(b) illustrates this using 𝑃𝐶 (𝑆0)5 from 𝑃𝐶 (𝑆0), the only
partial circuit 𝑃𝐶 (𝑆1)0 in 𝑃𝐶 (𝑆1), and the first variant of TX0
to generate four new partial circuits by exploring the anchor
points 𝑃 = {(𝑃𝑌1𝑟 , 𝑃𝑋1

𝑟 ), (𝑃𝑌1
𝑙
, 𝑃𝑋1

𝑟 ), (𝑃𝑌1𝑟 , 𝑃𝑋1
𝑢 ), (𝑃𝑌1

𝑙
, 𝑃𝑋1

𝑢 )}. N-
ote that other anchor point combinations in 𝑃𝐶 (𝑆0)5 and
𝑃𝐶 (𝑆1)0 are not possible. Consequently, 𝑃𝐶 (𝑇𝑋0) is formed
by combining the two sets of partial circuits and integrating
the selected component while exploring all anchor points.
Wire insertion. As discussed in Section 2.1, the func-

tion of a wire component is to connect a dependent compo-
nent to its parent. Also, recall from Section 4.1, a wire can
have valid variants with different even numbers X measure-
ments. FMCC inserts wires on demand with appropriate wire
variants to connect the dependent components whenever
necessary. For example, Fig. 10(a) shows a baseline MBQC
circuit. Consider a valid partial circuit generated from the
previous iteration in Fig. 10(b). FMCC inserts a wire (two X
measurements) to connect TX1 to its parent S1.

5.2 Partial Circuits Pruning
The partial circuit construction involves exploring all vari-
ants and all anchor points. It is difficult to track all the par-
tial circuits as the design space increases exponentially with
the number of components. Fortunately, many of the par-
tial circuits are invalid due to violation of the constraints
(Section 4.2), such as the example in Fig. 8(d) where there
is an invalid connection between X0 and Y2. FMCC drops
all the invalid partial circuits. However, FMCC may still
generate so many valid partial circuits that it is impracti-
cal to track them all. Therefore, to reduce the design space,
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FMCC employs a threshold 𝑚 to prune the set of partial
circuits in each iteration. Specifically, for a partial circuit set
𝑃𝐶 (𝑐), we divide it into multiple sets where each set con-
tains the partial circuits with the same width (i.e., 𝑃𝐶 (𝑐) =
𝑃𝐶 (𝑐)𝑤1∪𝑃𝐶 (𝑐)𝑤2∪· · ·∪𝑃𝐶 (𝑐)𝑤𝑞 , where𝑤1,𝑤2, · · · ,𝑤𝑞 are
the partial circuit width). For the partial circuit set of each
width 𝑃𝐶 (𝑐)𝑤𝑖 , we retain the top𝑚 partial circuits and drop
the others to reduce the size of 𝑃𝐶 (𝑐). We choose different
widths because it is more likely to produce a valid MBQC
circuit with reduced depth. As discussed in Section 4, an
MBQC circuit can reduce its depth by using more photon
rows. Similarly, the depth of a partial circuit can be decreased
by utilizing more rows (wider width). However, keeping only
the partial circuits with a larger width may lead to an MBQC
circuit width that exceeds the cluster state width. On the
other hand, retaining partial circuits with a smaller width
reduces this risk but may result in a deeper MBQC circuit.
As a result, we retain𝑚 partial circuits in 𝑃𝐶 (𝑐)𝑤𝑖 for each
width𝑤𝑖 to achieve a valid and shorter MBQC circuit.

We next answer the question: which𝑚 partial circuits to
retain? We leverage two metrics: i) depth and ii) space. Since
the depth is the objective of FMCC, a partial circuit with a
shorter depth is preferred as it is more likely to generate a
shorter MBQC circuit. If multiple partial circuits have the
same width and depth, we use space to determine which
𝑚 partial circuits to retain. Particularly, space is defined as
the number of unused photons after each rightmost mea-
surement in a partial circuit. For example, Fig. 11(a) shows
a circuit with two components S0 and TX0. The space is an-
notated in Fig. 11(b) for two partial circuits of 𝑃𝐶 (𝑆0). The
unused photons in the space may be used by the next compo-
nent integration. Therefore, a larger space indicates a larger
potential to generate short depth when integrating the next
component. We use the example in Fig. 11(c) to illustrate this.
If we choose the 𝑃𝐶 (𝑆0)1 with 2 spaces, we can generate the
partial circuit with depth 3 after integrating TX0. In contrast,
if we choose 𝑃𝐶 (𝑆0)2 with one space, we will have the par-
tial circuit with depth 4 after integrating TX0. In FMCC, the
width, depth, and space are tracked using a table where each
row of the table is a partial circuit.

5.3 Detailed Algorithm of FMCC
The detailed algorithm of FMCC is shown in Algorithm 1.
The input is the component DAG 𝐺 , a cluster state, and

the parameter𝑚 for retaining partial circuits. The output
is the MBQC circuit with minimal depth. In each iteration,
FMCC selects and removes an independent component 𝑐
from the component DAG (lines 2-3). FMCC then generates
all its variants as a variant set 𝑉 (𝑐) (line 4) and identifies
its parent components (line 5). If 𝑐 has less than two parent
components, FMCC conducts component integration that
integrates each variant from 𝑉 (𝑐) with each partial circuit
𝑃𝐶𝑥 in 𝑃𝐶 (𝑐𝑝𝑎𝑟𝑒𝑛𝑡1) where 𝑐𝑝𝑎𝑟𝑒𝑛𝑡1 is the parent component
of 𝑐 , while considering all anchor points 𝑃 (lines 8-14). When
𝑐 has two parent components, FMCC performs partial circuit
combination of 𝑃𝐶 (𝑐𝑝𝑎𝑟𝑒𝑛𝑡1) and 𝑃𝐶 (𝑐𝑝𝑎𝑟𝑒𝑛𝑡2), and then inte-
grates variants in𝑉 (𝑐) while exploring all the anchor points
(lines 15-24). In this process, for each 𝑃𝐶 (𝑐)𝑥 in 𝑃𝐶 (𝑐), FMCC
inserts a wire if necessary (lines 13 and 23) and removes in-
valid 𝑃𝐶 (𝑐)𝑥 (lines 14 and 24). Also, FMCC maintains a table
to record the width, depth, and space for each partial circuit
𝑃𝐶 (𝑐)𝑥 in 𝑃𝐶 (𝑐) (line 25), and uses the table to retain the𝑚
partial circuits with the same width (line 26).

Algorithm 1 FMCC
Input: Component DAG𝐺 , a cluster state𝐶𝑆 ,𝑚
Output: Minimized-depth MBQC circuit

Initialization: Partial circuits sets 𝑃𝐶 = []
1: while𝐺 != [] do
2: 𝑐 = 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 (𝐺 )
3: 𝐺.𝑟𝑒𝑚𝑜𝑣𝑒 (𝑐 )
4: 𝑉 (𝑐 ) = 𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑒_𝑣𝑎𝑟𝑖𝑎𝑛𝑡𝑠 (𝑐 )
5: 𝑐𝑝𝑎𝑟𝑒𝑛𝑡1, 𝑐𝑝𝑎𝑟𝑒𝑛𝑡2 = 𝐹𝑖𝑛𝑑_𝑝𝑎𝑟𝑒𝑛𝑡 (𝑐 )
6: 𝑃𝐶 (𝑐 ) = []
7: for𝑉𝑦 in𝑉 (𝑐 ) do
8: if 𝑐𝑝𝑎𝑟𝑒𝑛𝑡2 == ∅ then
9: for 𝑃𝐶𝑥 in 𝑃𝐶 (𝑐𝑝𝑎𝑟𝑒𝑛𝑡1 ) do
10: 𝑃 = 𝐹𝑖𝑛𝑑_𝐴𝑛𝑐ℎ𝑜𝑟_𝑃𝑜𝑖𝑛𝑡𝑠 (𝑃𝐶𝑥 )
11: for 𝑃1 in 𝑃 do
12: 𝑃𝐶 (𝑐 )𝑥 = 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑒 (𝑉𝑦 , 𝑃𝐶𝑥 , 𝑃1 )
13: 𝑃𝐶 (𝑐 )𝑥 = 𝑖𝑛𝑠𝑒𝑟𝑡_𝑤𝑖𝑟𝑒 (𝑃𝐶 (𝑐 )𝑥 )
14: 𝑃𝐶 (𝑐 ) .𝑎𝑝𝑝𝑒𝑛𝑑 (𝑣𝑎𝑙𝑖𝑑 (𝑃𝐶 (𝑐 )𝑥 ) )
15: else if 𝐶𝑝𝑎𝑟𝑒𝑛𝑡2! = ∅ then
16: for 𝑃𝐶𝑥1 in 𝑃𝐶 (𝑐𝑝𝑎𝑟𝑒𝑛𝑡1 ) do
17: for 𝑃𝐶𝑥2 in 𝑃𝐶 (𝑐𝑝𝑎𝑟𝑒𝑛𝑡2 ) do
18: 𝑃

𝑐𝑝𝑎𝑟𝑒𝑛𝑡1 = 𝐹𝑖𝑛𝑑_𝐴𝑛𝑐ℎ𝑜𝑟_𝑃𝑜𝑖𝑛𝑡𝑠 (𝑃𝐶𝑥1 )
19: 𝑃

𝑐𝑝𝑎𝑟𝑒𝑛𝑡2 = 𝐹𝑖𝑛𝑑_𝐴𝑛𝑐ℎ𝑜𝑟_𝑃𝑜𝑖𝑛𝑡𝑠 (𝑃𝐶𝑥2 )
20: for 𝑃1 in 𝑃

𝑐𝑝𝑎𝑟𝑒𝑛𝑡1 do
21: for 𝑃2 in 𝑃

𝑐𝑝𝑎𝑟𝑒𝑛𝑡2 do
22: 𝑃𝐶 (𝑐 )𝑥 = 𝑐𝑜𝑚𝑏𝑖𝑛𝑒 (𝑉𝑦 , 𝑃𝐶𝑥1, 𝑃𝐶𝑋 2, 𝑃1, 𝑃2 )
23: 𝑃𝐶 (𝑐 )𝑥 = 𝑖𝑛𝑠𝑒𝑟𝑡_𝑤𝑖𝑟𝑒 (𝑃𝐶 (𝑐 )𝑥 )
24: 𝑃𝐶 (𝑐 ) .𝑎𝑝𝑝𝑒𝑛𝑑 (𝑣𝑎𝑙𝑖𝑑 (𝑃𝐶 (𝑐 )𝑥 ) )
25: 𝑇𝑎𝑏𝑙𝑒 = 𝑐𝑟𝑒𝑎𝑡𝑒_𝑡𝑎𝑏𝑙𝑒 (𝑃𝐶 (𝑐 ) )
26: 𝑃𝐶 = 𝑃𝐶 + 𝑠𝑒𝑙𝑒𝑐𝑡_𝑡𝑜𝑝_𝑚 (𝑃𝐶 (𝑐 ),𝑇𝑎𝑏𝑙𝑒,𝑚,𝐶𝑆 ) )
27: return 𝑠ℎ𝑜𝑟𝑡𝑒𝑠𝑡 (𝑃𝐶 [−1] )

5.4 A Walk-Through Example
We now go through a real benchmark (i.e., 3-qubit Bern-
stein–Vazirani — bv3) to illustrate the steps of FMCC in
Fig. 12. The baseline MBQC circuit of bv3 and its component
DAG are shown in Fig. 12(a). We assume the cluster state
width 𝑤 is 8 and the retained partial circuit count 𝑚 is 2.
There are a total of 12 iterations due to 12 non-wire compo-
nents in the DAG. Due to the lack of space, Fig. 12 only shows
five iterations, which are sufficient to illustrate the steps of
FMCC. In each iteration, we plot the table of the width, depth,
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Figure 12. Example of FMCC Constructing circuit variant.

and space of each partial circuit. We also highlight the cho-
sen component in each iteration and show the remaining
components in the DAG. For each partial circuit, photons
contributing to space are indicated with gray-shaded circles.
Initially, there are three independent components: S6, S2,

and S0. Thus, in the first three iterations, FMCC conducts the
component integration for each independent component and
generates 𝑃𝐶 (𝑆6), 𝑃𝐶 (𝑆2), and 𝑃𝐶 (𝑆0). Fig. 12(b) shows the
first iteration where S6 is selected to construct 𝑃𝐶 (𝑆6). There
are more than 30 variants of S6 and we show representative
seven of them in Fig. 12(b), labeled from 𝑃𝐶 (𝑆6)1 to 𝑃𝐶 (𝑆6)7.
Among the seven partial circuits, one has a width of 1, three
have a width of 2, and three have a width of 3. Since 𝑚
is 2, FMCC will retain the only variant with width 1, two
out of three variants with width 2, and two out of three
variants with width 3. For 𝑃𝐶 (𝑆6)2, 𝑃𝐶 (𝑆6)3, and 𝑃𝐶 (𝑆6)4
that have the same width 2, they also have the same depth.
Therefore, the two with large spaces are retained, and the
one with smaller space (𝑃𝐶 (𝑆6)4) is pruned (shaded in the
table). Similarly, For 𝑃𝐶 (𝑆6)5, 𝑃𝐶 (𝑆6)6, and 𝑃𝐶 (𝑆6)7 that have
the same width of 3, they also have the same depth. 𝑃𝐶 (𝑆6)7
is pruned as it has the smallest space. In iteration 2, the
procedure is similar. We show eight representative partial
circuits of 𝑃𝐶 (𝑆2) (𝑃𝐶 (𝑆2)1 to 𝑃𝐶 (𝑆2)8) in Fig. 12(c). Among
the eight partial circuits, 𝑃𝐶 (𝑆2)1 to 𝑃𝐶 (𝑆2)4 have the same
width of 4 and the same depth of 4. 𝑃𝐶 (𝑆2)3 and 𝑃𝐶 (𝑆2)4
are pruned due to their smaller space. Similarly, 𝑃𝐶 (𝑆2)5 to

𝑃𝐶 (𝑆2)8 have the same width of 5 and the same depth of
3. 𝑃𝐶 (𝑆2)7 and 𝑃𝐶 (𝑆2)8 are pruned. In iteration 3, FMCC
performs the same procedure to construct 𝑃𝐶 (𝑆0).

In iteration 4, TX0 is independent and selected. Since TX0’s
parent components are in two partial circuit sets 𝑃𝐶 (𝑆6) and
𝑃𝐶 (𝑆2), FMCC performs combination of 𝑃𝐶 (𝑆6) and 𝑃𝐶 (𝑆2)
and integrates𝑉 (𝑇𝑋0) with the combined partial circuits.We
plot four example partial circuits generated after TX0 integra-
tion in Fig. 12(d). The first one has a width of 9 which is larger
than the fixed cluster state width of 8. Therefore, FMCC
prunes it from 𝑃𝐶 (𝑇𝑋0). The other three partial circuits
𝑃𝐶 (𝑇𝑋0)1, 𝑃𝐶 (𝑇𝑋0)2, and 𝑃𝐶 (𝑇𝑋0)3 have the same width
of 7. Since 𝑃𝐶 (𝑇𝑋0)1 and 𝑃𝐶 (𝑇𝑋0)2 have a shorter depth
(5) compared to 𝑃𝐶 (𝑇𝑋0)3’s depth (6), they are retained in
𝑃𝐶 (𝑇𝑋0), and 𝑃𝐶 (𝑇𝑋0)3 is pruned.

In iteration 5, S3 becomes independent and 𝑉 (𝑆3) is inte-
grated with the partial circuits in 𝑃𝐶 (𝑇𝑋0). We show four
generated partial circuits with the same width in Fig. 12(e).
𝑃𝐶 (𝑆3)1 and 𝑃𝐶 (𝑆3)4 are kept due to their shorter depth of 5.
For the remaining iterations, similar integration and combi-
nation processes are conducted by FMCC to generate sets of
partial circuits. Fig. 12(f) shows the MBQC circuit with the
minimized depth after iteration 12.

5.5 Optimizing Multiple Rounds
The same quantum circuit usually executes multiple times to
obtain stabilized output distribution [35]. This equivalently
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Figure 13. Executing two rounds of MBQC circuits.

maps to the same MBQC circuits executing multiple times,
which we referred to as “rounds”. Fig. 13(a) shows a quantum
circuit that executes two rounds on a cluster state, where
a column of photons is cut out to separate the two rounds,
annotated by gray photons, which extends the overall circuit
depth. Our proposed FMCC can be seamlessly applied to
consecutive rounds of a quantum circuit. Specifically, for
MBQC circuits with the same width of a round, FMCC keeps
track of the top𝑚 for that round and applies the same proce-
dure (discussed in Section 5.1 and Section 5.2) when picking
up the components from the next round. This allows us to
utilize the cut-out photons at the end of each MBQC round.
For instance, Fig. 13(b) shows a valid two-round execution
where the second round does not have any connection with
the first round, but is able to utilize the cut-out photons and
reduce the depth. Note that, the second round has a different
valid MBQC circuit compared to the first round.

5.6 Complexity of FMCC
We next discuss the complexity of FMCC. Let us assume
there are 𝑁𝐶 components in the component DAG 𝐺 of a
given circuit. At each iteration of Algorithm 1, FMCC picks
one component 𝑐 from𝐺 and generates a set of valid variants
𝑉 (𝑐) in the size of 𝑁𝑉 (lines 2-3). Each variant is either i)
integrated with a partial circuit in a partial circuit set (lines
8-14) or ii) combined with two partial circuits that are chosen
from different partial circuit sets (lines 15-24). Recall from
Section 5.2, FMCC keeps the top𝑚 partial circuits for each
width. Suppose there are𝑤 differentwidths in a partial circuit
set; hence, there are at most𝑚𝑤 partial circuits. Additionally,
assuming there are 𝑎 anchor points. Therefore, the worst-
case complexity for integration is 𝑂 (𝑁𝐶 · 𝑁𝑉 · 𝑎 · 𝑚 · 𝑤).
Similarly, for combination, as there are two partial circuit
sets with each having 𝑚𝑤 partial circuits, the worst-case
complexity is 𝑂 (𝑁𝐶 · 𝑁𝑉 · (𝑎𝑚𝑤)2).

Note that, for the evaluated benchmarks, we observe that
most of the components (more than 90%) are integrated with
a single partial circuit set. Only a few components (less than
10%) are combined with two partial circuit sets. We also

observed that the average number of widths in a partial
circuit set is 𝑤 = 5.8, the average number of variants is
𝑁𝑉 = 5.4, and the average number of anchor points is 𝑎 = 2.
These parameters do not vary when we increase the number
of qubits (from 5 to 27 in our experiments). The reason is
twofold. First, the components used in FMCC have a finer
granularity compared to gates. Most of the gates share the
same components as basic building “primers”. Second, the
number of variants of components does not change with
the number of gates. Since the structure (i.e., pattern) of a
component is simpler than gate patterns, there are only a
few variants for each component. As a result, the complexity
of FMCC is𝑂 (𝑁𝐶 ·𝑁𝑉 ·𝑎 ·𝑚 ·𝑤) = 𝑂 (62.6𝑁𝐶𝑚) = 𝑂 (𝑁𝐶𝑚)
for integration. Since combination only involves TP or TX
components with variants number 𝑁𝑉 = 2, the complexity
is 𝑂 (𝑁𝐶 · 𝑁𝑉 · (𝑎𝑚𝑤)2) = 𝑂 (269.1𝑁𝐶𝑚

2) = 𝑂 (𝑁𝐶𝑚
2). The

number of components 𝑁𝑐 increases with the number of
gates and the number of qubits in a quantum circuit (details
given in Section 6.7). The parameter𝑚 (i.e., the number of
partial circuits to retain at each iteration) is set to 12 in all
our evaluations as the depth reduction saturates (sensitivity
study of 𝑚 is given in Section 6.6). This further reduces
FMCC’s execution time.

5.7 FMCC-nz
While the primary optimization target for FMCC is to re-
duce circuit depth, it does not guarantee minimizing the
number of non-Z measurements. Specifically, in some cir-
cuits, FMCC reduces the number of wires so that the total
number of non-Z measurements can be reduced. In other
circuits, FMCC might introduce more wires (e.g., for align-
ing the partial circuits to perform component combination),
which can consequently increase the Pauli error (introduced
in Section 3). To this end, we propose FMCC-nz to minimize
the number of non-Z measurements. Instead of prioritizing
optimizing depth, FMCC-nz sets the number of non-Z mea-
surements as the primary optimization objective and depth
as the secondary optimization objective. That is, for partial
circuits with the same width, FMCC-nz keeps the𝑚 partial
circuits with the fewest non-Z measurements. If more than
𝑚 partial circuits have the same minimum number of non-
Z measurements, FMCC-nz then uses depth to determine
which𝑚 partial circuits to retain in each iteration.

6 Evaluation
6.1 Experiment Setup
Benchmarks and Metric: We use six representative quan-
tum applications (shown in Table 1) to evaluate FMCC: Quan-
tum Fourier Transform (qft) [11], hardware efficient ansatz
(hwea) [34], Bernstein–Vazirani (bv) [5], instantaneous quan-
tum polynomial time (iqp) [6], linear hydrogen atom chain
(hc) [45], and 3-regular Quantum Approximate Optimiza-
tion Algorithm(qaoa) [16]. For each application, we evaluate
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three different numbers of qubits: 5 qubits (small), 15 qubits
(medium), and 27 qubits (large). Note that, hc and qaoa re-
quire an even number of qubits [16, 45]. Therefore, we use 6,
14, and 26 qubits as the small, medium, and large for hc and
qaoa, respectively. We use the cluster state depth reduction
ratio as the metric to show the effectiveness of our approach.

Baseline:The baseline employs the state-of-the-artMBQC
compilation on cluster state [29]. This baseline optimizes the
depth of the MBQC circuit by leveraging gate reordering,
redundant wire removal, and consecutive single-qubit gate
combinations. We use this baseline to demonstrate the depth
reduction brought by FMCC over the state-of-the-art.

Table 1. Number of qubits and width for each benchmark.

Appli- small medium large
cation qubit C1 C2 qubit C1 c2 qubit C1 C2
bv 5 12 14 15 37 44 27 67 80
iqp 5 12 14 15 37 44 27 67 80
hwea 5 12 14 15 37 44 27 67 80
qft 5 12 14 15 37 44 27 67 80
hc 6 14 17 14 34 41 26 64 77
qaoa 6 14 17 14 34 41 26 64 77

Fixed cluster state width: As discussed in Section 2.2,
the minimum cluster state width for a 𝑁𝑞-qubit benchmark
is 2𝑁𝑞 − 1. We use two different fixed cluster state widths to
evaluate FMCC: i) 1.25 × (2𝑁𝑞 − 1), referred to as C1, and ii)
1.5 × (2𝑁𝑞 − 1), referred to as C2.

As discussed in Section 5.2, FMCC retains𝑚 partial circuits
for each width. For the main results, we empirically choose
𝑚 to 12, which we find is enough to provide the minimized
depth (sensitivity study of𝑚 is given in Section 6.6).

6.2 Single Round Results
We show the depth reduction ratios achieved by FMCC of a
single round in Fig. 14 and multiple rounds (i.e., 100 rounds)
in Fig. 16. Fig. 14 and Fig. 16 also contain results under dif-
ferent fixed cluster widths (i.e., C1 and C2). As shown in
Fig. 14(a), FMCC achieves an average of 31.9%, 27.6%, and
17.0% depth reductions for small, medium, and large under
C1 width, respectively. Similarly, under C2 width, FMCC
achieves an average of 37.1%, 31.7%, and 27.8% depth re-
ductions, respectively. For all three numbers of qubits, the
reductions increase from C1 to C2, indicating that FMCC
effectively leverages the redundant photons rows in wider
cluster states to reduce the depth.

The depth reduction ratio decreases with more number of
qubits for bv, iqp, hwea, and qaoa. To illustrate the reason, let
us consider 3-qubit bv in Fig. 15(a) and 5-qubit bv in Fig. 15(b).
In the figure, we annotate the layers of the single-qubit gate
using red boxes and the layers of the two-qubit gate using
green dash boxes. A layer is a collection of independent gates
that can be performed concurrently. As one can observe, the
number of two-qubit gate layers increases with the number

(a) Depth reduction for single round with C1 cluster state

(b) Depth reduction for single round with C2 cluster state
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Figure 14. Depth reduction for a single round.

(a) bv3 (b) bv5

Figure 15. Different qubit number bv and the gate layers.

of qubits. As such, there are more dependent TX components
in the component DAG. For instance, Fig. 15(a) has two layers
of two-qubit gates, and Fig. 15(b) has four layers of two-qubit
gates. Recall that in Section 4, the TX and TP components
have fewer variants and less reduction in depth compared
to the S components. Therefore, with more TX components
in large qubit counts, the depth reduction brought by FMCC
also decreases. Similar results exist in the iqp, hwea, and
qaoa. With a larger qubit size, iqp has more TP components
while hwea and qaoa have more TX components.

In the hc, the depth reduction increases from small to
medium qubit count, and then decreases from medium to
large qubit count. This is because hc has long S components
where many of its variants are invalid in the small qubit
count since it exceeds the fixed cluster state width (14 in C1
and 17 in C2). In the medium qubit count, the cluster state is
wider, so more valid S components can be accommodated.
However, in the large qubit count, the depth reduction de-
creases because hc also has an increased number of two-qubit
gate layers as bv, iqp, hwea, and qaoa. qft exhibit similar
depth reduction in all qubit counts. This is because the num-
ber of S components is proportionally increased with more
qubits, providing a constant potential for depth reduction.

6.3 Multiple Round Results
We evaluate one hundred rounds of each benchmark in
Fig. 16. As one can observe, for C1, FMCC achieves aver-
age of 42.2%, 46.5%, and 42.4% depth reductions for small,
medium, and large, respectively. The depth reductions are
51.7%, 57.4%, and 56.8% on C2. Compared to the single-round
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(a) Depth reduction for 100 round with C1 cluster state

(b) Depth reduction for 100 round with C2 cluster state
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Figure 16. Depth reduction for 100 rounds.
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Figure 17. Photon utilization for one round.

results in Fig. 14, FMCC achieves higher depth reduction,
indicating its effectiveness in utilizing the cut-out photons
between consecutive rounds as we discussed in Section 5.5.
For the bv and qaoa, the trend of depth reduction across

the three qubit counts is similar to the trend observed in
the single round results (Fig. 14), indicating that FMCC ef-
fectively exploits both single round depth reduction and
multi-round depth reduction. For iqp, the depth reduction
increases from small to medium qubit count due to the effec-
tiveness of FMCC multi-round optimization. However, the
depth reduction drops frommedium to large qubit count due
to the increasing number of two-qubit gate layers (the same
as the iqp single round case). In contrast, the depth reduc-
tion of hwea, qft, and hc increase with more qubits. This is
because with more number of qubits, the cut-out photons at
the end of a round (i.e., after the last component in a round
is integrated) increase. Recall our discussion in Section 5.5
where the cut-out photons can be leveraged by consecutive
rounds. Therefore, with more cut-out photons in the large
qubit count, the depth reduction is also larger.

6.4 Photon Utilization
We plot the photon utilization of the single round in Fig. 17
and the multi-round in Fig. 18. Photon utilization is defined
as the ratio of non-z measurements in a cluster state to all the
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(a) Photon utilization of 100 round with C1 cluster state

(b) Photon utilization of 100 round with C2 cluster state
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Figure 18. Photon utilization for 100 rounds.

number of measurements in the cluster state. FMCC yields
significant improvement in photon utilization compared to
the baseline. On average, FMCC achieves the photon utiliza-
tion of 36.8%, 32.7%, 48.1%, and 49.1% in single round C1, C2,
and multi-round C1, C2, respectively. This is significantly
higher compared to the baseline (27.1%, 22.2%, 27.1%, and
22.3% in single-round C1, C2, and multi-round C1, C2, re-
spectively), indicating that FMCC effectively exploits the
cutout photons to reduce the MBQC circuit depth.

6.5 Error Evaluation
We report the error evaluation according to the error models
discussed in Section 3. Due to the lack of space, we report the
results for 100 rounds of large benchmarks under C2 width.
Other experimental configurations have similar trends.

Table 2 shows the results for baseline, FMCC, and FMCC-
nz. i) For emitter decoherence, we report the circuit depth
and the improvement in fidelity. Specifically, the average
fidelity improvements are 59.4% and 58.0% (from the last two
rows in Table 2) for FMCC and FMCC-nz, respectively. These
improvements are yielded by effectively reducing the cluster
state depth. FMCC has a better fidelity improvement over
FMCC-nz as it minimizes the depth compared to FMCC-nz
which gives priority to minimizing non-Z measurements
(Section 5.7). ii) For fusion failure, we report the number of
fusion operations and the percentage of fusion reduction.
Recall that the number of fusion operations required to gen-
erate a cluster state is proportional to the cluster state width
and depth. As both FMCC and FMCC-nz employ fixed cluster
state width, the reduction of fusion operations has a similar
trend to the depth reduction. For instance, hwea has more
depth reduction, so it has more fusion reduction compared to
qaoa, which has less depth reduction and fusion reduction.
On average, FMCC and FMCC-nz attain a 56.8% and a 55.5%
fusion reduction, respectively. iii) For photon loss, we report
the total number of measurements and the percentage of
measurements reduction. Similar to the number of fusion
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Table 2. Error evaluation of FMCC and FMCC-nz.

Appli- Method Decoherence Fusion Photon Loss Pauli Error
cation Depth Fidelity #fusions #fusions #measurements #measurements #non-Z #non-Z measure-

improvement reduction reduction measurements ments reduction
Baseline 13,499 4,278,943 1,079,920 199,400

bv FMCC 7,218 33.0% 2,287,866 46.5% 577,440 46.5% 151,600 24.0%
FMCC-nz 7,380 32.1% 2,339,092 45.4% 590,368 45.3% 150,200 24.7%
Baseline 17,899 5,673,743 1,431,920 413,800

iqp FMCC 9,814 44.4% 3,110,798 45.2% 785,120 45.2% 400,700 3.2%
FMCC-nz 10,082 42.7% 3,195,819 43.7% 806,576 43.7% 392,300 5.2%
Baseline 11,499 3,644,943 919,920 45,000

hwea FMCC 1,224 59.5% 387,768 89.4% 97,920 89.4% 45,000 0%
FMCC-nz 1,249 59.3% 395,563 89.1% 99,887 89.1% 45,000 0%
Baseline 10,899 3,454,743 871,920 216,200

qft FMCC 4,466 34.0% 1,415,561 59.0% 357,300 59.0% 216,200 0%
FMCC-nz 4,654 32.8% 1,475,066 57.3% 372,317 57.3% 216,200 0%
Baseline 10,899 3,454,743 871,920 225,800

hc FMCC 4,284 35.1% 1,357,683 60.7% 342,694 60.7% 225,800 0%
FMCC-nz 4,562 33.4% 1,446,031 58.1% 364,990 58.1% 225,800 0%
Baseline 50,299 1,5340,964 3,873,023 899,700

qaoa FMCC 30,085 150.6% 9,175,694 40.2% 2,316,545 40.2% 720,100 20.0%
FMCC-nz 30,352 147.6% 9,257,163 39.6% 2,337,113 39.6% 716,100 20.4%

Ave FMCC 9,515 59.4% 2,955,895 56.8% 746,170 56.8% 293,233 7.8%
FMCC-nz 9,713 58.0% 3,018,122 55.5% 761,875 55.5% 290,933 8.4%

operations, reducing the cluster state depth reduces the to-
tal number of measurements. Therefore, FMCC achieves a
56.8% total measurement reduction while FMCC-nz achieves
a 55.5% total measurement reduction. iv) For Pauli error,
we report the number of non-Z measurements and the per-
centage of non-Z measurements reduction. As shown in Ta-
ble 2, the average number of non-Z measurements is reduced
by 7.8% and 8.4% using FMCC and FMCC-nz, respectively.
FMCC-nz achieves a better non-Z measurement reduction
than FMCC because it prioritizes non-Z measurement reduc-
tion over depth reduction. To be more concrete, we observed
that the number of non-Z measurements in both FMCC and
FMCC-nz is reduced for bv, iqp, and qaoa while the num-
ber of non-Z measurements remains the same for qft, hwea,
and hc. This is because there is no wire in qft and hwea,
while hc only has wires with two X measurements (i.e., the
shortest possible wires necessary for connection). Eliminat-
ing wires in hc results in invalid connections introduced in
Section 4.2. bv and qaoa have higher non-Z measurement
reduction compared to iqp, as they have more and longer
wires than iqp.

FMCC versus FMCC-nz. Based on the results in Table 2,
it is clear that FMCC achieves a better depth reduction, which
in turn mitigates the error related to emitter decoherence,
fusion failure, and photon loss. In contrast, FMCC-nz pri-
oritizes the reduction of non-Z measurements over depth.
While its Pauli error probability is lower than that of FMCC,
it may have higher errors in other types. This is a key tradeoff
design in FMCC based on different error mitigation targets.
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Figure 19. Depth reduction with various of𝑚.

6.6 Sensitivity Study
Large number of qubits. We evaluate bv and qft using
50, 100, and 125 qubits to study the scalability of FMCC
using C2 fixed cluster state width. Overall, FMCC effectively
reduces the circuit depth by 43.3% and 59.8% for bv-50 and
qft-50. The depth reductions are 42.1% and 60.0% for bv-100
and qft-100, and the depth reductions are 41.4% and 59.4%
for bv-125 and qft-125. For bv, the depth reduction ratio
slightly drops with a larger qubit count due to the increased
layers of the two-qubit gate (discussed in Section 6.2). In
contrast, qft has a similar depth reduction in 50, 100, and
125 qubits due to the proportionally increased S components
to the number of qubits [11] (discussed in Section 6.2).
Number of partial circuits (𝑚). Recall that we empiri-

cally set the number of partial circuits (i.e.,𝑚) to 12 for each
cluster width in all previously reported results. A large𝑚
enhances the likelihood of finding a shorter cluster state
depth, whereas a smaller𝑚 has a lower searching cost due
to the pruned search space. Fig. 19 shows the averaged cir-
cuit depth reduction ratio when varying𝑚 from 2 to 20 for
small, medium, and large qubit counts. One can observe that
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Figure 20. Scalability of FMCC.

the depth reduction ratios saturated at 8 for the small and
medium, while for the large, it saturated at 12.

6.7 Scalability
Recall from Section 5.6, the complexity of FMCC is linear to
the number of components. We plot the number of compo-
nents versus the number of qubits in Fig. 20(a) to evaluate
the scalability of FMCC. The number of components is linear
with the number of qubits in bv and hwea while the num-
ber of components is quadratic with the number of qubits
in qft, iqp, qaoa, and vqe. This is because the number of
gates (including SWAP gates) also increases linearly in bv
and hwea and quadratic in qft, iqp, qaoa, and vqe when the
number of qubit increases (shown in Fig. 20(b)), implying
that the complexity of FMCC depends on the applications
and is proportional to the number of gates in the application.

7 Related Works
There exist many compilation frameworks for superconduct-
ing and trapped ion quantum computers [1, 13, 14, 22, 26,
28, 31, 32]. Recently, some pioneering steps have been taken
to improve the fidelity or performance of MBQC through
MBQC compilations [49–51]. These works aim to reduce
the impact of fusion failures in the graph state, which is
a multi-qubit state represented by a graph with a flexible
geometry [4]. For example, Oneq [50] proposes three opti-
mization modules to reduce the number of fusion operations
to generate a graph state while OnePerc [49] proposes a
real-time compilation method to construct graph states in
the presence of fusion failures. However, these works only
focus on reducing the impact of fusion failures, while our
work aims to reduce the depth of a cluster state. They are
not applicable for reducing cluster state depth.

8 Conclusion
In this paper, we propose FMCC, which is flexible MBQC
computation on cluster state with the goal of minimizing

the cluster state depth. The proposed FMCC leverages both
intra-component flexibility and inter-component flexibil-
ity to effectively utilize the redundant photons and rows
in a fixed-width cluster state. Specifically, FMCC employs
dynamic programming with heuristics to reduce the huge
design space searching while avoiding sub-optimal results
using simple heuristics. Experimental results using six repre-
sentative quantum applications have shown that, compared
to the state-of-the-art MBQC compilation, FMCC achieves
51.7%, 57.4%, and 56.8% average depth reductions in small,
medium, and large qubit counts, respectively.
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