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ABSTRACT basednethodsthey essentiallyjcomputeprincipal eigervectorsof

TheKleinbeig HITS andtheGooglePageRanlalgorithmsareeigen-
vectormethoddfor identifying “authoritative” or “influential” arti-
cles,givenhyperlinkor citationinformation. Thatsuchalgorithms
shouldgive reliableor consistenfinswerss surelya desideratum,
andin [10], we analyzedwhenthey canbe expectedto give sta-
ble rankingsundersmall perturbationdo the linkage patterns.in
this paper we extend the analysisand shav how it givesinsight
into ways of designingstablelink analysismethods.This in turn
motivatestwo new algorithms,whoseperformancewve study em-
pirically usingcitationdataandwebhyperlinkdata.

1. INTRODUCTION

From its origins in bibliometric analysis[11], the analysisof
cross-referencingatterns—“linkanalysis"—hasometo play an
importantrole in moderninformationretrieval. Link analysisal-
gorithmshave beensuccessfullyappliedto web hyperlink datato
identify authoritatve informationsourcesandto academicitation
datato identify influentialpaperd8, 3]. In particular togethemwith
classicalR rankingtechniqueslink analysigprovidesthe basisfor
someof todays Internetsearchengines.

An importantfeatureof collectionssuchasthe World Wide Web
is their dynamicnature. Referencegan be changedbecomein-
accessibleor be missedby a searchengine. If link analysisis to
provide a robust notion of authoritatvenesdn sucha setting,it is
naturalto askthatit alsobe rohbustin the senseof beingstableto
perturbation®f thelink structure.Indeed,it seemaunlikely thata
highly unstablesearctengine—saynethatcompletelychangesdts
resultsfrom dayto day—would betrustedby its usersto bealways
returningall the relevant articles. In the settingof academicita-
tions, stability alsomeangfor example)thata few authorswriting
arelatively smallnumberof papersshouldrarely causeusto com-
pletely changeour mindsaboutwhat articlesin a communityhad
beenseminal. This issueof stability seemdo have receved little
attentionin thelink analysiditerature,andis theprincipalfocusof
our paper

Two popularalgorithms,in particularthe Kleinbeig HITS algo-
rithm [8] andthe GooglePageRanlkalgorithm[3], areeigervector
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particularmatricesrelatedto theadjaceng graphto determiné‘au-

thority.” Understandinghe robustnesf link analysisalgorithms
thereforeinvolves an analysisof the stability of theseeigevector
calculations.

Usingideasfrom matrix perturbatiortheoryandMarkov chain
theory in [10] we formally characterizedonditionsunderwhich
HITS and PageRankare stable. In this paper we briefly summa-
rizetheresultsderivedin [10], andshav how they give insightinto
ways of designingstablelink analysisalgorithms. This thenmo-
tivatestwo new algorithms:RandomizeHITS, which memgesthe
hubs-and-authoritiesotion from HITS with a stabilizing “reset”
mechanisnfrom PageRank(seealso[14]); and SubspaceHITS,
which providesa principledway of combiningmultiple eigervec-
torsfrom HITS to yield aggr@ateauthorityscores.Thesenew al-
gorithmsarealsodemonstrateémpiricallyto producegoodresults
onbothacademicitationandwebquerydata.

Wealsoexploretheissueof the“diversity” of theresultsreturned
by thesealgorithms.This leadsinto adiscussiorof therelationship
betweerLatentSemantidndexing (LSI) [6] andHITS.

2. AN EXAMPLE

We begin with anexample.The Cora databas§9] is acollection
containingcitation information from several thousandacademic
paperdn variousareasof computerscience We ranthe HITS and
PageRanlkalgorithmsonthesubsebf the Cora databaseonsisting
of all its MachineLearningpapers,and examinedthe list of pa-
persthatthey consideredtauthoritative” To evaluatethe stability
of the algorithms,we also constructedive perturbedversionsof
the databasesachof which containeda randomlyselected70%
subsebf the papers.(“Since Cora obtainedits databaseia aweb
crawl, whatif, by chanceor mishap,it hadonly retrieved 70% of
thesepapers?”)If apaperis truly authoritatve, we might hopethat
it is still identifiableassuchwith only a subsebf thecitationdata.

The resultsfrom HITS areshavn belon. The leftmostcolumn
is the HITS authority ranking obtainedby analyzingthe full set
of MachineLearningpapersthefive rightmostcolumnsreportthe
ranksin runson the perturbeddatabasesiWe seesubstantialaria-
tion acrosghedifferentruns:

HITS resultson CoraML papers:

1 “Geneticalgorithmsin searchpptimization.””, Goldbeg 13 1 1 1
2 “Adaptationin naturalandartificial systems”Holland 25 3 3 2
3 “Geneticprogramming:Ontheprogrammingof..”, Koza 3 126 6 3
4 “Analysisof thebehaior of aclassof genetic.”, De Jong 4 52 20 23 4
5  “Uniform cross@erin geneticalgorithms”,Syswerda 5 17111999 5
6  “Artificial intelligencethroughsimulated.”, Fogel 6 13556 40 8
7 “A sunwy of evolution stratgjies”, Back+al 10 1791591007
8  “Optimizationof controlparametergor genetic.”, Grefenstette8 316 1411706
9  “The GENITOR algorithmandselectionpressure”Whitley 9 25710772 9
10 “Geneticalgorithms+ DataStructures=..", Michalewicz 13 17080 69 18
11 “Geneticprogrammindl: Automaticdiscovey..”, Koza 7 - - - 10



2060“LearninginternalrepresentationBy error..”, Rumelhart+al
2061“Learningto predictby the methodof temporal.”, Sutton
2063“Somestudiesn machinelearningusingcheclers”, Samuel
2065"Neuronlike elementghatcansolve difficult..”, Barto+Sutton -
2066"Practicalissuesn TD learning”, Tesauro
2071“Patternclassificatiorandsceneanalysis”,Duda+Hart
2075"Classificationandregressiortrees”,Breiman+al -
2117UCI repositoryof machindearningdatabases'Murphy+Aha -
2174"Irrelevantfeaturesandthe subseselection.”, John+al
2184“The CN2inductionalgorithm”, Clark+Niblett - -
2222"Probabilisticreasoningn intelligentsystems” Pearl - 10 -
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Onemight think thatthis variability is intrinsic to the problemand
henceunavoidable,but thisis not the case asshavn by theresults
from the PageRanlalgorithm,which aremuchmorestable:

PageRankesultson CoraML paperge = 0.2):
“GeneticAlgorithmsin SearchOptimizationand..”, Goldbeg
“Learninginternalrepresentationiy error..”, Rumelhart+al
“Adaptationin NaturalandArtificial Systems”Holland
“ClassificationandRegressioriTrees”,Breiman+al
“ProbabilisticReasoningn IntelligentSystems” Pearl
“GeneticProgrammingOn the Programmingf .., Koza
“Learningto Predictby the Methodsof Temporal..”, Sutton
“Patternclassificatiorandsceneanalysis”,Duda+Hart
“Maximum likelihoodfrom incompletedatavia..”, Dempster+all0 9 118
10 “UCI repositoryof machinelearningdatabases’Murphy+Aha 9 11109 10
11 “ParallelDistributedProcessing”’Rumelhart+McClelland - 10-
12 “Introductionto the Theoryof NeuralComputation”Hertz+al - 10- - -
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Theseresultsarediscussedn moredetailin Section6. It shouldbe
statedat the outset,however, that our conclusionis not thatHITS
is unstablewhile PageRankKs stable.In fact,in certainwebquery
experiments PageRanldisplaysits own perturbatiorpattern.The
issueto which we direct our attentionis more subtle. In orderto
understandhe stability of eitheralgorithm, we needto consider
issuessuchastherelationshipsetweermultiple eigervectorsand
invariantsubspacesndthe effectsof a universalresettingproba-
bility. Stability is certainlyanimportantdesideratunin algorithms
that identify authoritatve or relevant articles, hencetheseissues
will play animportantrole in thetwo new algorithmsthatwe will
presentin Section5. The following areresultson the samedata
usingthe new algorithms.

RandomizeHITS resultson CoraML paperge = 0.2):

1 “GeneticAlgorithmsin SearchOptimization.”, Goldbeg 1
“LearninginternalrepresentationBy error.”, Rumelhart+al 2
“ProbabilisticReasoningn IntelligentSystems” Pearl 3
“Adaptationin NaturalandArtificial Systems”Holland 4
“ClassificationandRegressiorTrees”,Breiman+al 5
“GeneticProgrammingOnthe Programmingf..”, John+al 6
“Patternclassificatiorandsceneanalysis”,Duda+Hart 8
“Maximum likelihoodfrom incompletedatavia..”, Dempster+al?
“Learningto Predictby the Methodof Temporal.”, Sutton 9

0 “Introductionto thetheoryof neuralcomputation” Hertz+al 1
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Subspac#lITS resultson CoraML papergk = 20, f(A)
1 “GeneticAlgorithmsin SearchOptimization.., Goldbeg

2 “LearninginternalrepresentationBy error..”, Rumelhart
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“Learningto Predictby the Methodof Temporal.”, Sutton
“GeneticAlgorithms: Onthe Programming., Koza
“Maximum likelihoodfrom incompletedatavia..”, Dempster+al
“Patternclassificatiorandsceneanalysis”,Duda+Hart
10“Learnability andthe VC dimension”,Blumer+al
11“UCI repositoryof machinelearningdatabasesMurphy+al
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3. OVERVIEW OF HITS AND PAGERANK

Givenacollectionof webpagesracademipaperdinking to/citing

eachother the HITS and PageRankalgorithmseachconstructsa
matrix capturingthe citation patterns,and determinesauthorities
by computingthe principaleigevectorof the matrix!

11t is worth noting that HITS is typically describedasrunningon

o
o
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3.1 HITS algorithm

TheHITS algorithm[8] positsthatanarticlehashigh“authority”
weightif it is linkedto by mary pageswith high “hub” weight,and
that a pagehashigh hub weight if it links to mary authoritatve
pagesMore precisely givenasetof n webpageqsay retrievedin
responseo a searchquery),the HITS algorithmfirst formsthe n-
by-n adjaceng matrix A, whose(z, j)-elements 1 if pagei links
to pagej, and0 otherwisé? It theniterateshefollowing equations:

t t+1 t+1
B Y = Dy oY
(where"i — j” meangpage: links to pagej) to obtainthefixed-
pointsa* = lim¢_ o a® andh* = lim;_,o A® (with thevectors
renormalizedo unitlength). Theabove equationsanalsobewrit-
ten:

t+1
af*t = Lgiioi)

gD ATR® — (ATA)a(t) (1)
A = (AAT)R®. 2
Whentheiterationsareinitializedwith thevectorof oned1, ..., 1],
thisis the power methodof obtainingthe principal eigervectorof a
matrix [7], andso (undermild conditions)a™ andh* arethe prin-
cipal eigevectorsof AT A and AAT respeciiely. The“authorita-
tiveness’of page: is thentakento bea;, andlikewisefor hubsand
h*.

R

3.2 PageRankalgorithm

Givenasetof n webpagesandtheadjaceng matrix A (defined
previously), PageRanK3] first constructsa probability transition
matrix M by renormalizingeachrow of A to sumto 1. Onethen
imaginesarandomwebsurferwho ateachtime stepis atsomeweb
page,anddecideswhich pageto visit on the next stepasfollows:
with probability1 — ¢, sherandomlypicks oneof thehyperlinkson
thecurrentpage andjumpsto the pageit links to; with probability
¢, she“resets”by jumpingto a web pagepicked uniformly andat
randomfrom the collection® Here, e is a parametertypically set
to 0.1-0.2.This procesglefinesa Markov chainontheweb pages,
with transitionmatrix eU + (1 — €)M, whereU is the transition
matrix of uniform transitionprobabilities(Us;; = 1/n for all 4, j).
Thevectorof PageRanlscoreg is thendefinedto bethestationary
distribution of this Markov chain. Equivalently, p is the principal
right eigervectorof thetransitionmatrix (eU + (1 — ) M)T (see,
e.g. GolubandVanLoan, 1996),sinceby definitionthe stationary
distribution satisfies

(U +(1—e)M)p=p. 3)
asmallcollectionof articles(sayretrievedin responséo a query),
while PageRanks describedn termsof the entireweh Eitheral-
gorithm canberunin eithersetting,however, (e.g.[1] reportson
resultsfor both algorithmsin the former setting,)andthis distinc-
tion doesnot affect the outcomeof our analysis.

2[8] discussesseveral other heuristicsregarding issuessuch as
intra-domairreferenceswhich areignoredherefor simplicity (but

areusedn ourexperiments) SeealsoBharatandHenzinge{2] for

otherimprovementsto HITS. It shouldbe notedthatnoneof these
fundamentallychangethe spirit of the eigervectorcalculationsun-

derlyingHITS.

3Thereare variousways to treat the caseof pageswith no out-

links (leaf nodes). In this paperwe utilize a particularly simple
approach—upomeachingsuch a page, the web surfer picks the

next pageuniformly at random.This meanghatif arow of A has
all zeroentries thenthe correspondingow of M is constructedo

have all entriesequalto 1/n. The PageRankalgorithmdescribed
in [12] utilizes a differentresetdistribution uponarriving at a leaf

node. It is possibleto shav, however, that every instantiationof

our variantof the algorithmis equivalentto aninstantiationof the

original algorithmon the samegraphwith a differentvalue of the

resetprobability
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Figure 1: Jitter ed scatterplot of hyperlink graph.

The asymptoticchanceof visiting page, thatis, p;, is thentaken
to bethe“quality” or authoritatvenesof pages.

4. ANALYSIS OF ALGORITHMS

We bggin with asimpleexampleshaving hov asmalladditionto
acollectionof webpagescanresultin alarge changeto theeigen-
vectorsreturned. Supposeve have a collectionof web pagesthat
containslOOpagedinkingtoht t p: / / ww. al gor e. coni ,and
anotherl03linkingtoht t p: / / ww. geor gewbush. com The
adjaceng matrix A hasall zerosexceptfor the two columnscor
respondingo thesetwo web pages thereforethe principal eigen-
vectora® will have non-zerovaluesonly for al gor e. comand
geor gewbush. com Figurel(a)presentsjitteredscatterplobf
links to thesetwo webpagesalongwith thefirst two eigervectors.
(Only the non-zeroportionsof the eigervectorsareshavn.) Now,
supposdive nev webpagedrickle into our collection,which hap-
pento link to bothal gor e. comandgeor gewbush. com Fig-
ure 1(b) shaws the new plot, andwe seethatthe eigervectorshave
changeddramatically with the principal eigervectornow nearthe
45° line. Thus,arelatively smallperturbatiorto our collectionhas
causeda large changeto the eigervectors? If this phenomenoiis
penasie, thenit needgo beaddressety ary algorithmthatuses
eigervectorsto determineauthority

4.1 Stability of HITS

It is possibleto give fairly precisecharacterization®f when
HITS will besensitveto smallperturbationsHITS useghe princi-
pal eigervectorof S = AT A to determineauthorities.|t turnsout
that the algorithm’ stability to small perturbationds determined
by the eigengapof S, which is definedto be the differencebe-
tweenthebiggestandthe secondbiggesteigevalues.(Recallthat,
if AT Az = Az, thenz is aneigervectorof the matrix AT A, and
A the correspondingeigervalue.) In the sequel,we usea tilde to
denoteperturbedquantities. (For instance,S denotesa perturbed
versionof S.) Our stability resultsaresummarizedn thefollowing
two theorems:

THEOREM 1. LetS = AT A begiven. Leta* bethe principal
eigervectorand é the eigengapof S. Assumehe maximumout-
degreeof everywebpage is boundedby d. For anye > 0, suppose
we perturb the web/citationgraph by adding or deletingat most
k links fromonepage, whee k < (vd+ a — \/3)2, whee a =
€8 /(4 + /2¢). Thenthe perturbedprincipal eigervectorg* of the
perturbedmatrix S satisfies:

lla” —a’lla<e Q)

4Thereis nothingspecialaboutthe numbers here;a smallernum-
beralsoresultsin relatively large swingsof the eigervectors. Re-
placing5 with 1, 2, 3, and4 causeghe principal eigervectorto lie
at73,63,58 and55 degreesrespectiely.

THEOREM 2. Supposes is a symmetriomatrix with eigengap
8. Thenthere existsa O(4) perturbatior? to S that causesa large
(©(1)) change in theprincipal eigervector

Proofsof theseTheoremsare givenin [10]. So, if the eigen-
gapis big, HITS will be insensitve to small perturbations.If it
is small thentheremay be a small perturbationthat candramati-
cally changeits results. Specifically if the eigengags small,then
a small perturbationmay causethe principal eigervector and the
secondarigervectorsto swap places.This causeghe “flipping”
phenomenonliscussedh Section6.

4.2 Stability of PageRank
For PageRankwe have thefollowing stability result:

THEOREM 3. Let M begiven,andlet p bethe principal right
eigervectorof (eU + (1 — ) M) . Letarticles/paesii, iz, - - - , ik
bechangdin anyway, and M bethecorrespondinqiew transition
matrix. Thenthe new PageRankscoesp satisfies:

23k pi.
I~y < 222 ®

Thus, assuminge is not too closeto 0, this meansthat if the
perturbed/modifiedveb pagesdid not have high overall PageR-
ankscoregasmeasuredvith respecto theunperturbed?ageRank
score®), thenthe perturbedPageRanlscoreg will notbefarfrom
theoriginal.

The full proof of Theorem3 is givenin [10]. But sincethein-
tuitions from PageRankwill shortly be usedto designchangego
HITS to improve its stability, we sketchthe proof of Theorem3 in
theremaindeof this section.(This maybesafelyskippedon afirst
reading.)

Imaginethe PageRankandomsurfer startingfrom a randomly
chosenweb page,and following hyperlinksat randomto take a
randomwalk of T' = 1/e stepson the graph. We take the chance
of a web pagebeing visited on a typical stepunderthis random
walk procedureo bethe PageRanlkscoreof thatpage® Now, sup-
posethatsomeonehangepages, i, . . . , ix; in particular these
k pagesmaynow link to completelydifferentpageshanthey had
previously. What is the chancethat our randomsurferwill even
noticethatthesepageshave beenchangedVhentakingarandom
walk onthenew graph,somefractionof thetime the userwill visit
someof theseperturbedpages and somefraction of the time the
randomwalk will only visit theunperturbegagesIf we hadbeen
taking the randomwalk on the original (unperturbedgraph,then
on a typical step,the chanceof visiting the perturbedpages; is
pi;—thiswas,afterall, the definition of a pages PageRankscore.
Sothe chanceof visiting any of the k& perturbedpageson atypical
time stepis at mostz’?:1 pi; . Buttheuseris takingT' stepsalto-
gethersothe (:han(:eniZ visiting ary of theperturbechagesatsome
pointonthewalkis atmostT 35, pi; = 325, pi; /.

This meanghat, with chancel — Ele pi; /€, arandomT-step
walk taken in the original (unperturbedgraph“would have been
exactly the same”randomwalk asif we hadinsteadrunit onthe
perturbedgraph. More precisely the distribution over T'-stepran-
domwalksin both graphsdiffer from eachotherby at mostabout
2 E;?:I pi; /€ (in “variationaldistance”) andhencethe PageRank

5More formally, thereexists a perturbedversionof S, denoteds,
sothat||S — S||r = O(d), where|| - || is the Frobeniusorm.
SUnderthe“real” PageRankalgorithm,the chanceof the user‘re-
setting” or “quitting” is e on eachstep,which meansthatnumber
of stepsuntil the next resetfollows a geometricdistribution with
meanl/e. To simplify our discussionwe have imaginedherethat
theresetoccursafterexactly T = 1/e steps.



scoregwhich arejust the distributionsinducedby thesewalks on
webpages)n bothgraphsmustalsobe similar.

The formal version of this proof usesusesa coupledMarkov
chainsamgument,andis givenin [10]. But to summarizesolong
asthe perturbedpageshare small total PageRankscore,thenthe
chanceof them being visited and henceaffecting an T-stepran-
domwalk is small andonly on the ordeerzl pi; /€. Note that
astheresetprobability e is decreasedhe lengthT of the random
walkshecomesarge,andthechanceof visiting theperturbechages
increasesgain. Thus,we shouldexpectPageRankwith smalle to
becomemore sensitve to perturbationsihis is a hypothesisthat
will laterbeexploredin our experiments.

5. TWO NEW ALGORITHMS
5.1 RandomizedHITS

The precedingdiscussiorsuggests naturalway of designinga
random-valk basedalgorithmthatis similar in spirit to HITS (and
finds both hubsaswell asauthorities),andthat, like PageRankis
stableto smallperturbationsilt is asfollows:

Let therebe arandomsurferwho is ableto follow hyperlinksin
both the forward andin the backward directions. More precisely
the surfer startsfrom a randomly chosenpage,and visits a new
webpageat every time step.Every time step,hetossesa coin with
biase, andif the coin landsheads he jumpsto a new web page
choseruniformly at random.If the coin landstails, thenhe checks
if it is an oddtime stepor an eventime step. If it is anoddtime
step,thenhe follows a randomlychosenout-link from the current
pageif it is aneventime step,thenhetraversesarandomin-link of
thecurrentpage.Thus,therandomsurferalternatelyfollows links
in the forwardsandin the backwardsdirections,andoccasionally
“resets”andjumpsto a pagechoseruniformly atrandom.

This procesdefinesa randomwalk on web pagesandthe sta-
tionarydistribution on oddtime stepsis definedto be the authority
weights.(Informally, lett beaverylargeoddnumbeychoserarge
enoughthattherandomwalk hascorvergedto its stationarydistri-
bution by ¢ steps.Theauthorityweightof a pageis thechancethat
the surfervisits that pageon time stept.) Similarly, the stationary
distribution on even time stepsis definedto be the hub weights.
Mathematicallythesequantitiescanalsobewritten:

a®tY = T4 (1-eAL,h?

RFD el+(1— e)Aco1a(t+1)

whereT is thevectorof all ones, Aoy isthesameasA with its rows
normalizedto sumto 1, and A, is A with its columnsnormalized
to sumto 1. Notethesimilarity of theseto theoriginal HITS update
rules(Equationdl and?). It is straightforwardto shaw thatiterating
theseequationswill causea® and A to converge to the odd-
stepand the even-stepstationarydistributions? We refer to this
methodas “RandomizedHITS.” By analogyto the proof of the
stability of the PageRanlkalgorithm[10] reviewed in the previous
section,it is straightforvard to establishrelatedconditionsunder
which RandomizeITS is insensitve to small perturbations.

5.2 SubspaceHITS

Thereis asecondvay of improving thestability of HITS. Some-
times, individual eigervectorsof a matrix may not be stable,but
subspacespannedy eigervectorsmaybe. For example,it is pos-
sible thatthe subspacespannedy (say)thefirst two eigevectors

"Technically this calculatesnot the stationarydistribution, but n
timesthe stationarydistribution, wheren is the numberof pages.

canbe stable,even thoughthe two eigervectorsmay rotatefreely
within this subspace(Recall,for instancetheexamplein Figurel;
underour perturbationpur thefirst two eigervectorschangedsig-
nificantly, but the subspac¢hey spanwasnotchangedatall.)
More generally if the eigengapbetweenthe k-th andk + 1-st
eigevaluesis large, thenthesubspacspannedy thefirst k eigen-
vectorswill be stable[15]. Thus, one might considerrefraining
from examiningindividual eigervectors,but insteadtreatingthem
asa basisfor a subspacéo obtainauthorityscore€ But moregen-
erally, we may evenwantto allow the caseof k¥ = n—sothatwe
useall theeigervectors—Iit weightthemappropriatelysothatthe
onescorrespondingo the larger eigetvaluesare given more im-
portance Considetthe following procedurdor calculatingauthor
ity scoreswhere f(-) is a non-ngative, monotonicallyincreasing

functionthatwe will specifylater:
1. Find thefirst k& eigevectorsz,...,z; of S = ATA (or

AAT for hubweights),andtheir correspondingigevalues
DYTRUTND Y

2. Lete; bethe j-th basisvector(whosej-th elements 1, and
all otherelementsD). Calculatethe authority scoresa; =
Sk f(Ni)(eFz:)?. (Thisis thesquareof thelengthof the
projectionof e; onto the subspacepanneddy z1, ..., zx,
wherethe projectionin the z; directionis “weighted” by
f(Xi))

There are mary choicesfor f: If we take f(A) = 1 when
A > Amax and f(X) = 0 otherwisewe getbacktheoriginal HITS
algorithm;takingk = n and f(A) = X correspondso simpleci-
tation counting; if we take f(A) = 1, the authority weight of a
pagebecomeijf=1 xfj In thelastcase theauthorityweightsde-
pendonly on the subspacespannedy the k eigervectors,but not
on the eigervectorsthemseles (see,e.g.,[7]). This new method
thusgivesa simpleyet principledway of automaticallycombining
multiple eigervectorsinto asinglemeasuref authoritatvenessor
eachpage.We call this secondmethodSubspac#lITS. In general,
subspaceare morestablethanindividual eigervectors(see[15]),
thereforet is reasonabléo expectthatSubspacélI TS will do bet-
terthanHITS in certaincases.More specifically if we useall the
eigervectors(k = n), thenwe have thefollowing, strong,stability
guaranteehatrequiresno assumptionsnthe eigervalues:

THEOREM 4. Let f belLipsditz continuouswith Lipscditz con-
stantL,'® andlet k = n. Letthe co-citationmatrix be perturbed
accodingto S = S + E, whee ||E||r = e (E symmetric).Then
thechange in thevectorof authority scoesis boundedasfollows:

lla —all2 < Le (6)

Theproofof thetheoremis givenin the Appendix.Notethat, for
computationakeasonsit will frequentlybe more practicalto use
k < n eigervectorsasanapproximatiorto usingthefull set(which
is reasonablesincethis correspondso droppingthe eigervectors
with the smallestweight). In subsequergxperimentswe will take
k=20andf()) = \°.

8Note that Kleinberg also discussesising multiple eigervectors,
but proposesaskingthe userto interpretindividual eigervectors
ratherthancombiningthe eigervectorprojectionsinto a singleau-
thority scoreaswe do here.
%In the caseof repeateckigevalues,we assumehe eigervectors
arechoserorthogonato eachother
YFormally, this meansthat, for all x,y, we have that |f(z) —
f()| < L|z — y|. Thisis certainlysatisfiedf f hasafirstderiva-
tive boundedby L. Notethat,evenif f doesnothave uniformly
boundedderivativesover the entirerealline, thetheoremwill also
hold solong asthe derivatives are boundedwithin the applicable
domain.




6. EXPERIMENTS

We now presentexperimentalresultscomparingHITS, PageR-
ank, RandomizedHITS, and SubspaceHITS. We use both aca-
demic papercitation datafrom the Cora databaseand web page
linkage databuilt from actualqueries. Section6.1 focuseson the

stability of the four algorithms,and Section6.2 discusseshe “di-

versity” of pageseturnedn thewebqueryexperiments.

6.1 Stability Results

Ouir first experimentusedall of the Artificial Intelligence(Al)
papersin Cora. Our resultslargely replicatedthoseof [5], with
HITS returningseveral GeneticAlgorithms(GA) papersasthetop-
ranked ones.Theseresults however, werevery sensitve to pertur
bation, and indeedunder perturbationwe often found that HITS
omittedthe GA papersandreturnedastop-rankeddocumentsem-
inal papersfrom broaderAl areas.In contrast,PageRankalmost
alwaysreturnedgeneralAl papersasthetop ranked ones,andthe

resultswerevery stableto perturbation.
HITS resultson all CoraAl papers:

1  “GeneticAlgorithmsin SearchOptimization.”, Goldbey 4 1 1 4 24
2 “Adaptationin NaturalandArtificial Systems”Holland 7 2 2 5 460
3 “Geneticprogramming:Onthe programmingof..”, Koza 19 3 3 11 484
4 “Analysisof thebehaior of aclassof (GA)”, De Jong 92 4 4 94 566
5  “Uniform crosserin geneticalgorithms”,Syswerda 3895 5 418793
6  “Artificial Intelligencethroughsimulatedevolution”, Fogel+al1708 9 211655
7  “A sunwey of evolution stratgjies”, Back+al 4087 8 723788
8  “Optimizationof controlparameteréor (GA)”", Grefenstette 5056 6 887934
9  “The GENITORalgorithmandselectionpressure”Whitley 3629 7 284756
10 “GeneticAlgorithms+ DataStructures=..”", Michalewicz 34011 10 292643
11 “GeneticProgrammindl: AutomaticDiscovery”, Koza - 10 - - -
2060“LearninginternalrepresentationBy error.”, Rumelhart+al 2 - - 3
2061“Learningto Predictby temporal.”, Sutton 5 - - 6 -
2063“ClassificationandRegressioriTrees”,Breiman+al 1 - - 11
2065“Patternclassificatiorandsceneanalysis”,Duda+Hart 3 - - 2 2
2087“UCI repositoryof machindearningdatabases’Murphy+al 8 - - 7 3
2100“Irrelevantfeaturesandsubseselection” John+al 10 - - 9 4
2110“Very simpleclassificatiorrulesperformwell”, Holte - - - 105
2111“ProbabilisticReasoningn IntelligentSystems” Pearl 6 - - 8 -
2130“The CN2inductionalgorithm”, Clark+al 9 - - - -
2134“LearningBooleanConcepts.”, Almuallim+Dietterich - - - -7
2139“The MONK'’s problems:A performance., Thrun - - - - 6
2189“C4.5: Programgor MachineLearning”,Quinlan - - - - 8
2263“Multi-interval discretizatiorof continuous.”, Fayyad+al - - - - 9
2304“A conserationlaw for generalizatioperformance”Schafer- - - - 10
PageRankesultson all CoraAl paperge = 0.2):

1 “ClassificationandRegressionTrees”,Breiman+al 1 2 3 2 2
2 “GeneticAlgorithmsin searchpptimization.., Goldbeg 3 1 2 1 1
3 “ProbabilisticReasoningn IntelligentSystems” Pearl 2 3 1 3 4
4 “Learninginternalrepresentationsy error.”, Rumelhart+al 4 4 4 4 3
5 “Adaptationin naturalandartificial systems”Holland 5 5 5 5 5
6 “Patternclassificatiorandsceneanalysis”,Duda+Hart 6 7 6 6 6
7 “A robustlayeredcontrolsystenfor amobile..” Brook+a| 7 6 7 7 10
8 “GenetlcProgrammlngOntheprogrammlng)f , Koza 1009 9 8 7
9 “Learningto predictby themethodsof temporal.f‘., Sutton 8 8 8 9 9
10 “Maximum likelihoodfrom incompletedatavia..”, Dempster+a® 10 10 10 8

HITS seemedo be unstableprimarily in its flipping between
GeneticAlgorithms (GA) papersandotherpapers.To attemptto
createaslightly morefavorableervironmentfor HITS, werepeated
theabove experimentbut keepingonly the Al papershatwerenot
GA papersWe obtained:

HITS resultson subsebf CoraAl paperg1steigetvector):

1 “ClassificationandRegressionTrees”,Breiman+al 111 1 1
“Patternclassificatiorandsceneanalysis”,Duda+Hart 2 2 3 2 2
3 “UCI repositoryof machindearningdatabases'Murphy+Aha 4 3 7 3 3
4 “Learninginternalrepresentationsy error.”, Rumelhart+tal 3 13 2 28 2
5 ‘“Irrelevantfeaturesandthesubseselectionproblem”,John+al 7 4 12 4 4
6 “Verysimpleclassificatiorrulesperformwell..”, Holte 8 5 155 5
7  “C4.5: Programdor MachineLearning”,Quinlan 11 10 14 10 6
8  “ProbabilisticReasoningn Intelligent Systems”Pearl 6 4594 462461
9 “The CN2inductionalgorithm”, Clark+Niblett 9 54 11 78 105
10 “LearningBooleanConcepts.”, Almuallim+Dietterich 14 11 34 9 13
11 “The MONK'’sproblems:A performanceomparison.’, Thrun - 9 - 6 7
12 “Inferring decisiontreesusingthe MDS Principle”, Quinlan - 8 - 7 8
13 “Multi-interval discretizatiorof continuous.”, Fayyad+lrani - - - - 10

14 “Learningrelationsby pathfinding”,Ricchards+Moon - 6 - -
15 “A conserationlaw for generalizatiorperformance”Schafer - 7 - 8 -
20 “The FeatureSelectionProblem:Traditional..’, Kira+Randall - - - - 9
21 “Maximum likelihoodfrom incompletedatavia..”, Dempster+all0 - 5 - -
23 “Learningto predictby themethodof temporal.”, Sutton 5 - 6 - -
36 “Introductionto thetheoryof neuralcomputaion” Hertz+al - - 8 - -
49 “Explanation-basedeneralizationa unifying view”, Mitchell - - 10 - -
282 “A robustlayeredcontrolsystemfor amobilerobot”,Brooks - - 9 - -
HITS resultson subsebf CoraAl paperg2ndeigemwector):

1 “Learningto predictby the methodsof temporal ”, Sutton 1 14 4 6
2 “Learninginternalrepresentationisy error..”, Rumelhan+al 45 2 8562 4
3 “ProbabilisticReasoningn ImeIIigemSystems”PearI 1093 331 5
4 “A robustlayeredcontrolsystenfor amobile..”, Brook+al 2 41 6 1
5 “STRIPS:A New Approachto the Applicationof..”, Fikes+al 4 52 8 2
6 “Learningto actusingreal-timedynamicprogramming”Barto+al 5 6 9 11 75
7 “Neuronlike elementghatcansolve difficult..”, Barto+al 7 7 3417 81
8 “IntegratedArchitecturedor Learning,Planning.”, Sutton 6 1113 14 74
9 “Explanation-basedeneralizationaunify T. M. Mitchell, 37 8 25 7 27
10 “Practicalissuesn temporaldifferencelearning”, Tesauro 10 9 36 29 78
12 “Maximum likelihoodfrom incompletedatavia..”, Dempster+al - - - 9 -
13 “Automaticprogrammingof behaior-basedobots”, Mahadean+al9 - - - -
14 “An implementatiorof atheoryof activity”, Agre+al - -6 - -
16 “Patternclassificatiorandsceneanalysis”,Duda+Hart - -5 5 -
18 “SOAR: An architectureof generalintelligence”,Laird+al - - - - 3
19 “Introductionto thetheoryof neuralcomputation” Hertz+al - - - 10 -
28 “Reactive ReasoningaindPlanning”,Geogeff+al - -8 - 8
32 “ClassificationandRegressioriTrees”,Breiman+al 3 103 3 -

4233 “UCI repositoryof machinelearningdatabasesMurphy+al 8 -7 - -

We seethat,apartfrom thetop 2-3 ranked paperstheresultsare
ratherunstable For example,Pearlsbookis originally ranked8-th,
but dropsto rank459 on the secondrial. Similarly, Brooks’ paper
hasjumpedup from rank282to rank9 onftrial three.The problem
persistan the secondeigervector However, this variability is not
intrinsic to the problem,asshavn by PageRanis results:

PageRankesultson subsebf CoraAl paperqe = 0.2):

1 “ClassificationandRegressionTrees”,Breiman+al 11 1 1 2
2 “ProbabilisticReasoningn IntelligentSystems” Pearl 3 2 2 2 1
3 ‘“LearninginternalrepresentationBy error.”, Rumelhart+tal 2 3 3 3 3
4 “Patternclassificatiorandsceneanalysis”,Duda+Hart 4 4 4 4 4
5 “A romstIayeredcontrolsystenforamobilerobot Brooks 5 6 7 5 5
6 “Maximum likelihoodfrom incompletedatavia... Dempster+a6 7 6 6 6
7 “Learningto Predictby the Methodof Temporal.”, Sutton 7 5 5 7 7
8 “UCI repositoryof machinelearningdatabases’l\/lurphy+Aha 8 9 9 9 11
9 “NumericalRecipesn C”, Press+al 10 12 8 11 8
10 “ParallelDistributedProcessing’Rumelhart+al 9 14 13 10 9
12 “An implementatiorof atheoryof activity”, Agre+Chapmanre- 8 10 8 -
13 “IntroductionTo The TheoryOf NeuralComputation” Hertz+al- 10 - - -
22 “A RepresentatioandLibrary for Objectvesin..”, Valente+al - - - - 10

The largestchangein a documens rank is a drop from 10 to
14—theseesultsare muchmorestablethanfor HITS. Closerex-
aminationof the HITS’ authorityweightsrevealsthatits jumpsin
rankingsarenot merelysmallfluctuationsn authorityweights,but
areindeedlargechangesThe PageRankscorespntheotherhand,
tendto remainfairly stable.

We next presensomeresultsusingRandomizeITS andSub-
spaceHITS. Both are more stablethan HITS, though Subspace
HITS seemdo performalittle worsethanPageRank.

RandomizeITS resultson subsebf CoraAl paperge = 0.2):

1 “Learninginternalrepresentationsy error.”, Rumelhart+tal 1 3 3 2 1
2 “ProbabilisticReasoningn Intelligent Systems” Pearl 4 1 1 1 2
3 “ClassificationandRegressionTrees”,Breiman+al 2 2 2 3 4
4 “Patternclassificatiorandsceneanalysis”,Duda+Hart 3 4 4 4 3
5 “Maximum likelihoodfrom incompletedatavia..”, Dempster+ab 6 6 6 5
6 “A rohustlayeredcontrolsystemfor amobilerobot”, Brook+al 6 5 5 5 6
7 “NumericalRecipesn C”, Press+al 7T 7 7 71 7
8 “Learningto Predictby the Methodof Temporal.”, Sutton 8 8 8 8 8
9 “STRIPS:A New Approachto ... TheoremProving”, Fikes+al 9 10 10 10 15
10“IntroductionTo The TheoryOf NeuralComputation” Hertz+al11 11 9 9 9
11“Stochastiaelaxation gibbsdistributions,..”, Geman+al 109 - - -
12“Introductionto Algorithms”, Cormen-+al - - - 10
SubspacéITS resultson subsebf CoraAl papergk = 20, f(A) = A2):

1 “ProbabilisticReasoningn IntelligentSystems” Pearl 4 1 1 1 4
2 “ClassificationandRegressiorTrees”,Breiman+al 2 2 2 3 3
3 “Learninginternalrepresentationgy error.”, Rumelhart+al 1 3 3 2 1



4 “A rohustlayeredcontrolsystemfor amobile..”, Brooks 3 4 4 4
5 “Patternclassificatiorandsceneanalysis”,Duda+hart 5 9 5 7
6 “Maximum likelihoodfrom incompletedatavia..”, Dempster+alé 7 7 6
7 “Learningto predictby the methodof emporal.”, Sutton 8 6 6 5
8 “STRIPS:A new approactio ... TheoremPriving..”, Fikes+tal 7 5 8 8
9 “Explanation-basedeneralizationa unifying view”, Mitchell+al9 8 9 9
10 “LearnabilityandtheVVC dimension”,Blumer+al 50 12 21011
11 “Explanation-Basedearning:An alternatve view”, DeJong+al - 10 10 10
12 “UCI repositoryof machineearningdatabases’Murphy+Aha 10 - - -

To comparethefour algorithmsmoreextensvely, we performed
testson 50 web querieson varioustopics(constructedy examin-
ing actualsearctenginequeries) Kleinberg [8] describesamethod
for obtaininga collectionof webpageson whichto run HITS. We
useexactly the methoddescribedhere,andperturbthe web page
collectionin anaturalway'*

Someexamplesof queryresultsareshawvn in the following four
tables.(A “*" indicatesa pageoriginally in thetop 10, but deleted
by theperturbation.Noticethat,in thetablebelow, with theexcep-
tion of onetrial, all of theoriginaltop 10 documentsvere“flipped”
with somethingoriginally lowerin rank. As discussedh Sectionst
and6.2, this flipping phenomenorcanarisefrom perturbationgo
the principal eigervalue,which in turn causeghe principal eigen-
vectorto swap placeswith othereigervectors.

HITS resultson query“neuralnetworks”: [long URLs truncated]
http://wwwneci.nec.com/ 1 * =
http://researchindeorg/
http://citeseenj.nec.com/cs/
http://citeseenj.nec.com/terms.html
http://citeseenj.nec.com/yao93xeew.html
http://citeseenj.nec.com/17901.html
http://citeseenj.nec.com/yao9loptimizat
http://citeseenj.nec.com/yao91simulated
http://citeseenj.nec.com/yao93®Ilution
http://citeseenj.nec.com/yao99@Iving
http://wwwieee.og/
http://www.cs.washington.edu/research/jai
ftp://ftp.sas.com/pub/neuraf®).html
http://wwwieee.og/nnc/
http://www okstate.edu/elec-engatfulty/
http://wwwicsi.berleley.edu/"jagota/NCS/
http://wwwelsevier.nl/
http://wwwinns.og/
http://wwwai.unvie.ac.at/oedi/nn/nngro
http://synapse2.engayne.edu/tpage3.html
http://wwwemsl.pnl.go:2080/docs/cie/neu
http://www classifyorg/safesurf/
http://wwwwelurbia.com/safe/ratings.htm - -
http://wwwnd.com/ - -
http://wwwkcl.ac.uk/neuronet/ - -
http://wwwmitgmbh.de/ - - - -
http://wwwkcl.ac.uk/ e
http://wwwKkcl.ac.uk/neuronet/abouxlec- e
http://wwwkcl.ac.uk/neuronet/about/map/ - - - -
http://wwwkcl.ac.uk/neuronet/about/roadm - - - -
http://wwwubcom.net/ e
http://wwwbrd.net/brd-cgi/sendemail/send - - - -
383 http://wwwamazon.desec/obidos/redirect - - - -
384 http://amazon.dekec/obidos/ASIN/3528064 - - - -

ThePageRanllgorithmdoesnotexhibit “flipping.” Thefollowing
table presentsPageRankresultson the samequery With a few
exceptionstherankingsaremorestableunderperturbation.
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PageRankesultson query“neuralnetworks” (e = 0.2):
1  http://wwwneci.nec.com/
2 http://iresearchindeorg/

3 http://lwwwieee.og/
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UKleinbery [8] first uses a text-based web search engine
(www.altavista.comin our case)o retrieve 200documentgo form
a‘“root set, whichis thenexpandedandfurtherprocessedpor ex-
ampleto ignoreintra-domainreferencesjo definethe web-graph
on which HITS operates.Our perturbationsarearrived at by ran-
domly deleting20% of the root set(i.e. imaginingthatthe web
searchenginehadonly returned80% of the pagest actuallydid),
andthenfollowing Kleinbeig's procedure.
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4 http://mathverld.wolfram.com/

5  http://wwwwolfram.com/

6  http://wwwcmu.edu/

7 http://192.38.71.109/htdig/seacshor. ht
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http://wwwunibo.it/
http://citeseenj.nec.com/cs/
http://citeseenj.nec.com/terms.html
http://www okstate.edu/elec-engatfulty/
http://mwwubcom.net/
http://wwwbrd.net/brd-cgi/sendemail/send
http://dmoz.og/about.html
http://ads.admonitanet/clicktrack.cgi?F
http://wwwdeis.unibo.it/
http://www.cs.cmu.edu/

http://wwwepfl.ch/
http://wwwmathworks.com/ - - -

Resultsfor RandomizedITS andSubspac#lITS arelistedbe-
low. Similar to the Coraresults,bothRandomizeITS andSub-
spaceHITS seento have comparablgerformanceo PageRank.

RandomizeITS resultson query“neuralnetworks” (e = 0.2):

1  http://wwwneci.nec.com/ * *
http://researchindeorg/

3 http://lwwwieee.og/

4 http://www.emu.edu/

5  http://192.38.71.109/htdig/searthor.ht

6  http://wwwubcom.net/
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http://www.cs.cmu.edu/
http://wwwdeis.unibo.it/
ftp://ftp.sas.com/pub/neurafi®).html
http://www.erudit.de/erudit/indehtm - - -
http://wwwiau.dtu.dk/"jj/address.html - - -
http://www okstate.edu/elec-engatfulty/ - - -
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Subspac#lITS resultson query“neuralnetworks” (k
http://wwwneci.nec.com/ *

http://researchindeorg/

3 http://wwwieee.og/

4 http://www.ecmu.edu/

5  http://wwwubcom.net/

6  http://wwwbrd.net/brd-cgi/sendemail/send

7

8

9
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http://dmoz.og/about.html
http://ads.admonitanet/clicktrack.cgi?F
http://iwwwieee.og/nnc/
http://wwwunibo.it/
http://wwwdeis.unibo.it/
ftp://ftp.sas.com/pub/neuralii®).html
http://mathverld.wolfram.com/ - - -
http://wwwerudit.de/erudit/indehtm
http://wwwiau.dtu.dk/"jj/address.html - - -
http://wwwslac.stanford.edu/"rhatcher/ - - - 10
http://www.cs.cmu.edu/ - - - - 7
Notethatrankingsfor all four algorithmsappeatessstablethan
thosefrom the Coradataset.This is largely an artifact of the way
we perturbthe web datasets.In the Coraexperiments,remaoving
a paperfrom the datasetdoesnot remove ary of the paperscited
by or citing it. In theweb querycase eachdeletedroot pagealso
removes its surroundinglink structure. (Seefootnote11.) This
typeof perturbatiormoreaccuratelymodelsthe scenariocof search
enginesmissingcertainpagesput is alsoa muchharsherform of
perturbationin which a large componentf the graphcanbe re-
moved all at once. Under different perturbationmodels,we also
obtainresultscloserto the Coraones(for instancejn which there
wasmuchless“flipping” of HITS’ eigervectors.)

To geta betterideaof the flipping patternof eigervectors,we
countthenumberof toptenpagesvhichdropin rankingdrastically
in eachtrial. (Becauseour collectionsare perturbedby deletions
ratherthaninsertions)argerisesin rankingarerarefor all four al-
gorithms. Thereforelarge dropsin rankingare moreinteresting.)
Thereare50 total web queries,and>5 trials are performedfor each
query The histogramcountsin Figure 2 representhe numberof
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Figure 2: “Flip” count histograms for the four algorithms,
shawing how frequently ¢ pagesoriginally in the top 10fall out
of the top 20 after perturbation, forc =1,...,10.

e | HITS |SubspaceHITS | PageRank| Rand HITS
0.2 |21.20% 16.56% 17.00% 14.08%
0.1]21.20% 16.56% 18.40% 13.88%
0.05{21.20% 16.56% 19.96% 13.92%
0.02{21.20% 16.56% 20.52% 14.16%
0.01]21.20% 16.56% 19.72% 14.40%

Table 1: Expectedpercentageof rank dropswith decreasinge.

top ten pagesthat drop below rank 20, i.e., if 8 out of the top 10
pagesdrop below rank 20 in a certaintrial for PageRankthenbin
8 in the PageRankiistogramgetsincrementedy 1. We call these
plots“flip histograms. In Figure2, we excludethe 0 bin in order
to highlight the trials wheresomethinggoeswrong. Fromthe fig-
ure,we canseethatHITS is muchmorelik ely thanPageRankand
RandomizeHITS to have large numbersof pagessimultaneously
dropto low rankings thoughPageRanlkandRandomizeITS are
alsomorelikely to have at leastone suchdrop on ary giventrial.
More specifically out of 250trials, 8 to 10 pagesdroptogetherin
49 HITS trials; this numberincreasego 73 for the secondeigen-
vectorof HITS. The numberof trials on which this occursis 4 for
both PageRankandRandomizeHITS. For Subspac#lITS, when
f(A) = Xor f(A) = A2, the histogramis similar to PageRank
andRandomizedHITS. But aswe changef to f(A) = A® (sothat
it grows fasterwith A), it behaesincreasinglysimilarly to HITS.
This is no surprisegiven that, asthe degreeof f increasesSub-
spaceHITS givesincreasingveightto the principal eigervector

Notethataflip histogramis in factthe empiricaldistribution of
thenumberof rankdropsin atrial. In Tablel, we shav theeffectof
theresetprobabilitye onthe expectatiorof thepercentagef pages
thatsuffer rankdropsunderthis empiricaldistribution. For PageR-
ank, rank drop expectationsincreaseas e increaseswhereasfor
RandomizeHITS, the expectationonly fluctuatesslightly. Since
HITS and Subspac#ITS do not involve resetting their expecta-
tionsarenot affected.

6.2 Multiple ConnectedComponents

A closerexaminationof the web queryresultsdrawns our atten-
tion to the questionof the “diversity” of the pageseturned.Ignor-
ing the stability issuefor now, we noticethatthe algorithmsreturn
pageswith a different“range” in the numberof domains.The ta-
blesbhelov presentesultsfrom HITS andPageRanlon the query
“SQL tutorial” All thetoptenpagegeturnedby HITS arefrom the
samesite, andarethereforenot very usefuleven hadthe rankings
beenstable? PageRankon theotherhand returnsawider variety

12pagesfrom the samesite tendto be heavily linked to eachother
andthereforeareknown to “trap” authorityandhubscores Avoid-
ing “rank traps” is one of the original designmotivationsbehind
PageRank3]. Kleinbeg [8] suggestsavoiding this problemby

of web pages. The questionof variety is probablynot ascrucial
asstability, but the exampleleadsusto considerthe differentalgo-
rithms’ behaior whentherearemultiple “connectedcomponents”
in thelinkagegraph.

HITS resultson query“sql tutorial”:

1 http://wwwinternet.com/ 1 1 36 14 1
2 http://wwwinternet.com/sections/dmload 2 2 37 15 2
3 http://wwwinternet.com/sections/internat 3 3 38 16 3
4 http://wwwinternet.com/sections/isp.html 4 4 39 17 4
5 http://wwwinternet.com/sections/it.html 5 5 40 18 5
6 http://wwwinternet.com/sections/magtn 6 6 41 19 6
7 http://wwwinternet.com/sections/mes.htm 7 7 42 20 7
8 http://wwwinternet.com/sections/resource 8 8 43 21 8
9 http://wwwinternet.com/sections/stocks.h 9 9 44 22 9
10 http://wwwinternet.com/sections/webdk 10 10 45 26 10
2033 http://welcome.hp.com/country/us/eng/term - 1 1 -
2034 http://welcome.hp.com/country/us/eng/welc 2 2
2035 http://welcome.hp.com/country/us/engfito 3 3
2036 http://welcome.hp.com/country/us/engipri 4 4
2037 http://welcome.hp.com/country/us/eng/prod 5 5
2038 http://welcome.hp.com/country/us/eng/solu 6 6
2039 http://welcome.hp.com/country/us/eng/supp 7 7
2040 http://welcome.hp.com/country/us/eng/cont 9 9
2041 http://wwwhp.com/go/search-us-eng/ 8 8
2042  http://wwwhp.com/go/smartfriend/ 10 10
PageRankesultson query“sql tutorial” (e = 0.2):

1  http://search.intraare.com/search.html 1 1 1 1 1
2 http:/fjazz.eternal.hp.com/ * 157211552 2
3 http://wwwhp.com/go/search-us-eng/ * 2 3 3 3
4 http://wwwyahoo.com/ 2 4 2 5 4
5  http://jump.altaista.com/f.go * 3 4 4 =
6  http://wwwsun.com/ 8 10 18 16 22
7 http://wwwaltavista.com/ 109 5 5 6 132
8  http://wwwgoto.com/ 3 15 6 22 5
9  http://welcome.hp.com/country/us/eng/term * 20 22 7 6
10 http://welcome.hp.com/country/us/eng/welc * 21 23 8 7
11  http://wwwwebring.og/cgi-bin/webring?ri 4 - 7 - 8
12  http://wwwwebring.og/cgi-bin/webring?ri 5 8 9
13 http://wwwwebring.og/cgi-bin/webring?ri 6 9 10
14 http://u.etreme-dm.com/?login=astentec 7 10 -
15 http://vl.nedstatbasic.net/stats?AAICIgnm 9 - - -

16 http://welcome.hp.com/country/us/engfro - - - 10

23  http://wwwwiwi.uni-frankfurt.de/ 10 - - -

42  http://wwwsglcourse.com/ - 6 9

50 http://wwwwebreference.com/ 7 -

54  http://ecommerce.internet.com/ 8

59 http://wwwsglcourse2.com/ 9

A connecteccomponenbf a graphis a subsetf nhodeswhose
elementsare connectedvia length > 1 pathsto eachother but
not to the restof the graph. The eigervalue of a connecteccom-
ponentC is the largesteigevalue of AZAc (cf. AT A usedby
HITS), where A¢, a submatrixof A, is the adjaceng matrix of
C. If agraphhasmultiple connecteccomponentsthenthe princi-
pal eigervectorof AT A will have non-zerovaluesonly for nodes
from the “largest” connecteccomponen{moreformally the com-
ponentwith thelargesteigervalue). (See,e.g.[4].) Therefore un-
lesstheeigervalueis sharecamongseveralconnectedcomponents
(which, as explainedin Section7, would renderthe eigervector
unstable)eachHITS eigervectorwould only represenbnepartof
the graph. On the otherhand,an algorithmwith a universalreset-
ting probability obtainsits principal eigervector by concatenating
(andpossiblyweighting)theresultsfrom all of theconnectedom-
ponents? Therefore PageRankandRandomizeHITS returnre-
sultsfrom awider variety of domainswhile HITS concentrategts

ignoring intra-domainlinks to prunedown this kind of falseau-
thority propagation.We have indeedfollowed Kleinbeg's design
in our experimentsand prunedall links pointing to pageson the
samedomain,thoughmultiple links from anotherdomainare still
allowed,andmayaccountfor theinclusionof pagefrom thesame
sitein ourresults.

13For example, if a graphhastwo connecteccomponents’; and
C-, then PageRankrun on the entire graphgives the sameresult
asrunningit separatelyon C; andon C», andthenconcatenating




e |HITS | SubspaceHITS | PageRank| Rand HITS
0.2 | 8.59 8.97 9.38 9.49
0.1| 8.59 8.97 9.32 9.48
0.05| 8.59 8.97 9.26 9.48
0.02| 8.59 8.97 9.23 9.44
0.01f 8.59 8.97 9.24 9.41

Table 2: Averagenumber of differ ent sitesfrom top 10 pages.

strengthon the mostpopularcluster SubspacedHITS attemptsto
broadenits scopeby usingmultiple eigervectors,sothat different
connectedcomponentsan be included. Of course,the previous
discussionassumeghe graphcontainsmore than one connected
componentlf the entiregraphis connectedthenHITS would not
have to worry aboutary of the above problems.However, empir
ical datafrom the web query experimentsdo indeedsuggesthe
presencef multiple connectedccomponentsn the graph. For ex-
ample,considerthe queryresultson “neural networks” presented
in thelast section. Without ary perturbationsthe top two ranked
pagedfor all four algorithmsarewww. neci . nec. comandr e-
sear chi ndex. or g, bothof which areremovedin trials 1, 3, 4,
and>5. All four algorithmsthenreturnww. i eee. or g asthetop
rankedpagein thosetrials. Thisis in factthetoprankedpagein the
seconceigervectorof HITS. All thetoprankedpagesn theoriginal
principaleigevectorof HITS arefrom thesameaemoved“cluster”
whereasPageRankRandomizedHITS, and SubspaceHITS also
includepagedrom otherclustersandasaresultsuffer lessimpact
from theclusters removal.

Table2 lists the averagenumberof differentsites/domainsep-
resentedn thetop 10 pagesfor eachalgorithm. Note the effect of
decreasingheresetprobabilitye: PageRanls averagedecreaseas
e decreasesndicatingthatthe “diversity” of resultsis decreasing;
RandomizedITS’ diversityalsodecreasedqutnotasmuch.HITS
andSubspac#lITS arenot affectedasneitherinvolvesresetting.

7. LSI AND HITS

In this sectionwe descibean interestingconnectionbetween
HITS andLatentSemantidndexing (LSI) [6] that provides addi-
tional insightinto ourresults(seealso [5, 13]). In LSl acollection
of documentss representedsa matrix A, whereA;; is 1 if doc-
uments containsthe jth-word of the vocalulary, and0 otherwise.
LSI computegheleft andright singularvectorsof A (equivalently,
the eigervectorsof AAT and AT A). For example,the principal
right singularvector which we denotez, hasdimensionequalto
the vocalulary size, and z; measureshe “strength” of word j's
membershimlongthe z-dimension.Theinformal hopeis thatsyn-
onymswill begroupednto the samesingularvectors sothatwhen
adocumenirepresentethy arow of A) is projectedontothe sub-
spacespannedy thesingularvectors,it will automaticallybe“ex-
panded’to includesynorymsof wordsin thedocument|eadingto
improvedretrieval.

Considerconstructinghe following citationgraphfrom a setof
documents Let therebe onenodefor eachdocumentandonefor
eachword. Let eachdocumenmnodelink to all the wordsthatap-
pearin it, andlet A betheadjaceng matrix of thisgraph.If we ap-
ply HITS to thisgraph,we find thatonly the document-nodelave
non-zerohub weights (since the word-nodesdo not link to ary-
thing) and only the word-nodeshave non-zeroauthority weights.
Moreover, thevectorof HITS word authorityweightsis exactly z,
thefirst right singularvectorfoundby LSI. In this setup,anauthor

the results(weighting C1’s nodes'valuesby |C1|/(|C1| + |C2|),

and similarly for C2, where|C;| is the numberof web pagesin
connectedomponentC;).

Original vector Perturbed vectors

1 offici 1 against 1 news

2 kill 2 todai 2 member
3 against 3 talk 3 govern
4 death 4 mondai 4 negyoti

5 year 5 report 5 talk

6 govern 6 member 6 peopl

7 israel 7 critic 7 agenc

8 west 8 london 8 report

9 soviet 9 publish 9 israel
10 british 10 american 10 offic

11 isra 11 kill 11 chairman
12 palestinian | 12 district 12 meet

13 di 13 peopl 13 isra

14 member 14 fridai 14 u

15 capit 15 british 15 palestiniar
16 bank 16 west 16 began
17 communist |17 book 17 newspap
18 london 18 communist 18 condition
19 arab 19 union 19 presid
20 associ 20 death 20 american

Table 3: Authoritati ve words from AP articles.

itative word is a commonlyusedword, andconnecteccomponents
in thelinkagegraphindicatedistinctdocumentopics.

This connectionallows usto transferinsight from experiments
on LSI to our understandingf HITS. In this vein, we carry out
an experimenton the AssociatedPress(AP) portion of the TREC
volume 1 corpus. In orderto obtain non-trivial word authorities
the wordswere stemmedanda stoplist wasused. We useda vo-
cahulary sizeof 1500wordsand2000articles,thathadanaverage
lengthof 72 words. We first ran LSI/HITS on the entire setof ar
ticles, keepingthe top 20 authority vectors,i.e. the first 20 right
singularvectors. Thenwe randomlyremored 30% of the articles,
andrecalculatedhe authorityweights.

The resultsshav setsof authoritatve words which are unions
of authoritatve wordsfrom differenttopics. As discussedn Sec-
tion 6.2, linear combinationsof topics/connectedomponentzan
occur when the subcomponenttare roughly equal eigervalues.
Becausef thesmalleigengaplinearcombinationf eigervectors
aremuchmoreunstableunderperturbation.This is demonstrated
in Table3, wherewordsfrom the 13th original eigervector origi-
nally containswordsfrom boththe Israeli-Ralestinianmiddle-east
conflictandBritish politics, but is splitinto eigevectors13and14
underperturbation.In perturbedeigemvector 13, the maintopic is
British politics, andwordspalestinianandisrael dropto ranks59
and77,respectiely; in perturbeckigervectorl4,the maintopicis
middle-eastonflicts,with theword british droppingto rank197.

This examplealsoillustratesthe dangerof defining “semantic
directions”for individual eigervectors. In the presenceof multi-
ple topics/connectedomponentsgigervectorscould be a linear
combinationof the authoritatve nodesfrom differenttopics, and
the combinationcanbe very sensitve to small perturbations.t is
muchsaferto look at a subspaceasis donein LS| andSubspace
HITS.

8. SUMMARY

In this paper we analyzedthe stability of HITS and PageRank
to smallperturbation®f adocumentollection.Basedon our find-
ing that the stability of PageRankstemsfrom its usageof a “re-
set” to the uniform distribution, we proposedRandomizedHITS,



which retainsthe hubs-and-authoritiesotion of influentialarticles
of HITS, but which is more stableto perturbation. We also pre-
senteda secondalgorithm, SubspaceHITS, thatis motivated by
the obserationthatsubspacespannedy afew eigervectorsmay
sometimeshe stableeven when individual eigetvectorsare not.
This algorithm may also be viewed as a principled way of com-
bining multiple HITS eigervectors. We alsoreportedon the em-
pirical performanceof the four algorithms,andexploredtheissue
of “diversity” of the resultsreturnedby the algorithms,focusing

on the settingof webgraphswith multiple connectedcomponents.

Finally, connectiondetweerL Sl andHITS werediscussed.
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Appendix: Proof of Stability of SubspaceHITS

Let f be a Lipschitz continuousfunction with Lipschitz constant
L. Givenaco-citationmatrix S = AT A € R**", wefirsttake the
singularvalue decompositiorof S to obtainS = UXU”, where

= diag(o1,...,0,). Define f(X) to be the diagonalmatrix
whose(i, i)-elementis f(2;;). We calculatel’ = U f(£)U”, and
definetheauthorityof pagei tobea; = e Te; (Wheree; isthei-th
basisvector).Notethatthediagonalof T containsall the authority
scores.The reademay easily verify thatthis is equivalentto our
previousdefinitionof a; = 3~ f(o7)(u] e;)® whereu; is the j-th
columnof U.

LetS = S + E, andletU, @;, 3, 6;, T, anda; beall thecorre-
spondingperturbedquantities.Let e = || E||r. By theinvariance
of Frobeniusnormto unitarytransforms:

IO SU - 0" SU||r = 1T (S = S)Ullr = ||Ellr =€ (7)
Now, the (i, j)-elementof thematrix U* SU — U? SU is:

afSu; —af Su; = 4 USU wj —ai; USU w;  (8)
= ﬂiTUUjej — eiT&ifJTuj 9)
= (o) — &i)il; u;. (10)
Substitutingthis backinto Equation(7), we have that
Y Yoy = 6)% (A wy)? = €. (11)

Now, treatingthe columnsof U andU astwo basedor R”, for
eachk =1,...,n, weleta(k) andd(k) bethebasisexpansionof
ex, in thesetwo basesi.e. a(k) = el u;, anda® = ef @, sothat
ex = Y7_; afu; andey = Y, (") i;. Notealsothat

" (k) (l) 1k =1}, En ~(k) (l) Hk=1} (12)

j=1%;

LEMMA 5. LetG : {1,...,n} x {1,...,
P E?=1(G(iaj))2 < 7% Then

i (T )

Proof. View G, whosedomainhasn? elementsasavectorin R™”.

Also define H*®), givenby H®)(, j) = &{*a{*’ to be another
vectorin this space.Using Equation(12), it is easyto shaw that
S X HPG ) HY (G, ) = 1{k = 1}, sothatthe vectors
H® in factform anorthonormabasisfor ann dimensionakub-
spaceof R™ . In R"™ , the preconditionin the Lemmais exactly
that“||G||» < 7. Moreover, theinnerproductof G and H™® is

(H® Gy = Yr, Y, &Pl G, §). Sincethe projection
of a vector onto somesubspacccan be no longerthanthe origi-

nal vector we have 3°7_, ((H(’“),G)) < |IG||3 < 77, which
O

provesthelemma.
Proof of Theorem 4. We have thefollowing:

lla—all3 =4y (ar — @x)* = oy (e Tex — ef Tex)14)
=5 (S0 S 600 (f o) — £G)EFu;) " (15)

DefineG(3, j) = (f(o;) —
dition on f, we have:

Y (GG, )

n} — R satisfy

2
ld(’“)a(’“)G( )) <72, (13)

f(5:))afu;. UsingtheLipschitzcon-

Y X (floy) — £(54))% (@ uy)?
< Yy Y Lo — &l (@] uy)?
— L2€2

wherethe last stepusedEquation(11). Applying Lemmab with

72 = L2e?, we thereforeconcludethat

la—al} < Xpe (S, 27 aPaPag,5)” < 12 O



