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» Time series are everywhere...
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Introduction

» Time series are everywhere...

Hear Beat Rate Series

Introduction

* Time series are everywhere...

Weather Temperature Series
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Introduction

« What We Want:
Be able to predict
the next value in
time series given
observations of th
previous values.

Introduction
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Markov Models

Fully independent
Markov Models

Markov Models: Future predictions are independent of all but
the most recent observations.

Markov Models

Markov Models: Future predictions are independent of all but
the most recent observations.

Fully dependent
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Markov Models

Markov Models: Future predictions are independent of all but
the most recent observations.

Partially dependent

Markov Models

Markov Models: Future predictions are independent of all but
the most recent observations.

Partially dependent



Markov Models

Markov Models: Future predictions are independent of all but

the most recent observations.

Partially dependent

Markov Models

» Make it for formal (joint probability) and simple (consider
only 4 observations {y,, y2, V3, V4 }).
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Markov Models

» Make it for formal (joint probability) and simple (consider
only 4 observations {y, y2, V3, V4})-

 Fully dependent:
PV, Y2, ¥3,Y4) = )P0y rsly, y2)pYaly1, Y2, ¥3)

Markov Models

» Make it for formal (joint probability) and simple (consider
only 4 observations {y,, y2, V3, V4 }).
 Fully dependent:

PV, Y2, Y3, Y1) = 0Py Wsly1, y2) 0 Valye, Y2, ¥3)
* Fully independent:
PV, Y2, Y3, Y4) = p()r2)p(¥3)p(Va)
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Markov Models

» Make it for formal (joint probability) and simple (consider
only 4 observations {y, y2, V3, V4})-

 Fully dependent:

P, Y2, ¥3,¥4) = P21y (sly1, ¥2)p(Valy1, 2, ¥3)
 Fully independent:

PV, Y2, Y3, Y1) = p)p2)P(V3)p(Va)

« Partially dependent (Depend on most recent observation):
P(V1, Y2, Y3, Ya) = p)p(V21y1)p(V31y2)p (Valy3)

Markov Models

» Make it for formal (joint probability) and simple (consider
only 4 observations {y,, y2, V3, V4 }).
 Fully dependent:
P(Y1,Y2,¥3,¥4) = PPz ly)p(V3ly1, y2)P (Valy1, Y2, ¥3)
* Fully independent:
P(Y1,¥2,¥3,¥4) = (1P (2)p(¥3)P(Va)

+ Partially dependent (Depend on most recent observation):
PV, Y2, Y3, Ya) = p)p(V21y1)p(y3ly2)p (Valys)

+ Partially dependent (Depend on two most recent observation):

PV, Y2, Y3, Y4) = ()P 21y1)pY31Y1, ¥Y2)P V4l Y2, ¥3)

11
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Markov Models

» Make it for formal (joint probability) and simple (consider
only 4 observations {y, y2, V3, V4})-

 Fully dependent:
PV, Y2, ¥3,Y4) = )P0y rsly, y2)pYaly1, Y2, ¥3)

First-order Markov Cham}z)P()’s)P(ﬂ)

P(V1,¥2,¥3,¥a) = p(y1)P(¥21¥1| Second-order Markov chain
* Partially dependent (Depend on tw

P(Y1, Y2, Y3, Y4) = ()P (21y)p 3|y, Y2)p Yaly2, ¥3)

Markov Models

* Make it more formal...

First-order Markov chain

T
p(YL, Y2 Y1) = p(yl)z PVelye-1)
t=2

Second-order Markov chain

T
Py, y2 - yr) = P (2ly1) z PVelVe—1,Ve—2)
t=3

12
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Markov Models

« Atoy example.

Consider a simple 3-state Markov model of the weather. We
assume that once a day (e.g., at noon), the weather is observed
as being one of the following:

» State 1: rain or (snow)
» State 2: cloudy
» State 3: sunny

Assume that the weather on day t is characterized by a single
one of the three states above, and that the matrix A of state

transition probabilities is: 04 03 0_3]

0.2 06 0.2
01 01 08

A={4y}=

Markov Models

+ Atoy example.

> State 1: rain or (snow) 04 03 0 3]

> State 2: cloudy A={A;}=[o2 06 02
» State 3: sunny 01 01 0.8

13
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Markov Models

Question?

Given that the weather on day 1(t = 1) is sunny (state 3), what
is the probability that weather for the next 7 days will be :

[\o 8
“sun-sun-rain-rain-sun-cloudy-sun” sun

“Yo—V3—Va— Vs~ Yo~ V7 — Vs Q
Aclmay>06

Markov Models

Question?

Given that the weather on day 1(t = 1) is sunny (state 3), what
is the probability that weather for the next 7 days will be :

“sun-sun-rain-rain-sun-cloudy-sun”
V2= Y3~ Ya— Vs~ Y6~ Y7~ V8"

P(y1,y2,*, Y7, ¥8lA) = P(y1 = s)P(y, = sly; = s)P(y3 = sly, = s)
P(ys =1lys = s)P(ys =1lys =1)P(ys = slys = 1)
P(y; = clys = s)P(yg = sly; = ¢)
=1-A33A3z3-Az1-A11-A13- Az Az
=1-08-08-01-04-0.3-0.1-0.2=1.536x10"*

14
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Markov Models

* Question?

Given that the weather on day 1(t = 1) is sunny (state 3), what
is the probability that weather for the next 7 days will be :

. . [es
“sun-sun-rain-rain-sun-cloudy-sun” (o)
¢ 2 w ‘I-\DE
Y2=Y3~Ya"Ys ~ Y6 " Y7 Vs AN
04 ( S “i::uouu\ybﬂﬁ
Senll R

Py, Y2, Y7, ¥8lA) = P(y1 = s)P(y, = sy, = s)P(y3 = sly, = 5)
P(ys =rlys = s)P(ys = rlys =1)P(ys = slys = 1)
P(y; = clys = s)P(yg = sly; = ¢)
=1-A33-A3zz-Azq-A1q-Agz- Az Aps
=1-08-08-0.1-04-03-0.1-0.2=1.536x10"*

» Other questions we may interested in? For example, what’s the
probability of the day after tomorrow is cloudy?

Markov Models

» All above are observable Markov models.

A single stochastic process with Markov assumptions.

Too restrictive to be applicable to many real problems.

15



Markov Models

« All above are

observable Markov models.

Observations

Markov Assumptions

Hidden States

Markov Models

* All above are

observable Markov models.

Observations

Markov Assumptions

Hidden States

» Hidden Markov Models
» Linear Dynamical Systems

A more general framework, while still retaining inference

tractability.

10/19/2014
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Markov Models

» Connections.

Z ) Discrete
Y ) Discrete

Markov Models

@ Discrete

@ Continuous

@ Continuous
@ Continuous

» Connections.

@ Discrete

@ Discrete

Mixture of l Mixture of l

multinomials Gaussians
@ Discrete @ Continuous

@ Continuous

Factor

Analys's@ Continuous

10/19/2014
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Markov Models

» Connections.

@ Discrete

Mixture of l Mixture of

multinomials Gaussians
@ Discrete Y

On0

=)
J

) —
§) —
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>4

Discrete

@ Continuous

Factor

Analysis .
Continuous @ Continuous

) t—

t—1)— 2 1 a\\ /_\ a\\
TV OV Y
HMM HMM LDS

Agenda

* Hidden Markov Models
— Inference
— Learning

10/19/2014
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Hidden Markov Models

e Qverview

> Asequence of length T Zi41

> Observations {y, }:discrete or
continuous

T
> Hidden states {z,}:discrete

« Joint distribution of the model.

T T
PV, Y2, Y1, 21, 22, 27) = p(21) np(ztlzt—l) HP(Yt|Zt)
t=2 t=1

Hidden Markov Models

» Hidden state transitions p(z;|z;—1)

* Latent variables are the discrete multinomial variables z,
describing which component of the mixture is responsible for
generating the corresponding observation y;.

« z; €{1,2,3,::+,d}, where d is the dimension of the hidden
states.

p(ze =ilze_1 =) =4; 0<A;<1,¥4;=1

Ay - Agg
A= : . :

Ag1r - Aqa

19



Hidden Markov Models

+ State-to-observation emissions p(y;|z;)
* When y, is discrete, p(y;|z;) is a probabilistic table.

Py = ilze =) = Gy [C}l C}d‘

0<C;<1LYfC;=1 Cxi - Cka

Hidden Markov Models

+ State-to-observation emissions p(y;|z;)

* When y, is discrete, p(y;|z;) is a probabilistic table.

p(ye =ilzy =j) = Cl-]- [C-ll C%d]

0<C;<1,3fC =1 Cer - Cra

* When y; is continuous, p(y;|z;) is a continuous density
function, i.e., Gaussian, etc.

p(Velze) is Gaussian, C = {uy, Zq, 1z, 22, hay 2q }-

10/19/2014
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Hidden Markov Models

Z!;l —_— Z;\I_. ’:i‘;Ll
) p(y1,y2;"':yT;Zl;Zz;"'ZT)
T

l | | - r
Yi—1 G_t Yt+1 = ( ) ( | —) ( |
y @ @ |44 sztztll;[pytzi

*  What we can do if we have the model ? - Inference
— Q1: Given an observation sequence and the model, compute the
probability of the sequence.
— Q2: Given the observation sequence and the model, compute the most
likely (ML) hidden state sequence.
* How can we get the model ?- Learning

— Q83: Learning of parameters of HMM (ML parameter estimate).

Hidden Markov Models

* Notations

* Lety={yy,y, -, yr} beasequence of T observations.

* Letz ={z,2z,,, 2z} beasequence of T internal states.

» Let d be the dimension of the hidden states z.

* Let& = p(z,) be the initial probability for z, and &; = p(z; = i).
* Let Abethed X d transition matrix of z.

» Let C be the parameters in the emission function.

+ Let Q be the entire HMM model, i.e., Q = {¢, 4, C}.

21
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Hidden Markov Models

* Q1: Probability of an observed sequence p(y1, Y2, -+, yr|Q):
forward/backward algorithm.

) =D p2) = ) pyIPE)

T T
=] [porlo v -] [peeiz-n
t=1 t=2

z

\ ) \ J
T Y

r(ylz) p(2)

Hidden Markov Models

* Q1: Probability of an observed sequence p(y4, ¥, -+, yr|Q):
forward/backward algorithm.

p(y) = Z p(y.z) = Z r(y|2)p(2)

T T
= Z HP(YAZJ -p(z1) - HP(Zch—O]
t=1 t=2

z

\ J \ J
T T

p(ylz) p(2)

Naive solution: O(d") @

22



Hidden Markov Models

* Q1: Probability of an observed sequence p(y1, Y2, -+, yr|Q):
forward algorithm.

d
p(y) = Z p(y,z) = Zp(yIZ) — p() = ZP(YLYZr Y7, Zr = 1)
z z i=1

Hidden Markov Models

* Q1: Probability of an observed sequence p(y4, ¥, -+, yr|Q):
forward algorithm.

d
PO =D pD) = ) pOlD) —— PO) = D PO, ya Yz =D
z z i=1

Canwe get p(y1, ¥z, yr, 27 =10)
from Q and ZP(YL}'Z'"")’T—l'ZT—l =) ?
=

10/19/2014
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Hidden Markov Models

* Q1: Probability of an observed sequence p(y1, Y2, -+, yr|Q):
forward algorithm.

d
p(y) = Z p(y,z) = Zp(yIZ) — p() = ZP(YLYZr Y7, Zr = 1)
z z i=1

Can we get PO, vz, yr 20 = 0
from Q and ZP()’L}’Z:‘“:YT—LZT—l =/ ?

Jj=1

PV, Y2 Y1, Y10 211 = Jo Zp = 1)
1

P(J’LYZ,“UYT,ZT = l) =

d

= ZP(Y1’}’2:"':}’T—1:ZT—1 =) p(zr = ilzr_1 = Pp(yrlzr =) Recursion!
=1

d

J

Hidden Markov Models

Recursion we find:

d
pPYu Y2 Yo 2 = 1) = ZP(Y1»YZ:"'»Yt—1th—1 =Dp(z = ilze—y = PpOrlze = 1)

j=1
Let a;(i) = p(y1,¥2, -+, Vi, 2 = i), which represents the total
probability of all the observations up through time t and that we
are in state i at time t.

Recursive rules:
d

@) = ) @ s () Ay - pOrler = )

J
Base case:

a1 (D) =py1,z1 =1) =pW1lze = Dp(zy =) =& - p(y1lz1 = D)

d

Our goal: r(y) = Z ar(i)

i=1

24
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Hidden Markov Models

* Q1: Probability of an observed sequence p(y1, Y2, -+, yr|Q):
backward algorithm.

Very similar to forward algorithm!!!

Let Be(D) = p(Ver1, Vewoo Y12 = 1)

Recursive rules:

da
Be®) = ) Bera() - Ayj - PO aalris = )
J

Base case:
Br(D) =pWr, zr-1 =) =pOnlz; = Dp(zy =) =& - p(y1lze = 0)

da
Our goal: r(¥) = Z B (D)
i=1

Hidden Markov Models

* Q2: Find the most likely sequence of states.

“most likely” state sequence, i.c., Z.

Option 1! Z, = argmax,, p(z¢|y, Q)

Option 2:  Z = argmax, p(z|y, Q)

25



Hidden Markov Models

* Q2: Find the most likely sequence of states (Option 1: piece
together most likely states, i.e., argmax,, p(z;|y, Q)).

p(z:,y)
argmax,, p(z|y) = argmaxthty) = argmax,, p(z;,y)

= argmaxztp(yl, Ve, Ze) PYVesrr o Y1l 2e)
= argmax; a; (1) B (i)

a:(D) =p(Yu Yy Yoz = 1)

Be(D) = pWerr, Vera = Yrlze = D)

Hidden Markov Models

* Q2: Find the most likely sequence of states (Option 1: piece
together most likely states, i.e., argmax, p(z;|y, Q)).

p(ze,y)
argmax,, p(z;|y) = argmax,, p(ty) = argmax,,p(z; y)

= argmax, p(Y1, ", Y&, Ze) PWVea1r - V1l 20)
= argmax;a; (1) B (i)

a:(@) = p(yu Y2 Ve 2e = D)

B = pWerr, Vewzs = Yrlze = D)

Problem: what if the transition between the two most likely
states is 0?

10/19/2014

26



10/19/2014

Hidden Markov Models

* Q2: Find the most likely sequence of states (Option 2: Find the
best “continuous” sequence of states, argmax, p(z|y, Q)).

* The Viterbi Algorithm.

r(.2) |
pr(»)

argmax,p(y, z)

argmax,p(z|y) = argmax,

Remember in Q1, we want to compute () Zp(y. z)

Almost the same with forward algorithm!

Hidden Markov Models

* Q2: Find the most likely sequence of states (Option 2: Find the
best “continuous” sequence of states, argmax, p(z|y, )).

» The Viterbi Algorithm.

_ p(y.2) _
argmax_p(z|y) = argmax, = argmax,p(y, z)
r(»)
Define 6;(i) = max p(zy, - Zt—1, V1, Ve, Z¢ = 1).
21,22, Zt-1

Remember a,(i) = p(y1, V2, Ve Ze = i)

6 (i) represents the highest probability along a single path that
accounts for the first t observations and ends at state z, = i.

Recursive rules: 8,1 (j) = max [6:(DAijlpDes1lzess = 1)

27
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Hidden Markov Models

* Q3: Learning of parameters of HMM (ML parameter estimate), .
The Baum-Welch Algorithm.

Add-on Notations:

Let z,; be a binary variable, where z,; = 1 means z, = i.

Let y(z,;) be the expectation of z.;, i.e., y(z;) = E[z.i] = p(2e.i|y).
Let n(z¢—1,j, Z,;) be the expectation of z;,_; jz.;, i.e.,

n(zt—l,jrzt,i) = E[Zt—l,jzt,i] = P(Zt—l,j’zt,ib’)-

Let p(yelze, €) = [Tf=y p(yel Ci) %k

Hidden Markov Models

* Q3: Learning of parameters of HMM (ML parameter estimate), Q.
The Baum-Welch Algorithm(M-step).

maximize Q = E,[log p(y, z)]
0 = p(zly)logn(y.2)

T T
= p(ly) |logp(a) + ) logp(zelze) + Y logp(yelze)
z t=2 t=1

T T
=D p@llogpiz) + ) D pls zllogplalzn) + ). D p(zlylog prelz)

Zy t=22Z¢_1,Z¢ t=1 z¢
d T d d T d

= Z Y(Z1,k)10g &+ Z Z U(Zt—1,j: Zt,k)log Ajy + Z z V(Zt,k) log p(y¢|Ck.)
=1 t=2 j=1k=1 t=1k=1

28



Hidden Markov Models

* Q3: Learning of parameters of HMM (ML parameter estimate), .

The Baum-Welch Algorithm(M-step).

a d a a
9= Z ¥(z1x)log &, + ZT: Z Z 1(ze-1,j, 21 )10g Ajye + zT: Z ¥(2e) log p(yel i)

k=1 t=2j=1k=1 t=1 k=1

Hidden Markov Models

* Q3: Learning of parameters of HMM (ML parameter estimate), Q.

The Baum-Welch Algorithm(M-step).

Q= zd: ¥(z1)log & + i Zd: zd: 1(2e-1,5 Ze 1 )10g Aje + i Zd: ¥(Ze) og p(yel Ci)

k=1 t=2 j=1k=1 t=1k=1

Maximization with respect to &, and Ay, is easily achieved using
Lagrange multipliers.

£ = Y(Z1,k) Zt 277(Zt—1j»Ztk)
e B .
2j=1y(zl,j) ik = Zl 12 zTI(Zt 1];Ztl)

10/19/2014
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Hidden Markov Models

* Q3: Learning of parameters of HMM (ML parameter estimate), .
The Baum-Welch Algorithm(M-step).

d T 4
9= Z ¥(z1x)log & + Z
k=1 =2

t

d T a
Z 1(ze-1,j, 21 )10g Ajye + z Z ¥(zex) log p(yelCr)

j=1k=1 t=1k=1

Maximization with respect to Cy: when y; is discrete.
n d
Parameterization:  p(y:|Cy) = 1_[ 1_[ ek
ik

Estimation: Uiy = Ni-1¥(Zex )yt
stimation: ik ST (2

Hidden Markov Models

* Q3: Learning of parameters of HMM (ML parameter estimate), Q.
The Baum-Welch Algorithm(M-step).

T

Q= zd: ¥(z1)log & + Z Zd: zd: 1(2e-1,5 Ze 1 )10g Aje + i Zd: ¥(Ze) og p(yel Ci)

k=1 t=2j=1k=1 t=1 k=1

Maximization with respect to Cy: when y; is continuous.
Parameterization: P (VelCi) ~ NV (i, Zio)

_ ZZ=1 V(Zt,k)yt
ZZ=1 V(Zt,k)

s = Nt=1 ¥ (Zep) Or—t) Ge— i)’
) Yi-1¥(2ek)

Estimation:  pug

30
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Hidden Markov Models

* Q3: Learning of parameters of HMM (ML parameter estimate), .
The Baum-Welch Algorithm(E-step).

Compute ¥(ze ), 1(ze—1,j, zex) fort = 1,+,Tand j,k = 1, d.

Hidden Markov Models

* Q3: Learning of parameters of HMM (ML parameter estimate), Q.
The Baum-Welch Algorithm(E-step).

Compute ¥(z ), n(ze—1,j, zex) for ¢ = 1,--+,Tand j,k = 1,--, d.

a. (k) B (k)
1467
ar—1()Be (k)Ajkp(yt |Ci)
p(¥)
< ar_1 (B (k) Ajp (Ve |Cr)

Y(Zt,k) = < a. (k) (k)

77(21:—1,1',21:,1() =

a;(D) =YL,y Ve 2t = 1)

Be(@) = p(Ver1, Verzr o Yrl2e = 1)

31
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» Applications.

* Speech recognition
» Natural Language Processing
* Bio-sequence analysis

Hidden Markov Models

» Applications.

* Speech recognition
» Natural Language Processing
» Bio-sequence analysis

NN UH NN NN: singular noun
@ @ @ UH: Interjection

print hello world

Tagging results from http://cogcomp.cs.illinois.edu/demo/pos/

10/19/2014
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Agenda

* Linear Dynamical Systems
— Inference
— Learning

Linear Dynamical Systems

* Overview
> Asequence of length T @ @ @
» Observations {y;}: continuous

> Hidden states {z;}: continuous .E :l l

 Defined by two linear equations.

z = Az, + ~ N (0,

¢ -1+ G G ©.Q) > A Q, ¥:d xd matrices.
» C:ann X d matrix.
> Risann x n matrix.

yt = CZt + Gt €Er ~ N(O,R)

~NEW)

33



10/19/2014

Linear Dynamical Systems

ZL;I—b Z;\I_. ‘:i‘;Ll
) p(yllyZ' lyT'ZLZZ' ZT)

| | | -
Yi-1 @ @ —p(Z1)l_[p(Zt|Zt 1)1_[P(Yt|zz

*  What we can do if we have the model ? — Inference & Prediction
— Q1: Given an observation sequence up to time t and the model, compute
the probability of the current hidden state z,. (Kalman filtering)
— Q2: Given the observation sequence and the model, compute the
probability of hidden state z, where T > t. (Kalman smoothing)
— Q3: Given the model, compute the expected values at future timestamps.
* How can we get the model ?- Learning

— Q4: Learning of parameters of LDS(ML parameter estimate).

Linear Dynamical Systems

* Notations

* LetZyi_q = E[z|y1,, yc—1] be the priori estimation.

* LetZy, = E[z|y1,+, Ye—1,¥¢] be the posteriori estimation.

© LetPye—q = E[(2¢ — Zje-1) (2 — z”m_l)'] be the priori estimate error covariance.
« Let Py = E[(2e — 2e1¢) (2e — 2t|t)'] be the posteriori estimate error covariance.

* LetZ; = Zyr = E[z]y].

© Let My = Myr = E[z,z;|y].

o LetMyr g = Myp_qyr = E[zez,4]y].

*  Let Pyr = VAR([z|y].

* LetPri_qr = VAR[z2;_4]y].

+ Let Q be the entire LDS model, i.e., @ = {§,¥,4,C,Q,R}.

34



Linear Dynamical Systems

* Q1: Given an observation sequence up to time t and the model,
compute the probability of the current hidden state z;. (Kalman

filtering)

Elz:[{y1, Y2, Vel

Kalman filtering is a forward recursive algorithm, as follows:

// Time Update:

it\t—l = Ait—l\t—l

Py = APt—l\t—lA! +Q

// Measure Update:

K = Pt|tflcf(cpt\tflcf +R)™!
Zyjy = Zeje—1 + Ki(ye — C2ejp—1)
Py = Pyjp—1 — Ky CPyy_q

Linear Dynamical Systems

* QI1: Given an observation sequence up to time t and the model,
compute the probability of the current hidden state z;. (Kalman

filtering)

E[z:|{y1, Y2, ", Vel

Kalman filtering is a forward recursive algorithm, as follows:

Prior estimate

N

fort =2 = T do
// Time Update:
ztit—l — Ait—l]t—l
Py = APt—llt—lA/ +Q
// Measure Update:

\%Pt“_lcl(cpm_

2y Zyjp—1 + Kkt — CZyje—1)
Py = Pyjy—1 — KtCPyp1 T~

end for

Some weight
(Kalman Gain)

L Error of prior

estimate

10/19/2014
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Linear

Dynamical Systems

* Q2: Given the observation sequence and the model, compute the
probability of hidden state z;, where T > t. (Kalman Smoothing)

Elz|y]

Kalman smoothing is a backward recursive algorithm, as follows:

fort =T-1 -+ 1do

Myp = Pyr + 2t|T2;\T

Ji—1 = Pt—1|t—1Af(Pt|t—1)_1

Py 1= Pt|tJf:—1 + Je(Pey1r — Apt\t)J;—l

Myt 1= FPegar + 2t|Tﬁ;_1|T

Ze1r = Ze—1)t—1 + Ji—1(Ze)r — AZy_1jt—1)

P yir=Piqjp-1+ Je—1(Pyr — Ptltfl)Jtlfl
end for

Linear

Dynamical Systems

* Q2: Given the observation sequence and the model, compute the
probability of hidden state z;, where T > t. (Kalman Smoothing)

E[z|y]

Kalman smoothing is a backward recursive algorithm, as follows:

Posteriori
estimate up

to time t-1
\

fort =T-1 -+ 1do
Myt = Pyr + it|T2;\T
Jio1 = Pt—1|t—1Al(Pt|t—l)_1
Primsjr = Pudis + TPy = APy) i

Weight

Pi_yr=P_qjp—1+ Ji—1(Pyr — Ptlt—l)Jff—l
end for

t—1|7 = P17 + Zy1 i—1|T /
Zi 1T = 1e—1 + St 142y — AZyAlr—1)

Error
|
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Linear Dynamical Systems

* Q3: Given the model, compute the expected values at future

timestamps. (Prediction) Az 0 G ~N(0,Q)
Zy = AZy_q t t~ ’

P Wheret' >T  Ye=Cate  e«~NOB
Z1 ~N(f’qj)

Vr+1 = CZryq = CAZy

~ _ pa _ A _ 24
Vri2 = CZryy = CAZpyq = CAZy

A~ Y ,— oY
P =C2p =+ =CA" T2p

Linear Dynamical Systems

* Q3: Given the model, compute the expected values at future

timestamps. (Prediction) Aze s ¥8 4~ N(0,0)
Zy = AZpq t St ’

9o Wheret' >T — YVe=Cate  e~-NEB
7~ NEP)

Vr+1 = CZryq = CAZy

~ _ ra _ A _ 24
Vr42 = CZryy = CAZryy = CA%Z7

~ N ,— oY
P =C2p = =CA" T2y

How can we get zg ?

10/19/2014
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Linear Dynamical Systems

* Q3: Given the model, compute the expected values at future

timestamps. (Prediction) Az 0 G ~N(0,Q)
Zy = AZy_q t t~ ’

P Wheret' >T  Ye=Cate  e«~NOB
Z1 ~_‘N‘(§,lp)

Vr+1 = CZryq = CAZy

~ _ pa _ A _ 24
Vri2 = CZryy = CAZpyq = CAZy

A~ Y ,— oY
P =C2p =+ =CA" T2p

How can we get zZ7 ?
Kalman filtering !

Linear Dynamical Systems

* Q4: Learning of parameters of LDS(ML parameter estimate), (.

The EM Algorithm(M-step). 2= Az + 0 T~ N(0,0)
t = t— t [ ’

.. Ve =Cz + € € ~N(0,R)
maximize @ = E,[log p(y, z)] 7~ N(EW)

T T
logp(y,2) =logp(z,) + Z log p(z¢|2¢-1) + Z log p(y¢lzt)

t=2 t=1
1 rp-1 -n/2 -1/2
pOilz0) = exp{~5 0 = €)' R = a0} oy ™2 1R

1
pelzes) = exp{~5 (= Aze1) Q™ (e — Az} @m) /7 Q2

1
p(z) = exp =2 (2 — "Wz — O} (2m) /2 w72

10/19/2014
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Linear Dynamical Systems

* Q4. Learning of parameters of LDS(ML parameter estimate), Q.
The EM Algorithm(M-step).
zg=Az 1+ G G ~N(0,Q)

o Ve=Cze+te e ~N(O,R)
maximize Q = E,[log p(y, 2)] 7 ~ N(E,¥)

T T
log p(y,2) = logp(z1) + ) logp(zelze—1) + ) log p(yelze)

t=2 t=1
T

1 T
== Z <E e —Cz)'R™ My, — CZt)) - EIOg [R|
t=1

T

1 T—-1
—Z (E (ze — Aze—1)'Q Mz, — AZt—l)) - log |Q|

t=2

T(n+d)
2

TR

1
(= )W = §) — 7 log 19 -

log 2m

Linear Dynamical Systems

* Q4: Learning of parameters of LDS(ML parameter estimate), (.
The EM Algorithm(M-step).

T
togpr2) = =Y. (301~ €' R0~ C20) ) ~ 1o
- - t=1
maximize @ = E,[log p(y, 2)] T L 1
—Z (E (z; — Az;_1)'Q Mz, — Aztﬂ)) ) log|Q|
t=2

Update rules:

1 1 T d
-0 -~ g1l - Diggar

T T - T T Notati
1 otations:
A= <; Mt.t—1> <; Mt—1> Q =707 1(2 M, _AZMt—l.t>

© Z = Elz|y].
f = 21 Y= 1\41 _ ZAlZ’\i * Mt = ]E[thtly]'

* M1 = E[zzi4]y]
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Linear Dynamical Systems

* Q4. Learning of parameters of LDS(ML parameter estimate), Q.
The EM Algorithm(E-step).

In the E-step, we will compute the following sufficient statistics,
which are used in M-step.

* Zp = E[z|y].
* M; = E[z.z(|y].

* My 1 = Elzezi—1]y]-

2¢, My, My ¢4 can be compute recursively by Kalman
smoothing, fort =1,2,--,T.

Agenda

* Recent Work

10/19/2014
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Recent work

» Factorial HMM and Switching LDS. [ML’97] [NIPS’09]

[JMLR’06]

Recent work

« Spectral learning for HMM and LDS. [NIPS’07] [CSC’12]

[MLKDD’11]

N
Y2
U3

L Yd

Y2
Y3
Ya

Yd+1

Y3
Yaq
Ys

Yd+2
Hankel matrix

Yr
Yr+1
Yr42

Yd+r-1

mdxT

* Identification of hidden state space dimensionality. [ANN APPL
STAT’13] [AISTAT’10] [ICML’10]

10/19/2014
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