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Density estimation

Data: p={D,D,,.,D,}
D, =x, a vector of attribute values

Attributes:
+ modeled by random variables X ={X,, X,,..., X,} with:

— Continuous values

— Discrete values

E.g. blood pressure with numerical values
or chest pain with discrete values
[no-pain, mild, moderate, strong]

Underlying true probability distribution:

p(X)
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Density estimation

Data: p={p,,D,,..D,}
D, =x, a vector of attribute values

Objective: try to estimate the underlying true probability
distribution over variables X , p(X), using examples in D

true distribution n samples estimate

——
pr(X) D=1{D,,D,....D,} P(X)

Standard (iid) assumptions: Samples
* are independent of each other
* come from the same (identical) distribution (fixed p(X))
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Density estimation

Types of density estimation:

Parametric

* the distribution is modeled using a set of parameters ©
r(X[0)

* Example: mean and covariances of multivariate normal

+ Estimation: find parameters @ that fit the data D the best

Non-parametric

* The model of the distribution utilizes all examples in D

* Asifall examples were parameters of the distrtibution

* Examples: Nearest-neighbor

Semi-parametric
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Parametric density estimation

Parametric density estimation

Basic settings:

* A setof random variables X={X,X,,....,X,}

* A model of the distribution over variables in X
with parameters @

« Data D={D,D,,.,D,}

Objective: find parameters © that describe p(X|®) the best
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Parameter learning

What is the best set of parameters?
* Maximum likelihood (ML) estimates
maximize p(D|0,¢&)
& - represents prior (background) knowledge
* Maximum a posteriori probability (MAP) estimate

maximize p(®|D,&)

Selects the mode of the posterior

o|p.c) = PD10.5pO1£)
P@ID.) p(D (&)
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Parameter learning

* Both ML or MAP pick one parameter value
— Is it always the best solution?
* Bayesian approach
— Remedies the limitation of one choice
— Keeps and uses complete posterior distribution p(® | D, &)
— Optimization is replaced with integration

* How is it used? Assume we want: p(x | D &)
— Consider all parameter settings and averages the result

P(x| D,&) = [ P(x|0,£)p(0|D,£)d0o
— Example: predictgthe result of the outcome x=1

P(x=1|D,¢)
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Bernoulli distribution.

Outcomes: x; with values O or 1 (head or tail)

1

Data: D asequence of outcomes X;

Model: probability of an outcome 1 6@
probability of 0 (1-6)

P(x,10)=0"(1-60)"" Bernoulli distribution
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Maximum likelihood (ML) estimate.

Likelihood of data: n
P(D|0,&)=]]0"(1-6)""
i=1

Maximum likelihood estimate
0,, =argmax P(D|0,¢&)
14
Optimize log-likelihood
[(D,0)=1og P(D|0,&)=log[ [ 6" (1-6)" =

n i=l 5 n
D x,logf+(1—x,)logl—6) =logf>_x, +log1-6)> (1-x,)
i=l i=1

i=1

N, - number of 1s seen N, - number of Os seen
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Maximum likelihood (ML) estimate.

Optimize log-likelihood
[(D,0)= N, logf+N,log(1-6)
Set derivative to zero
ol(D,0) _ﬁ_L_
06 0 (1-6)

Solving 0=

ML Solution: 0,, = N _ N
N
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Maximum a posteriori estimate

Maximum a posteriori estimate
— Selects the mode of the posterior distribution

O,p = arg ;naxp(@ | D,$)

0 (o
p@|D,&)= HD |P (’I;E)Ig ) (via Bayes rule)

P(D|6,&) -is the likelihood of data

P(D16,&)=[]0"(1-0)""" =0" (1-0)"
i=1

p(@|&) - is the prior probability on &
How to choose the prior probability?
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Prior distribution
Choice of prior: Beta distribution

_ T +a,) o -l
P(9|§)—Befa(9|ala%)——r(al)r(%)e (1-0)
Why?

Beta distribution “fits” binomial sampling - conjugate choices

P(D|6,&)=0"(1-0)"

010,62 eflz(BDrlg |.2,)

=Beta(0|a,+ N,,a,+ N,)

o, +N, -1
o, +o,+N +N,-2

MAP Solution: O,p =
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Beta distribution

35

: :
— 0=0.5, p=0.5
— =25, =25

0=2.5, p=5

CS 3750 Advanced Machine Learning

Bayesian approach

* Posterior probability:
P(D|6,&)Beta(@ | a,,a
P(D|$)

* Probability of an outcome x=1 in the next trial

= Beta(0|a,+ N,,a, + N,)

1
P(x=1|D,¢)= IP(x =116,5)p(0|D,5)do
0
1
= [p(0|D,£)d0 = E0)
0
* Equivalent to the expected value of the parameter

— expectation is taken with regard to the posterior distribution

p(0|D,g)=Beta(@|a, + Ny,a, + N,)
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Bayesian learning

Expected value of the parameter

| (o D +1m,)
E(@)=|6OBeta(0|n,,n,)do = o0 ) gn-l (1_0),72,1d0
! o ! ()T (n7,)

_ F(771+772) j‘em(l_e ﬂz—ldg
L) (1),
1 > 2
L(n)T(n,) T(mpy+n,+1) 0
__ 1
1,

Note: T'(ax+1)=al(a)
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Expected value

* Predictive probability of an outcome x=1 in the next trial
P(x=1|D,5)=E(9)
* Substituting the results for

p(@|D,&)=Beta(@|a, +N,,a, + N,)

* We get

P(x=1|D,&) = B(@) =4+

o, +N, +a,+N,

* Instead of MAP and ML choice of the parameter we can use
the expected value of the parameter

0=E(®)
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Binomial distribution.

Data: D a set of order-independent outcomes with two
possible values — 0 or 1 (head or tail)

N, - number of heads seen N, - number of tails seen
We treat D as a multi-set !!!

Model: probability of a 1 0
probability of a 0 (1-6)

Probability of an outcome

N
P(D|«9):[N

1

je Y(1-6)" Binomial distribution
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Maximum likelihood (ML) estimate.

Likelihood of data:
N |
P(D|0)= 6’”‘(1—6’)N2 :Lé’N‘(l—H)N2
N, N,!N,!

Log-likelihood

!

N + N, logf+ N, log(1-0)

N N
I(D,0)=log 0™ (1-6)" =lo
(D,0) {Nlj (1-0) Cpv

/
Constant from the point of optimization !!!

ML Solution: g - Ny = M
N N, +N,

The same as for Bernoulli and D with iid sequence of examples
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Maximum a posteriori estimate

MAP estimate 6,,,, =argmax p(€d|D,&)
0

P(D]0,5)p(0]2)

p@|D,&) = P(D|&) (via Bayes rule)
Prior choice
F((Z +a ) a -1 o, -1
0|&)=Beta(@|a,,a,) =——"—22-0"(1-0)"

r@1%) @la,,a,) @) (e (1-0)
Likelihood

P(D|0)= M@M (1_9)1‘/2

F(N)OT(N,)

Posterior

p@|D,&) = Beta(a, + Nj,a, + N,)
MAP estimate a +N. -1

eMAP 1 1

a,+a,+ N, +N,-2
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Bayesian learning, expectation

The result is the same as for Bernoulli distribution
1
_ o n
E(6) = [0Beta(6| n,,n,)d0 =—"—
0 771 + 772
Expected value of the parameter
a +N

E@O)=
o, +N,+a, +N,

Predictive probability of an event x=1

a,+ N,
o, +N, +a, +N,

E@)=P(x=1]6,5)=
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Multinomial distribution

A kind of multi-way coin toss (roll of dice)
* Data: aset of N outcomes (multi-set)
N, - anumber of times an outcome i has been seen

k
Model parameters: 0 =(6,,6,,...0,) s.t. ZHZ. =1
i=1

0, - probability of an outcome i

Probability of data (likelihood)

N! N AN ~,  Multinomial
P(N,,N,,...N, |0.5) =————6"6,>...0,* o
(N}, N, ¢ 19,5) NN, N "7 *  distribution
ML estimate: N
i, ML Wl
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MAP estimate

Choice of prior: Dirichlet distribution

k
rQ a,)
Dir(®|a,,.,a,)=—""—07"'07" .00

[[r@)

Dirichlet is the conjugate choice for multinomial
N!
P(D|0,8)=P(N,,N,,...N, 10,)=————— 00, ...0"
N|IN,I...N,!
Posterior distribution

P(D|0,5)Dir(0| oy, ,,..2;)

0|D,&)= =Dir(®|a,+N,,..,a, + N
p0[D,S) POD(&) O|ay + Ny, +N)
MAP estimat Z @+ N, -1
estimate: iMAP = (
a,+N,)-k
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Bayesian learning

The result is analogous to the result for binomial

E®)= ffo Dir(9|n)d6:( ] U T ]

o+, + 1, "”771 +1, +17, "”771 +17, +17,

0<0.<1,y g=1
Bayesian estimate substitutes posterior
E(e) — al +M az +M ak +M€
o+N+.. 40 +N, a+N+..4+a,+N, o+N+.. +a,+N,

Represents the predictive probability of an event x=i

o, +N,
o +N +..+a,+N,

P(x=i|0,8)=
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Other distributions

The same ideas can be applied to other distributions
— Typically we choose distributions that behave in a nice way
so that the computations lead to “nice” solutions

* Exponential family of distributions

Conjugate choices for some of the distributions from the
exponential family:
— Binomial — Beta
— Multinomial - Dirichlet
— Exponential - Gamma
— Poisson - Gamma
— Gaussian - Gaussian (mean) and Wishart (covariance)
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Distributions from the exponential family

Gamma distribution:

a-1

—_— X
T'(a)b*

Exponential distribution:
* A special case of Gamma for a=1

p(x|b) = [%}e

Poisson distribution:

1 _x
p(x|a,b)= e’ for x €[0,0]

-A19x
p(x|a) =2 for xe{0,1,2,...}
x!
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Gaussian (normal) distribution

* Gaussian: x~N(u,o)
* Parameters: g - mean

o - standard deviation
* Density function:

1 1 2
p(x|pu,o)= a\/ﬁeXp[ —20—2(36—#) ]

* Example:

o] 1 N(O,D)

o.15

0.1}

0.05

o
2a 3 = - (9] 1 z 3 a

CS 3750 Advanced Machine Learning




Parameter estimates

* Loglikelihood L
I(D,p o) =log [ p(x | m0)

i=1

e ML estimates of the mean and variance:
A 1 A 1 2 AN 2
fi==>x 6 =2 (v~ @)
[ i=1

— ML variance estimate is biased

En(O_Z) — En(lZ(xi _/2)2J :n__lo-z + 62
n

n -

e Unbiased estimate:

1 n

) AN2
o =— X, —
p— Zl( P~ M)
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