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Linearly non-separable case

» Allow some flexibility on crossing the separating hyperplane
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Linearly non-separable case

minimize ||w||2 /2+C Zn: ¢,
i=1

wix, +w,>1-¢&  for y; = +1
wix, +W, <-1+& for y; =—1
£20

+ Rewrite & =max [0, 1-y,(w'x;+wy)| in |w[ /2+ci 3
i=1

+ CZ max [0, 1-y,(w'x, +W,)
i=1

Regularization
penalty Hinge loss
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Support vector machines

* The decision boundary:

Wix+w, = Zo?iyi+wo =0
ieSV

e The decision:

= sign{z&ierWO}
. (!!): ieSV

* Decision on a new X requires to compute the inner product
between the examples (x iT X)

* Similarly, the optimization depends on  (x, x )

n 1 n
)= ‘EZ“i“inyj
i=1 i,j=1
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Nonlinear case

The linear case requires to compute (xiT X)

The non-linear case can be handled by using a set of features.
Essentially we map input vectors to (larger) feature vectors

X = ¢(x)
It is possible to use SVM formalism on feature vectors

o(x) o(x")
Kernel function

K(xx")=9(x) o(x)

Crucial idea: If we choose the kernel function wisely we can
compute linear separation in the feature space implicitly such
that we keep working in the original input space !!!!
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Kernel function example

Assume x =[x, X,]" and a feature mapping that maps the input
into a quadratic feature set

X = o(x)= [XIZ,XZZ,\/EXIXZ,\/EXI,\EXZ,I]T

Kernel function for the feature space:

K(x',x)=@(x") 9(x)
= XIXTHXS XS +2X, X, X', X, 2%, X' +2X, X', +1
= (X, X', +X, X', +1)’
=(1+(x"x")’
The computation of the linear separation in the higher dimensional
space is performed implicitly in the original input space
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Nonlinear extension

Input space Feature space

Kernel trick
» Replace the inner product with a kernel

» A well chosen kernel leads to an efficient computation
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Kernel functions

e Linear kernel

K(x,x')=x"x'

* Polynomial kernel
K(x,x') = [1 + XTX'] K
* Radial basis kernel

K(x,x') = exp {— %”x — x'||2}
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Kernels

Kernels define a similarity measure :
— define a distance in between two objects
Design criteria: we want kernels to be

— valid — Satisfy Mercer condition of positive semi-
definiteness

— good — embody the “true similarity” between objects
— appropriate — generalize well
— efficient — the computation of K(x,x’) is feasible

» NP-hard problems abound with graphs
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Kernels

Research have proposed kernels for comparison of variety of
objects:

— Strings
— Trees

— Graphs
Cool thing:

— SVM algorithm can be now applied to classify a variety of
objects

CS 2750 Machine Learning




Support vector machine for regression

Regression = find a function that fits the data.
» A data point may be wrong due to the noise

Idea: Error from points which are close should count as a valid
noise

* Line should be influenced by the real data not the noise.
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Linear model

* Training data:

(X5 Y ) (X)), Xe R,y eR
* Our goal is to find a function f(x) that has at most € deviation
from the actually obtained target for all the training data.

f(x)=w'x+b=(w, x)+Db
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Linear model

Linear function:
f(x)=w'x+b=(w,x)+b
We want a function that is:
* flat: means that one seeks small w
+ all data points are within its € neighborhood
The problem can be formulated as a convex optimization
problem:
minimize l||W||2
2

y,—(w,,x;)—b<e¢

subject to
(Wi, Xj)+b-y, <¢

All data points are assumed to be in the € neighborhood

CS 2750 Machine Learning

Linear model

* Real data: not all data points always fall into the ¢
neighborhood

f(x)=w'x+b=(w, x)+b
 Idea: penalize points that fall outside the € neighborhood
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Linear model

Linear function:
f(x)=w'x+b=(w,x)+b
Idea: penalize points that fall outside the € neighborhood

!
minimize ;—”W”2 +C Z (& +&0)
i1
y, — (W, X;)—b < e+ ¢

subject to (W, X)+b—-y <&+ &

giaéi* 20
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Linear model

+E

¥

|

_{0 for |§|£g

|§ | — &  otherwise

e-intensive loss function
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Optimization
Lagrangian that solves the optimization problem
L= %(w, W) + Cilzl(fi +&E)
—iai(g—fi — Y, (W, X, +b)—|2ai*(g+§i* +y, —(W,%)—b)
o1 o1
- izl_ll(ﬂifi +1,6)

Subjectto  a,8;,75;,7; >0

Primal variables w,b, & ¢ i*
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Optimization

Derivatives with respect to primal variables

oL .
— = a;, —a;)=0
b ;(. i)

|
a_L:W_Z(ai*_ai)Xi =0
i-1

ow

8—L:C —a® _77_(*) =0
agl(*) I I
:TLZC_ai —7; =0
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Optimization

L =%<W,W>+gcgi +iz;cézi*

_Zaig—zaiéi —izlllaiyi —iz';ai<w,xi>+iz';aib
~Yae-Yag -Yay +Yae.x)+Xab
Sne-Yre
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Optimization

L:%<W5W>+Zl:§i C-n —a)+

=0(C-n; —a; =0)

_ZI: (8 —a; X@, %) +z|: (a —a)b

:(W,W>(w:$(ai+af)xi) =0( i(ai*—ai )=0)
i= i=1
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Optimization

L = _%(W,W)—le(ai +ai*)g—ZI: (a;+ay)y,

Maximize the dual

L(a,a) ==Y (a,-a/)(a, - a})(x.x,)

—le(ai+a:)5_zll (a,+a;)y,

a—-a)=0
subject to : ZT( ' )
a,,a, €[0,C]
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SVM solution
oL !
— =W - a —a;)x,; =0
aw ;( 1 I) 1
I
w = (a -a;)x,

We can get:

f(x)= 3 (8, - a])(x;,x) + b

at the optimal solution the Lagrange multipliers
are non-zero only for points outside the € band.
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Multilayer neural networks

Or another way of modeling nonlinearities
for regression and classification problems
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Classification with the linear model.

Logistic regression model defines a linear decision boundary

» Example: 2 classes (blue and red points)

Decision boundary

2.
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Linear decision boundary

* logistic regression model is not optimal, but not that bad
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When logistic regression fails?

» Example in which the logistic regression model fails

CS 2750 Machine Learning
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Limitations of linear units.

» Logistic regression does not work for parity functions
- no linear decision boundary exists

Solution: a model of a non-linear decision boundary

CS 2750 Machine Learning

Extensions of simple linear units
* use feature (basis) functions to model nonlinearities

Linear regression Logistic regression

F0=W+ YW (0 F(0=g0w,+ D wg,(x)
=1 j=1

¢j (x) - anarbitrary function of x
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Learning with extended linear units

Feature (basis) functions model nonlinearities
Linear regression Logistic regression
m m

P =w, + 2 Wig;(x)  F(x)=g(w, + D W;g;(x))
=1 j=1

Important property:
* The same problem as learning of the weights for linear units , the

input has changed— but the weights are linear in the new input
Problem: too many weights to learn
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Multi-layered neural networks

* An alternative way to introduce nonlinearities to
regression/classification models

* Key idea: Cascade several simple neural models with
logistic units. Much like neuron connections.

Axonal arborization

Axon from another cell

Synapse

Dendrite Aocon

Synapses

Cell body or Soma
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Multilayer neural network

Also called a multilayer perceptron (MLP)

Cascades multiple logistic regression units

Example: (2 layer) classifier with non-linear decision boundaries
1

2,(2) 6 p(y=1]%)

Input layer Hidden layer Output layer
CS 2750 Machine Learning

Multilayer neural network

* Models non-linearity through logistic regression units
+ Can be applied to both regression and binary classification

problems
Input layer Hidden layer Output layer
regression
f(x)=f(x,w)
z(2
( ) classification
%’ f
2 / AL
X O 2
d option

CS 2750 Machine Learning
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Multilayer neural network

* Non-linearities are modeled using multiple hidden logistic
regression units (organized in layers)

* The output layer determines whether it is a regression or a
binary classification problem

) Output layer
Input layer Hidden layers regression
f(x)=f(x,w)
X, ﬁ‘
X,
. classification
Xq / ff(X)=p(y=1|x,w)

option
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Learning with MLP

How to learn the parameters of the neural network?
Gradient descent algorithm
— Weight updates based on the error: J(D,w)

w«w-aV _J(D,w)

We need to compute gradients for weights in all units
Can be computed in one backward sweep through the net !!!

P
<

The process is called back-propagation

CS 2750 Machine Learning
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Backpropagation

(k-1)-th level k-th level (k+1)-th level
« (k T . x(K) X (K +1)
J le(k)\z Z. (k) f j WI|(k+1) OZ (k+l)f j

% (k) - output of the unit i on level k
z;(k) - input to the sigmoid function on level k
W, ;(k) - weight between units j and i on levels (k-1) and k
Z; (k) = Wi,o(k) + Zwi,j (k)xj (k - 1)
i
X (k) = 9(z;(k))
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Backpropagation
Update weight w, ;(k) using a data point D ={<x,y >}

0
W 06) W (K)—ar— © J(D,w)

i.j

J(D,w)

Let (k)= 52 (0
8 _a3(D,w) az,(K)

Then: 50 40 ™ "2 00 w0

= 5,(k)x; (k—1)

S.t. 6,(k) is computed fromx; (k) and the next layer &,(k +1)
6, (k) = {z Sy (k+Dw;(k+ 1):|Xi (k)1 =x; (k)
|

Last unit (is the same as for the regular linear units):

5(K)==2 (¥, — F(x,,W))
It is the samé for the classification with the log-likelihood
measure of fit and linear regression with least-squares error!!!
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Learning with MLP

* Gradient descent algorithm

— Weight update:
0
00 w00~ Cr 3w
0 _a1(D.w) (k) i
ow; ; (k) J(D ,w)= o2,k) ow, () =6, (k)x; (k=1

W, (K) <= w; ;(k)—ad,;(k)x;(k —1)

X, (k=1 - j-th output of the (k-1) layer

0;(k) - derivative computed via back-propagation
a - a learning rate
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Learning with MLP

* Online gradient descent algorithm
— Weight update:

0
Wi,'(k)<_ WI,(k)_a Jonline (DU’W)
: : aWI,J(k)

LJomme (D,,W) = 0J siine (D, W) 0z (k)
ow; ; (k) oz,(k)  ow, (k)

= 6;(k)x;(k=1)

W, (k) <= w; (k) —ad;(k)x;(k —1)

x;(k=1) - j-th output of the (k-1) layer

0;(k) - derivative computed via backpropagation
a - a learning rate
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Online gradient descent algorithm for MLP

Online-gradient-descent (D, number of iterations)
Initialize all weights W, ; (k)
for i=1:1: number of iterations
do select a data point D,=<X,y> from D

set learning rate «
compute outputs  X;(K) for each unit
compute derivatives J; (k) via backpropagation
update all weights (in parallel)

W, (K) <= w; ;(k)—ao;(k)x;(k —1)

end for
return weights w
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Xor Example.

* linear decision boundary does not exist
.

15+

i o [ ]
0.5
o
0.5F
Aar [ ] o

-1.5+
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Xor example. Linear unit

e Rt e SR -
e o Awy L
o e e B T iy B T e B ST

R T T T,
T L e
ey
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Xor example.
Neural network with 2 hidden units
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Xor example.

Neural network with 10 hidden units

Qutput
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MLP in practice

* Optical character recognition — digits 20x20

— Automatic sorting of mails

— 5 layer network with multiple output functions

10 outputs (0,1,...9) layer

5
4

w

(]

20x20 =400 inputs

Neurons

10
300

1200

784
3136

Weights

3000
1200

50000

3136
78400
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