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Outline

Outline:
« Density estimation: V4
— Maximum likelihood (ML)
— Bayesian parameter estimates
— MAP
« Bernoulli distribution. V4
« Binomial distribution V4
. Multinomial distribution
« Normal distribution
« Exponential family
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Parametric density estimation

Parametric density estimation:

« A setof random variables X={X,, X,,..., X }

« A model of the distribution over variables in X
with parameters ® : p(X|®)

- Data D={D,D,..,D.}

Objective: find parameters @ such that p(X|®) describes data
D the best
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Parameter estimation (learning)

Maximum likelihood (ML)
®,, =argmax, p(D|©,S)
Bayesian parameter estimation
keep the posterior density P(@| D, &)
Maximum a posteriori probability (MAP)
O\ =argmax, p(O|D,S)
Expected value

Ogyp = I®p(® | D,&5)do
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Multivariate normal distribution

« Multivariate normal: X~ N(u,X)
 Parameters: p- mean

2. - covariance matrix
 Density function:

PXIIE) =T em| 2 (x ) ()|
(=)™ L 2

« Example:
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Partitioned Gaussian Distributions

 Multivariate Gaussian:
p(x) = N(x|p, %)

—what are marginals and conditionals?

« Example:

Precision matrix
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Partitioned Conditionals and Marginals

« Conditional density:

p(xa|xb) — N(Xa‘u’aﬂ)’ Za|b)

Sap = Agy = Zaa — Ty, Tia
Koy =  2alb {Aaatty — Aab(x6 — p3) }
= — Agy Aap(xp — 1)
= o+ S (%0 — wy)

« Marginal Density:
p(xXa) = /p(Xa,Xb)de

— N(Xa|uaa Zaa)
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Partitioned Conditionals and Marginals
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Parameter estimates

« Loglikelihood n
I(D,n, Z) =log [ p(x; |n, E)
=1

« ML estimates of the mean and covariances:
R 1 n R 1 n R T
==, Z=—2 (6 — )0 — )
1=1 i=1

— Covariance estimate Is biased
E,(X) = E{%Z(xi —R)(X —a)Tj = ”T‘lz £ X
=1

 Unbiased estimate:

£ > (- R0 )

CS 2750 Machine Learning



Posterior of a multivariate normal

« Assume a prior on the mean p that is normally
distributed:
P(m) = N(n,, =)

« Then the posterior of p is normally distributed

n 1 1
D) —Z(x - ) Y (x —
p(n|D) [li_l[(zyz)d“z”z exp{ 5 (X =) E(X u)B
1 1 B ]
* Z 80 ——(n-p,) X, (n-np,)
(27)"[g,[ { 27 P "
. )

1 T -1
= expl—-=(n-p.)' = (n-
oy Xp[ 2(u p,) X, (n—p,)
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Posterior of a multivariate normal

* Then the posterior of p is normally distributed

1 1 _
p("' D) — (zﬂ)dlz‘z ‘1/2 EXp[_E(H_Hn)T X‘n l(”‘ﬂn)}
X =nZ 7 +X]

n =X (2 += zj Gij (2 +i>2jlup

-1
anzp(2p+52j 1y
N N
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Sequential Bayesian parameter estimation

Sequential Bayesian approach

— Under the iid the estimates of the posterior can be
computed incrementally for a sequence of data points

p(D|6,5)p(O®|&)

A N OB CIE

If we use a conjugate prior we get back the same posterior

Assume we split the data D in the last element x and the rest
p(D]©)=P(x|®)P(D,,|0)

Then:
P(@|D,&) =

A “new” prior

P(x|®)P(D,,|®)p(®] &)
|P(x|®)P(D, ., |©)p(®|£)d®
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Exponential family

Exponential family:

« all probability mass / density functions that can be written in the
exponential normal form

f(x|m) = —— h()exp[nt(x)]

Z(m)
. n a vector of natural (or canonical) parameters
. t(X)  afunction referred to as a sufficient statistic

h(x)  afunction of x (it is less important)
Z(m) anormalization constant (a partition function)

Z() = [ () exp {n"t(x) jdx
Other common form:

f (x| 1) = h(x)exp [n"t(x) — A ] log Z(m) = A(m)
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Exponential family: examples

 Bernoulli distribution
p(x|7z) =" A—7)""

= exp {Iog(lfﬂjx + log(1— 72')}

= exp {log(1 - n>}exp{log[1fﬂjx}

« Exponential family

f(x 1) = —— h(x) exp[n"t(x)]

Z(m)
« Parameters

Z(m)="? h(x)="?
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Exponential family: examples

 Bernoulli distribution
p(x|7z) =" A—7)""

= exp {Iog(lfﬂjx + log(1— 72')}

= exp {log(1 - n>}exp{log[1fﬂjx}

« Exponential family

f(x 1) = —— h(x) exp[n"t(x)]

Z(m)
« Parameters

= log dd (note 7 = =
1 1+e™”

1 ) t(x) =X

— T
Z(n):i:1+e’7 h(x) =1
1-7
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Exponential family: examples

 Univariate Gaussian disltribution
X| w, o) = exp[—
P(X |z, 0) ey xp [

2372 (x— 1)°]

1 K H 1 2
——8 o —lo e —~— X — X
27T Xp[ 207 J Gj Xp{az 207 }

« Exponential family

f(x| 1) = ﬁ h(x) exp 7" t(x)]

e Parameters

11:7 t(X):?
Z(n) =7 h(x) =7
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Exponential family: examples

e Univariate Gaussian distribution

B 1 _ 1 B 5
P(X| p,0) = a\/ﬂeXp[ 5o ? (X —u)7]
1 1
:Zexp(— zgz —Iogajexp{ﬁx— 52 xz}
« Exponential family 1
f (x| 1) = ——h(x) e [7"t(x)]
Z(m)
 Parameters [ 5s? .
_| #1e@ t(x){ }
L [—1/202} X
u 1
Z(n) =e +lo = exp< ——— —=log(- 2
(m) ><|0{202 ga} xp{ a2 ol 772)}

h(x) =1/+27
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Exponential family

* For iid samples, the likelihood of data is

PO 1w =T ] p0x, 1w =T [hex) e [n"t(x,) - Aqw]
- [H h(x»}exp[i X A(n)}

- {1.11[ h(x, )} exp {‘1;1(2”1: t(X; )j - nA(n)}

* Important:

— the dimensionality of the sufficient statistic remains the same
for different sample sizes (that is, different number of
examples in D)
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Exponential family

« The log likelihood of data is

I(D,n) = log[f[ h(X; )}exp [nT (Z t(x; )j ~ nA(n)}

* Optimizing the loglikelihood

V,I(D,n) = (Zn:t(xi)j —nv,A(m) =0

e For the ML estimate it must hold

v, A =%[it(xi)j
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Exponential family
« Rewritting the gradient:

V,.A(M) =V, log Z(n) =V, log [ h(x) exp {n"t(x) jdx
[tOOh() exp {n"t(x) fdx
[ () exp {n"t(x) folx

vV, A) = [tC)h(x) exp {n"t(x) — A(m) jdx
v, A(n) = E(t(x))

 Result: E(t(x)) = %(Zn:t(XJj

* For the ML estimate the parameters m should be adjusted
such that the expectation of the statistic t(x) is equal to the
observed sample statistics

V.AM) =
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Moments of the distribution

* For the exponential family

— The k-th moment of the statistic corresponds to the k-th
derivative of A(m)

— If x 1s a component of t(x) then we get the moments of the
distribution by differentiating its corresponding natural
parameter

« Example: Bernoulli p(x|z) = exp{log(
A(n) = Iogi =log(1+e")

dd jx + log(1— 72')}

1-x

1-7
e Derivatives:
n
OAM) _ 0 joqrien=—& L _
on on (1+e”) (Q+e™)
0A(m) 0O 1

= =n(l-rx
on®  on (@L+e™) =)
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Conjugate priors
For any member of the exponential family

F (x| 1) = ﬁ h(x) exp [ t(x)]

there exists a prior:

p(n % v) =u(x.v)g(m)" explvnx]
Such that for n examples, the posterior is

p(m| D,y v)ocg(m) ™ exr{ n' ([it(xi)} +vxﬂ

Note that:

P01 ( (n)j {Hh(x)}exp{ 2 t(X‘)ﬂ
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Conjugate priors
For any member of the exponential family

F (x| 1) = ﬁ h(x) exp [ t(x)]

there exists a prior:

p(nl V) =u(r)g ()" explyn'~] j
Such that for n examples, the posterioris ' scudo-observation

n /
p(m| D,y v)ocg(m) ™ eXp{ n' ([Zt(xi)} +vxﬂ

Note that:

POl ( (n)j [me )}exp{ 2 t(X‘)ﬂ
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