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Outline 

Outline: 

• Density estimation: 

– Maximum likelihood (ML) 

– Bayesian parameter estimates 

– MAP 

• Bernoulli distribution. 

• Binomial distribution 

• Multinomial distribution 

• Normal distribution 

• Exponential family 
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Parametric density estimation 

Parametric density estimation: 

• A set of random variables  

• A model of the distribution over variables in X 

 with parameters       :  

• Data 

Objective: find parameters        such that                 describes data 

D  the best  
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Parameter estimation (learning)  

• Maximum likelihood (ML) 

 

• Bayesian parameter estimation 

     keep the posterior density 

• Maximum a posteriori probability (MAP) 

 

• Expected value 
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Multivariate normal distribution 

•  Multivariate normal: 

•  Parameters:         -  mean 

                      - covariance matrix 

• Density function: 

 

 

 

• Example: 
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Partitioned Gaussian Distributions 

•  Multivariate Gaussian:  

 

 

– what are marginals and conditionals? 

 

•   Example: 

  

Precision matrix 
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Partitioned Conditionals and Marginals 

•  Conditional density:  

 

 

 

    

 

 

 

 

•  Marginal Density: 
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Partitioned Conditionals and Marginals 
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Parameter estimates 

• Loglikelihood 

 

• ML estimates of the mean and covariances: 

 

 

 

– Covariance estimate is biased 

 

 

• Unbiased estimate:  
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Posterior of a multivariate normal 

• Assume a prior on the mean        that is normally 

distributed: 

 

• Then the posterior of        is normally distributed 
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Posterior of a multivariate normal 

• Then the posterior of        is normally distributed 
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Sequential Bayesian parameter estimation  

• Sequential Bayesian approach 

– Under the iid the estimates of the posterior can be 

computed incrementally  for a sequence of data points 

 

 

 

• If we use a conjugate prior we get back the same posterior 

• Assume we split the data D in the last element x and the rest 

 

• Then: 
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Exponential family 

   
Exponential family: 

• all probability  mass / density functions that can be written in the 

exponential normal form 

 

 

•                      a vector of natural (or canonical) parameters  

•                      a function referred to as a sufficient statistic 

•                      a function of x (it is less important) 

•                       a normalization constant (a partition function) 

 

• Other common form: 
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Exponential family: examples 

   
• Bernoulli distribution 

 

 

 

 

 

• Exponential family 

 

 

• Parameters 
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Exponential family: examples 

   
• Bernoulli distribution 

 

 

 

 

 

• Exponential family 

 

 

• Parameters 

                                  (note                           ) 
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Exponential family: examples 

   
• Univariate Gaussian distribution 

 

 

 

 

• Exponential family 

 

• Parameters 
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Exponential family: examples 

   
• Univariate Gaussian distribution 

 

 

 

 

• Exponential family 

 

• Parameters 
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Exponential family 

   
• For iid samples, the likelihood of data is 

 

 

 

 

 

 

 

• Important: 

– the dimensionality of the sufficient statistic remains the same 
for different sample sizes  (that is, different number of 
examples in D) 
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Exponential family 

   
• The log likelihood of data is 

 

 

 

 

 

• Optimizing the loglikelihood 

 

 

• For the ML estimate it must hold 
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Exponential family 

   
• Rewritting the gradient: 

 

 

 

 

 

 

 

 

• Result: 

 

• For the ML estimate the parameters       should be adjusted 
such that the expectation of the statistic t(x) is equal to the 
observed sample statistics 
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Moments of the distribution 

   
• For the exponential family 

– The k-th moment of the statistic corresponds to the k-th 
derivative of 

– If x is a component of t(x) then we get the moments of the 
distribution by differentiating its corresponding natural 
parameter 

• Example: Bernoulli 

 

 

• Derivatives: 
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Conjugate priors 

For any member of the exponential family 

 

 

there exists a prior: 

 

Such that for n examples, the posterior is  

 

Note that:  
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Conjugate priors 

For any member of the exponential family 

 

 

there exists a prior: 

 

Such that for n examples, the posterior is  
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Pseudo-observations 


