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Outline

Outline:
+ Density estimation:
— Maximum likelihood (ML)
— Bayesian parameter estimates
- MAP
+ Bernoulli distribution. 4
+ Binomial distribution
» Multinomial distribution
» Normal distribution
» Exponential family
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Density estimation
Data: D={D11D27"’Dn}
D, =X, a vector of attribute values

Objective: try to estimate the underlying ‘true’ probability
distribution over variables X , p(X), using examplesin D

true distribution n samples esfimate
p(X) D={D,,D,...D.} . p(X)

Standard (iid) assumptions: ?
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Parameter estimation (learning)

« Maximum likelihood (ML)
Oy =argmax, p(D[©,S)
« Bayesian parameter estimation
keep the posterior density P(®@|D,&)
« Maximum a posteriori probability (MAP)
Oy =argmax, p(@|D,$)
» Expected value

O = [OP(©] D, £)dO
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Bernoulli trials

Data: D asequence of outcomes X; such that
* head x; =1
e tail X =0
Model: probability of ahead &
probability of atail  (1-6)

Probability of an outcome of a coin flip

P(x, |0) =0 (1—0)" ) <= Bernoulli distribution

ML Solution: g —MNi__ N
N N, +N,

N,, N, - Number of heads and tails respectively
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Posterior distribution

Posterior density
Likelihood of data

~
P(D|@, 0
p(@|D, &)= ( lp(g)lgg 1) (via Bayes rule)

prior

Normalizing factor
P(D|6,&5)=]]0"@-0)" =o™ @1-6)™
i=1
P(@]&) - is the prior probability on &

Conjugate choice of prior: Beta
Ny +a,)

p(@[&)=Beta(@| oy, ;) = (e) ()

00:1 -1 (1 _ 9) a,-1
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Posterior distribution

(89]

2)

rior “| likelihood function
B Beta
1 * 3
0 0
0 0.5 1 0 0.5
) 1
posterior
1 Beta
0
0 0.5 1
P(D|@,&)Beta(d »
, eta ,
0(0|D,s) = P(L10:OBRON oy, @) _poin 910+ N e, +N,)

P(D]<)
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Maximum a posterior probability

Maximum a posteriori estimate
— Selects the mode of the posterior distribution

eMAP =arg gnax p(6?| D,f)

P(D|6,&)Beta(@| oy, ,)

p@|D,¢&) = =Beta(@ |, + N;,a, + N,)

P(D|$)
— 1—‘(Cxl +a2 + N1 + Nz) 0N1+a1—l(1_0)N2+a2—1
(e, + NN, +N,)
Notice that parameters of the prior
act like counts of heads and tails

(sometimes they are also referred to as prior counts)

a +N; -1
o, +o,+N; +N, -2

MAP Solution:

‘9MAP =
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Bayesian framework

» Predictive probability of an outcome x=1 in the next trial
P(x=1|D,¢)

Posterior density
—A—

P(x=1|D,&) = [P(x=1|6,&)p(0] D,&)dd

= [p(61D,£)d0=E(6)

« Equivalent to the expected value of the parameter
— expectation is taken with respect to the posterior distribution

p(@|D,&)=Beta(@| o, + N, a0, +N,)
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Expected value of the parameter

How to obtain the expected value?

E(0)= lﬁBeta(e | 77,,m,)d& J'g ;(711)+g722) o™ (1- )" 1do

1—‘(771 + 772) 07]1 (1 H)nzflde
- Tm)T(m,) 5

_ TOn+m) Ton+DT00) | peta ( +1 1 \d0
F(nl)r(nz) r<771+772 +1) ‘([ ea(’h"‘ ,772)

~
__ 1
o+,
Note:  T(a+1) =al () for integer values of «
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Expected value of the parameter

+ Substituting the results for the posterior:

p(@|D,&)=Beta(@| o, + N, a, +N,)

a, + N,
a,+N,+a,+N,

* We get E@) =

* Note that the mean of the posterior is yet another
“reasonable” parameter choice:

6=E(0)
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Binomial distribution

Example: a biased coin

Outcomes: two possible values -- head or tail
Data: D a set of order-independent outcomes
We treat D as a multi-set !!!

N, - number of heads seen N, - number of tails seen
Model: probability of ahead &
probability ofatail  (1-6)

Probability of an outcome

N
P(D|¢9)=[N

1

}9 “@—-0)™  Binomial distribution
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Binomial distribution

Binomial distribution:

0.3

021
Bin(m|10, 0.25)

0.1
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Maximum likelihood (ML) estimate.

Likelihood of data:
PDIO)=|
N

1

|
]9“1(1—9)“2 N gy
NN, !

Log-likelihood

1

N N!
I(D,0) = Iog(N J@Nl (1-6)" =log +N, log &+ N, log(1-6)

N,IN,!
/
Constant from the point of optimization !!!

ML Solution: gMLzm: N,
N N, +N,

The same as for Bernoulli and D with an iid sequence of examples

CS 2750 Machine Learning




Posterior density

Posterior density

P(D16,5)p(@]<)

| p(@| F),f) = P(D|2) (via Bayes rule)
Prior choice
p(01£) = Beta (0], z;) = %9%*&—9)“2‘1
Likelihood
T D)oy = LMNEN) gy
L(N)HI(N,)

Posterior  p(@|D,¢) =Beta(ey, + N;, @, + N,)

MAP estimate  6,,» =argmax p(@|D, &)
‘o, +N, -1
a,+a,+N; +N, -2

BMAP =
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Expected value of the parameter

The result is the same as for Bernoulli distribution
1
E(0) = [ 6Beta (0| 1,,17,)d0 =—"1—
0 m+n,
Expected value of the parameter
o, +N;
a,+N, +a,+N,

E@©) =

Predictive probability of event x=1

P(x=1]0,&) = E(0) = — 2t

a, +N, +a, +N,
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Binomial distribution

Example: a biased coin

Outcomes: two possible values -- head or tail
Data: D a set of order-independent outcomes
We treat D as a multi-set !!!

N, - number of heads seen N, - number of tails seen
Model: probability of ahead 6
probability of a tail 1-0)

Probability of an outcome

N
P(D|¢9)=[N

1

}9 “@-0)"  Binomial distribution
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Maximum likelihood (ML) estimate.

Likelihood of data:

N [
PD|0)=| " lo™a—oy = —N_gn1_gyn
N, N,IN,!
Log-likelihood
N I
I(D,8)=lo o™ (1-0)": =lo " +N,logd+N, log(1-6
(D,0) Q(NJ 1-0) gNllNz! 1109 , log(1-6)

Constant from the point(optimization 1

ML Solution: g —MN__ N

N N,+N,

The same as for Bernoulli and D with iid sequence of examples
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Posterior density

Posterior density

P(D16,5)p(@]<)

| p(@| F),f) = P(D|2) (via Bayes rule)
Prior choice
p(01£) = Beta (0], z;) = %9%*&—9)“2‘1
Likelihood
T D)oy = LMNEN) gy
L(N)HI(N,)

Posterior  p(@|D,¢) =Beta(ey, + N;, @, + N,)

MAP estimate  6,,» =argmax p(@|D, &)
‘@, +N, -1
a,+a,+N; +N, -2

BMAP =
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Multinomial distribution

Example: Multi-way coin toss, roll of dice
« Data: aset of N outcomes (multi-set)
N; -anumber of times an outcome i has been seen
k
Model parameters: 0 =(6,,6,,...6,) st. > 6, =1
i=1

0, - probability of an outcome i =

Probability of data (likelihood)
_ N! NN, N, Multinomial
P(N;,N,,...N, |0,&) = N1!N2!"'Nk!91 6, ...6, distribution
ML estimate: N.
gi,ML :WI
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Posterior density and MAP estimate

Choice of the prior: Dirichlet distribution
k
1ﬂ(zoﬁ)
Dir(0|a,,...a) = ——2—067705 " ...08

]:[F(ai)

Dirichlet is the conjugate choice for multinomial

J— — N! N1 NZ Nk
P(D|6,&)=P(N,N,,...N, |(),r§)——| 6,6, ...0,
_ _ NN, . N, !
Posterior density

p(0|D,&) = P(D|0,£)Dir(0| ey, .1, )

=Dir(0|e, + N;,..,a, +N,)

P(DIS)
o +N. —1
MAP estimate: O map = (' i
’ o, + N, )—k
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Dirichlet distribution

Dirichlet distribution:
k
l—‘(zai)

i=1 a-1no,-1 a1
L gnTgrt 6

Hr(ai)

Dir(@|e,,...a,) =

Assume: k=3

o = 107"
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Expected value

The result is analogous to the result for binomial

E(0)= .[9 Dir(0|n)d0:( ' UL 8

0<6,<1,y 6=

Expectation based parameter estimate

a+N, o, +N; a, +N, j

E(8) =
o+ N+ 4+ +N, o +N++o +N, o+ N+ 4+, +N,

Represents the predictive probability of an event x=i
a,+N,

P(x=i]0,&)=
(x=116.2) o +N +...+a, +N,

WAL+ AN AT+,

|
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Other distributions

The same ideas can be applied to other distributions
— Typically we choose distributions that behave well so that
computations lead to a nice solutions

« Exponential family of distributions

Conjugate choices for some of the distributions from the
exponential family:
— Binomial — Beta
— Multinomial - Dirichlet
— Exponential - Gamma
— Poisson — Inverse Gamma
— Gaussian - Gaussian (mean) and Wishart (covariance)
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Gamma distribution

« Gamma distribution

. . 1 aya—1 _
Gam(A|a,b) = —F(a)b AP exp(—bA)
a a
EN = 3 var[\] = =

()
[
(]

1 - 1\1 1 b =%
0 0 0
0 Al 2 0 Al 2 0 Al 2
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Other distributions
Exponential distribution:
+ A special case of Gamma for a=1
1) -2
X|b)=|=1l°*
p(x1b) = |
Poisson distribution:
—A 79X
p(xM,):e A for xe{0,12,..}

P
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Gaussian (normal) distribution

« Gaussian: X ~ N(u, o)
« Parameters: 4 - mean

o - standard deviation
Density function:

1 R NP
p(XIﬂ,G)——G o exp|[ Py (x=1)71]
« Example:

N(0,1)

0.35 - y
0.3+ -

0.25

o.1f

o.05~

°x -3 = BN [ 1 = 3 a
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Parameter estimates

» Loglikelihood n
I(D,1,o)=log [ | p(x | o)
i=1

ML estimates of the mean and variance:
PR L - 13 -
H:_in UZZ_Z(Xi_ﬂ)Z
N4 NS>

— ML variance estimate is biased

En(O_Z) — En[lz“(xl _/:‘t)zj:n—_laz i()_2
n n

i=1
» Unbiased estimate:

1 n

) AN 2
o =—— X —
n—1i§=1(' )
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Multivariate normal distribution

« Multivariate normal: X~ N(u, X)
« Parameters:  p- mean
X - covariance matrix
« Density function:
1

p(x| 1, %) =—1,26Xp[—%(X—u)T 2*(x—u)}

(27Z_)d/2|2|

« Example:
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Partitioned Gaussian Distributions

« Multivariate Gaussian:
p(x) = N(x|p, X)

—what are marginals and conditionals?

« Example:
_ [ Xa _ Py
=G e

- Ape A
A=Y% 1 A= aa ab
(Aba Abb)

( Eu-u- Ea b
DITPID ¥

Precision matrix

)
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Partitioned Conditionals and Marginals
 Conditional density:

P(Xalxp) = N(Xa“-”nwv 2a|b)
Za|b = A;al = Xaa — Zabzb_blzba
Ju'a|b - 2a‘|b {Aa,o.f-‘a, — Ay (Xb - }J'b)}

= Mg~ A;alAab(Xb — )
= M, + zabzz?bl (X6 — pp)

» Marginal Density:
p(xa) = fp(xaaxb)dxb

= N(Xalttg: Zaa)
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Partitioned Conditionals and Marginals

Tp 2
2, =07 Plzalzn = 0.7)

0.5

P(Za, )
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Parameter estimates

 Loglikelihood n
I(D, 1, E) =log [ | p(x; | . X)
i=1

ML estimates of the mean and covariances:

N R o 13 N N
u=ﬁzxi Z:HZ(Xi_H)(Xi_H)T
=)

i=1
— Covariance estimate is biased
E, ()= E{%Z(Xi ~R)(x —ﬁ)szr‘T‘lziz
i=1

» Unbiased estimate:

£ L3 0 —R)(x )
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