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Density estimation

Data: p-(p . D,,.,D}
D. =x, a vector of attribute values

Objective: estimate the model of the underlying probability
distribution over variables X , p(X), using examples in D

true distribution n samples estimate

" >
p(X)

D={D,D,,. D)} p(X)
A - ~/\—




ML Parameter estimation

Model p(X)= p(X]|0) Data D={D,D,,.,D }

 Maximum likelihood (ML) max, p(D|0,8)
— Find @ that maximizes p(D|®,&)

p(D[0©,8)=P(D,,D,,..,D,|0,%) l Independent
examples
- P(D,|©,8)P(D, | ©,£)...P(D, |©,&) ’

1 P.10.8)

Log likelihood — has the same maximum as likelihood

log p(D|0,5) = EIOgP(D 19,5)




ML Parameter estimation

Model p(X)= p(X]|0) Data D={D,D,,.,D }

 Maximum likelihood (ML) max, p(D|0,8)

— Find @ that maximizes p(D]|©,&)

Log likelihood — has the same maximum as likelihood

log p(D]©,£) = Y logP(D, |©,)

The optimum satisfies:

d
—logp(D|©G,5)=0
16 gp(D]06,5)

It can be often solved analytically




MAP Parameter estimation

Model p(X)= p(X]|0) Data D={D,D,,.,D }

« Maximum a posterior probability max g p(@ | D, 5 )
— Find @ that maximizes p(©|D,&)

Likelihood of data \ L Prior distribution

P(D|0,5)p@|E) (vi
p(@|D,&) = (D]6,5)p@]¢) (via Bayes theorem)
P(D] S) ¥~ Normalizing factor

Conjugate choices:
 Prior distribution on the parameters matches the data distribution
« Posterior is the same type of the distribution as the prior




MAP Parameter estimation

Model p(X)= p(X]|0) Data D={D,D,,.,D }

 Maximum a posterior probability

maX@ p(®|D9§)

— Find @ that maximizes p(©|D,&)

 The optimum satisfies:

d
dO®

e It can be often solved analytically

d
%logp(@|D,§) =0 or —p(O|D,5)=0




Bernoulli distribution

« Model for random variable with two outcomes
Random variable: x
Two outcomes: O or 1
Distribution:
P(x|0)=60"1-6)""
where @ is the probability of x=1

Example: Coin toss
Outcomes:

 Head =2 x=1

o Tail 2 x=0

* @ -> probability of a Head




Bernoulli distribution

Data D: iid sample of n outcomes (coin flips)
Likelihood of data:

P(D|6,&) = 1‘[0 1-6)"" =" 1-6)"

N, - number of 1s

N, - number of Os
Loglikelihood of data:

[(D,0) =N, logf+ N, log(l1-06)

ML estimate: N, N,
g, =—L=
YN N, +N,




Bernoulli distribution

Data D: iid sample of n outcomes (coin flips)

Posterior of data:
P(D|6.£)\pl0]S)

p@|D,$§)
Likelihood P(D|s)

P(D]0.5) =] [o"1-0)" =" 1-0)"
=1

Conjugate prior:

@) - Beta (0|, z,) = Ne + @) ga-ig_ gye-
I'(a)I(a,)

Posterior:

p@|D,5) = Beta(0| o, + N,,a, + N,)




Binomial distribution

 models counts of occurrences of binary outcomes in order-
independent sequence of trials

Model: probability of an outcome 1 (head) &
probability of an outcome O (tail) (1-6)

Probability distribution function:

N
)eNl (1-O)N ™™

1

P(N, | N, 6) =(

N, - number of outcomes 1V, - number of outcomes 2

Example problem: N coin flips, where each coin flip can have
two results: head or tail




Binomial distribution

Binomial distribution:

0.3

0.2
Bin(m|10, 0.25)

01

10




Maximum likelihood (ML) estimate.

Likelihood of data:
N v
P(D|6)= oM (1-6)" = M o™ (1-0)"
| N, N,!
Log-likelihood
[(D,0)=1o N 0" (1-6)" =lo N + N, logf + N, log(1-6)
; g N, g NN, 1 108 » 108
/
Constant from the point of optimization !!!
ML Solution: 0, = N, — N,
N N, +N,

The same as for Bernoulli and D with 11d sequence of examples




Posterior density

Posterior density

p@|D,s) =

P(D[6,5)p0]5)

Prior choice

p(0|&) =Beta(0|a,,a,) =

Likelihood

P(D|0) =

P(D| ) (via Bayes rule)

I'(a, +a,)
(o) (,)
I'(N, +N,)
I'(N)OIT(N,)

o' (1-6)*""

0" (1-6)"

Posterior  p(8| D,&) = Beta(, + N, + N,)

MAP estimate 06,,,, =argmax p(d|D,&)

gMAP —

o, + N, -1

a +a,+N +N, -2




Multinomial distribution

Example: multiple rolls of a dice with 6 results \&

Outcome: counts of occurrences of k£ possible outcomes of N
trials: N, -a number of times an outcome i has been seen

EN =N
k
Model parameters 0=(6,0,,...0,) st Eﬁi =1
=1

6, - probability of an outcome i

Probability distribution:

!
P(N,,N,,...N,|0,&) = Al 66,2 ...6," Multinomial

NN, N! distribution
ML estimate: N




Posterior and MAP estimate

Choice of the prior: Dirichlet distribution \&

k

()
Di?’(9|al,..,0{k)= - = elal—lgzaz—l...gkak—l

[ [T(@)

i=1

Dirichlet is the conjugate choice for the multinomial sampling
— —_— N! Nl N2 Nk
P(D|0,5)=P(N,,N,,...N,|0,&) = NI!NZ!...Nk!Ql 0,2 ...0,

Posterior density

(0] D.E) = P(D| 9,5)?(!’;(?;)051,052,..%)

o. +N. —1
MAP estimate: 7 l ’

MAP Z(al. +Nl.)—k
1= k

=Dir(®|a, + N,,..,a, + N,)




Dirichlet distribution

Dirichlet distribution: \é

k

F(2 a)
Dir(9|a19”9ak) = k = elal_lﬁzaz_l...ekak_l

];[F(Of,-)

Assume: k=3

ap = 1071 ap = 10!




Other distributions

The same ideas can be applied to other distributions
— Typically we choose distributions that behave well so that
computations lead to “nice” solutions

* Exponential family of distributions

Conjugate choices for some of the distributions from the
exponential family:
— Binomial — Beta
— Multinomial - Dirichlet
— Exponential - Gamma
— Poisson — Inverse Gamma
— Gaussian - Gaussian (mean) and Wishart (covariance)




Gaussian (normal) distribution

Model of a real-valued outcome
Gaussian: X ~N((u,o)
Parameters: « - mean

O - standard deviation

Density function: .

207

1 >
p(x|ﬂna)=a\/ﬂexp[_ (X—//t) ]

Example:

o.4

N(0,1)

0.35 -

0.3

o.2 -




Parameter estimates

* Loglikelihood r
(D, p, o) =log[ | p(x; | 1. 0)
i=1

* ML estimates of the mean and variance:

~ 1 < A2 1 < AN2
=— ) X, O =— X —
i n2 nzl( )
— ML variance estimate 1s biased
1 n
E(c)=E |~ x. — i)’ | =
(@) (n2< m)

e Unbiased estimate:

n | R
o° = E (‘xi — /U)z
=t

n-—1

O %= O’

n-—1
n




Multivariate normal distribution

e Multivariate normal: x~ N(u,X)
 Parameters: p- mean

2. - covariance matrix
* Density function:

1 1 )
p(X|pm,X) = 3 XD —E(X—u)TE ‘(x—-p)

(2]7,’)6{/2‘2‘

 Example:

';ri:?.ﬂ;'i'..“

I,

BN

AN ‘Q‘Q’Q’::‘::} ;
&

RS
RIS




Partitioned Gaussian Distributions

e Multivariate Gaussian:
p(x) = N(x|p, 2)

 Example:

Precision matrix

* What are the distributions for marginals and conditionals?
p(xa) p('xa |xb)




Partitioned Conditionals and Marginals

e Conditional density:

p(Xa’Xb> — N(Xa‘”aw) 23a|b)

Sap = Agy =Zaa — Ty Sha
Halp = 2lalb {Aaatty — Aan(Xo — 1) }
= Mg — A;al Aap(xp — pp)
= po+ ZapZp, (X6 — 1)

 Marginal Density:
p<Xa) — /p(xa,xb) dxy

= N(Xa|tty, Zaa)




Partitioned Conditionals and Marginals

zp = 0.7 P p(zalzy = 0.7)
///f‘/ !)

0.5¢

;e (za)
[~
0 : 0 :

0 0.5 z, 10 0.5 z,




Parameter estimates

* Loglikelihood L
[(D,p,X) =log] | p(x; |1, X)
i=1

« ML estimates of the mean and covariances:

i-13x 213 (x, —)(x, — )

=1 n =

— Covariance estimate 1s biased

En<i)=En(1§<xi R, —mT) _nlyy

n 4= n
e Unbiased estimate:

LS (%, — ) (x, — )

n—1+4

i:




Posterior of a multivariate normal

* Assume a prior on the mean p that is normally
distributed:
p("l) = N(upﬂzp)

* Then the posterior of p is normally distributed

p(n| D)=

ﬁ (zﬂ,)d}zzl/z CXp _%(Xi - H)TZ_I (Xz’ - u)]]

i=I

1 1 _ '
* T eXpl—E(u—up)TEP (n-p,)
; _

- 1
(2.72,’)01/2

1 ) -
1/2 eXpl_E(u_un)TZn l(u_un)

Zl’l




Posterior of a multivariate normal

* Then the posterior of p is normally distributed

p(u|Dy=——— exp[—lm—un)fzﬁ(u—un)]
e[z, 2

Y =pnx 4+ 2;

1 1 ¢ 1 1
pn=2p(2p+;2) (—Exl.) +—2(2p+—2




Other distributions

Gamma distribution (models density over non-negative
numbers):

1 _A
Ala,b) = Ale b for AE[0, 0
p(Ala,b) ()b or [0, 2]
EQ\] = 7 var[A] = 7

a
b=0.1 b




Other distributions

Exponential distribution:
« A special case of Gamma for a=1

P(A|b) = (%)e

Uniform distribution:
1
b —a

Poisson distribution: models a number of events occurring in a
specific time interval

p(x|a,b) = for x€|[a,b]

pe| )= & for xE{01,2,..
x!




Sequential Bayesian parameter estimation

Sequential Bayesian approach

— Under the 11d the estimates of the posterior can be
computed incrementally for a sequence of data points

p(D]O,5pO|F)
f p(D|06,5)p(O|5)dO

p(@|D,5) =

If we use a conjugate prior we get back the same posterior

Assume we split the data D 1n the last element x and the rest
p(D|0O)=Px|O)P(D, | 0O)
Then:

p(@®|D,5) =

A “new” prior

P(x|®)P(D, , |®)p(©|E)
[Px|®)P(D,|©)p(©]&)dO




Exponential family

Exponential family:

« all probability mass / density functions that can be written in the
exponential normal form

1
Fx W) = ——h(x)exp[n”1(x)
Z(m)
. n a vector of natural (or canonical) parameters

1(x) a function referred to as a sufficient statistic

h(X)  afunction of x (it is less important)

Z(M)  anormalization constant (a partition function)

Z(w) = [h(x) exp{n” #(X) jdx

Other common form:

F(x|n) = () expln’t(x)— Aap|  logZ(n) = A(n)




Exponential family: examples

 Bernoulli distribution
p(x|m)y=m"1-m)""

= exp{log( " i )x + log(1 — JZ')}

= exp{log(l — ﬂ)}exp{log( 1 ”” )x}

* Exponential family

F(x|m) = ﬁh(x) exp[n”1(x)]
« Parameters
—log— =~ (note JT = ! )
mn gl—.ﬂf 1+e” I(X)=X
Z(1|)=L=1+e’7 h(x)=1

l-m




Exponential family: examples

 Univariate Gaussian distribution

1 ] .
p(-X'ﬂaa):O\/ﬂeXp[_ Z(X—//l) ]

20

1 U M 1 2
exp| — —logo |expl—x — X
N 27 p( 207 °F ) p{ o’ 207 }

 Exponential family f(x|n) = ﬁ h(x) eXp[’?Tf (x)]

n=[ﬂ/202} t(X)=[;2}

 Parameters

—1/20°

2
U /.
/ = eX +locol =expl-— ——1logl-2
(n) p{z . g } p{ .2 o 772)}

h(x)=1/\/ﬂ




