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Lecture 26

Supervised learning.
Linear and logistic regression.

Milos Hauskrecht
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5329 Sennott Square

CS 1571 Intro to Al

Announcements

Homeworks:
* Homework 10 due on Tuesday, December 2, 2003

Final exam: December 08, 2003 at 10:00-11:50am
» Location: Sennott Square 5321

* Closed book

* Cumulative

e Format similar to the midterm exam
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Topics

Supervised Learning

Linear regression

— Exact Solution

— Gradient methods

Logistic regression

— Motivation

— Decision boundary
— Gradient methods

Extensions to nonlinear models
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Design of a learning system

Data

Model selection

Learning

Application
or Testing
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Design of a learning system.

1.Data: D={D,.D,,.,D,}

2. Model selection:

* Select a model or a set of models (with parameters)
E.g. y=ax+b

+ Select the error function to be optimized

Eeg %Z 0, - £ ()

3. Learning:

* Find the set of parameters optimizing the error function
— The model and parameters with the smallest error

4. Application:

* Apply the learned model
— E.g. predict ys for new inputs x using learned ./ (X)
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Supervised learning

Data: D={D,D,,.,D,} asetofnexamples
D, =<x,,y, >
X; =(X,,X;,,""X; 4) is an input vector of size d
Y, s the desired output (given by a teacher)
Objective: learn the mapping f : X =Y

st. y,= f(x,) foralli=1,..,n

* Regression: Y is continuous
Example: earnings, product orders — company stock price
* Classification: Y is discrete
Example: handwritten digit — digit label
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Linear regression.
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Linear regression

* Function f:X —Y isalinear combination of input

components

d
JX)=w, +wx, + WX, +...w,x, =w, + ZW_/.xj
Jj=1

Wy, Wy,... W, - parameters (weights)

Bias term —— 1

Input vector <

X

e X,
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Linear regression

* Shorter (vector) definition of the model

— Include bias constant in the input vector
x=(Lx,x,,x,)

F(X) = wyx, + WX, + Wox, +...w,x, =W’ X

Wy, Wi,... W, - parameters (weights)

Input vector <

X o Wy
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Linear regression. Error.

* Data: D =<x,y, >
* Function: x, = f(X,)
* We would like to have y.~ f(x,) forall i=1,.,n

e Error function

— measures how much our predictions deviate from the
desired answers

1
Mean-squared error J, = — Z (v, - f(x,))’
i=l,.n
* Learning:
We want to find the weights minimizing the error !

CS 1571 Intro to Al




Example

mear regression.

L

)

x =(x,

1 dimensional input

s

0.5

-0.5

30

251

20+

15+

10+
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Example.

mear regression.

L

('xl > x2)

X =

* 2 dimensional input
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Linear regression. Optimization.

» We want the weights minimizing the error

T =t Y0 ) = YWy

i=l,.n i=l,..n

» For the optimal set of parameters, derivatives of the error with
respect to each parameter must be 0

0 23
WJ,,(W) = __z (Vi = WX g = WiX, ) =~ dei,d)xi,j =0

j i=1

e Vector of derivatives:

grad | (J,(W) =V, (J,(W) === (5, - w'x,)x, = 0

i=1
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Linear regression. Optimization.

e grad ,(J,(W)) = 0 defines a set of equations in w

0 2L
M‘]n(w):_;;();i_Woxi,O_Wlxi,l_"'_dei,d):O

0 2L

6_WIJ" (W)= _;; - WoXio = WX —-..— dei,d)xi,l =0
iJ (W)——%Zn:( — WX, g = WX, —...— W, X, )X, =0
awj n pa Vi 0Xi,0 1Xig T dXid )i,
iJ (w)——gzn:( — WX, g — WX, —..— W, X, )X, , =0
ow, n n e Vi 0Xi,0 1Xig T dXid ) Xid
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Solving linear regression

0
—J (W)———Z(y WX, g = WX, == WX, )X, =0

ow; n“s

By rearranging the terms we get a system of linear equations
with d+/ unknowns
Aw=Db

n n n n n
Wozxi’01+ WIZx,.,11+...+ ijxi’j1+...+wd2xi’d1 = Zyl.l
i1 i=1 i=1 i1 i1
n n n n
Wo in,()xi,l W in,lxi,l T tw; sz Xy e, zxi,dxi,l = Zyixi,l
i1 i1 i1 i1 i1

n n
wOleo +lexll LW, Zx”x,] +. .+wd2xi,dxl.,j :Zyix,.,j
i=1 i=1
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Solving linear regression

» The optimal set of weights satisfies:
Vo (W) =23 (- wTx)x, = 0
n -y

Leads to a system of linear equations (SLE) with d+/
unknowns of the form
Aw=Db

n
woz)c0 +wle1 . +qu X+ +wd2x,d =2
i=1 i=1

Solution to SLE: ?
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Solving linear regression

» The optimal set of weights satisfies:

Vo, W) =-23 (5, -w'x)x, =0

n oo
Leads to a system of linear equations (SLE) with d+/
unknowns of the form

n
Wole 0 +M}12x11 Tt W le J l J +.. +Wdle d zyixi,_/
i=1

i=1

Solution to SLE: _
w=Ab

e matrix inversion
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Gradient descent solution

Goal: the weight optimization in the linear regression model

J, = Error (w)——Z(yl f(xl.,w))2
i=1,.n
An alternative to SLE solution:
* Gradient descent
Idea:
— Adjust weights in the direction that improves the Error
— The gradient tells us what is the right direction

W<« w-—aV  Error,(w)

a >0 - alearning rate (scales the gradient changes)
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Gradient descent method

» Descend using the gradient information

Error (w) V . Error (w)]|,.

W —

Direction of the descent

» Change the value of w according to the gradient

W<« w-—aV Error (w)
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Gradient descent method

Error (w) iError (W) |«
ow

w* w

* New value of the parameter
W, w, *—a iError (W) |, For all j
j
a > 0 - alearning rate (scales the gradient changes)
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Gradient descent method

* [Iteratively approaches the optimum of the Error function

Error(w)

I I I I
w (@3 (D, (2}, (3) w
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Online gradient algorithm

» The error function is defined for the whole dataset D

J, = Error (W)=~ Y (5, - £(x,, W)’

i=1,.n

* error for asample D =<x,y >

1
Jonline = EI”VOI"I.(W) = E(yl - f(xiaw))z
* Online gradient method: changes weights after every sample

0
w, < w;, —a——Error (w)
* vector form: ow j

W<« w-aV Error,(w)

a >0 . Learning rate that depends on the number of updates
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Online gradient method

Linear model f(x)=w'x
On-line error J ppiine = Error,(w) = E(yi ~ f(x,,w))’
On-line algorithm: generates a sequence of online updates
(i)-th update step with: D =<x,,y, >
j-th weight:
(1)

i . OFError .(w
Wj «— wj(t D a(l)a—l()|w“l)
w .

(0 IR =
w " e w T a(@i)(y, - f(x,wT)x

Annealed learning rate: of(7) zl
l

- Gradually rescales changes in weights
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Online regression algorithm

Online-linear-regression (D, number of iterations)
Initialize weights W = (w,, w,,w, ... w,)
for i=1:1: number of iterations
do select a data point D, =(x,,y,) fromD
set a=1/i
update weight vector
wewra(y,— f(x,w)x,
end for

return weights W

* Advantages: very easy to implement, continuous data streams
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On-line learning. Example
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Logistic regression
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Binary classification
* Twoclasses Y ={0,1}

* Our goal is to learn how to correctly classify two types of
examples

— Class 0 — labeled as 0,
— Class 1 —labeled as 1
« We would like to learn  f: X — {0,1}

* First step: we need to devise a model of the function f

* Inspiration: neuron (nerve cells)
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Neuron

* neuron (nerve cell) and its activities

Axonal arborization

Axon from another cell

\

Synapse

Dendrite

Nucleus

\/

Synapses

Cell body or Soma
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Neuron-based binary classification model

Axonal arborization

Axon from another cell

Synapse
Dendrite

Mucleus

Synapses
Cell body or Soma
1
Wo
w ) z -I_ y
\ N
w —( O—
Threshold function
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Bias term —— 1

Neuron-based binary classification

Function we want to learn f : X — {0,1}

Threshold function
Wo

XM 2 —I_

—W T~ A7 y
" O
x(z) //2/
Input vector < .
] Wk
X
L x©
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Logistic regression model

* A function model with smooth switching:
f(x)=g(w +wx? “

where w are parameters of the models

+.w X

and g(z) is a logistic function g(z) =1/(1+¢e77)

Bias term —— 1 Logistic function
Wo
)y
@ O
Input vector < X
. W, S (x)e[0,1]
X
g x(k)
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Logistic function
function
1
z)= ——
8(2) (I+e)

+ also referred to as sigmoid function

* replaces threshold function with smooth switching

+ takes a real number and outputs the number in the interval
[0,1]

» Output of the logistic regression has a probabilistic
interpretation

f(x)z p(y =1|x) - Probability of class 1
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Logistic regression. Decision boundary

Classification with the logistic regression model:

If f(x)>1/2 then choose class 1
Else choose class 0

Logistic regression model defines a linear decision boundary

Example: ) Desision boundary
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Optimization of weights

* Two classes: Y ={0,1}
* Data: D={d,.d,,..d}
d, =<x,,y,>
* We want to find the set of weight w that explain the data the best

e Zero-one error function

1 ,, * Y,
Error (xi’yi):{ f(x,,w)#y,

0 f(x;,,w)=y,
* Error we would like to minimize: E _  (Error (x,y))

e The error is minimized if we choose:

y=1if p(y=1xw)>p(y=0[x,w)
y =0 otherwise
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Logistic regression. Parameter optimization.

e The error is minimized if we choose:

y=1if p(y=1xw)>p(y=0[x,w)
y =0 otherwise

» We construct a probabilistic version of the error function based
on the likelihood of the data

L(D.w)=P(D|w) =[] Pr=y,1x.W)

* Likelihood of the data
— Measures the goodness of fit

Error (D,w)=—-L(D,w)
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Logistic regression: parameter estimation

* Error function decomposes to online error components
n
Error (D,w) = Z Error (D,,w)
i=1

* Derivatives of the online error component for the LR model
(in terms of weights)

p Error (D;,w) =—(y, — f(x;,W))
Wy

. Error (D;,w) =—=(y, — f(X;,W))x,

J
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Logistic regression. Online gradient.
* We want to optimize the online Error
* On-line gradient update for the jth weight and ith step
i i- 0
wj( - w_l.( R W[Errori(D[,w) | o]

J
* (i)th update for the logistic regression D, =< x,, y, >
J-th weight

w w0 a @)y - S w)x

(24

- annealed learning rate (depends on the number of updates)

The same update rule as used in the linear regression !!!
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Online logistic regression algorithm

Online-logistic-regression (D, number of iterations)
initialize weights w,,w,,w,...w,
for i=1:1: number of iterations
do select a data point d=<x,y> from D
set a=1/i

update weights (in parallel)
wy =wy +aly— f(x,w)]

w,=w,+aly—f(x,w)]x,
end for

return weights
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Online algorithm. Example.
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Online algorithm. Example.




Online algorithm. Example.

iy =19.9144 w,=39 7033 bias= -20.0644
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