CS 1571 Introduction to Al
Lecture 24

Linear regression.

Milos Hauskrecht
milos@cs.pitt.edu
5329 Sennott Square
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Announcements

Homeworks:

* Homework 9 due today

* Homework 10 out today (due November 26, 2002)
— Programming part:

* Learning classification of handwritten digits

Final:
* December 11, 2002 at 2:00-3:50pm
* Location: Sennott Square 5502
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Supervised learning

Data: D={D,,D,,.,D,} asetof nexamples
D, =<x,,y, >
X; =(X;;,X,,,"""X;4) is an input vector of size d
Y, 1s the desired output (given by a teacher)
Objective: learn the mapping f : X — ¥
st. y,= f(x,) foralli=1,..,n

* Regression: Y is continuous

Example: earnings, product orders — company stock price
* Classification: Y is discrete

Example: handwritten digit in binary form — digit label
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Linear regression

* Function f:X - Y isalinear combination of input
components

d
SX)=wy +wix, +wx, +ooow,x, =w, +ijxj
=1

Wy, Wy,... W, - parameters (weights)

Bias term —— 1

Input vector <

X .
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Linear regression

* Shorter (vector) definition of the model

— Include bias constant in the input vector
x=(Lx,x,,x,)

F(X) = wyx, +wx, +wox, +...w,x, =W'X

Wy, Wi,... W, - parameters (weights)

Input vector <

X . Wa
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Linear regression. Error.

« Data: D, =<x,,y, >
* Function: X; — f(Xi)
« We would like to have y; = f(x;) forall i=1,.n

* Error function measures how much our predictions deviate
from the desired answers

v, = f(x,)’

Mean-squared error J, =

3 | =

* Learning:

We want to find the weights minimizing the error !
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Example

mear regression.
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Example.

mear regression.
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Linear regression. Optimization.

+ We want the weights minimizing the error

Jo= Y0 ) = YWk

i=l,.n

» For the optimal set of parameters, derivatives of the error with
respect to each parameter must be 0

0 25
OTJn(W) = _;z i = WX, o WX~ m WX, )X, =0
j i=1

e Vector of derivatives:

grad | (J,(w) =0, (J,(W) = =23 (5, -w'x,)x, = 0

i=1
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Linear regression. Optimization.

» For the optimal set of parameters, derivatives of the error with
respect to each parameter must be 0
1 1
J, == Z(yz _f(xi))2 == Z(y, —[w, + W1x(1) + sz(Z) *.. -ka(k)])2
n

i=l,..n i=l,.n

*grad ,(J, (w)) = 0 defines a set of equations in w

9 J,(w)= —EZD}I, —(w, +wx” +wyx? + . w x)]=0
ow, n

i=l
ai‘]n(w) = ‘gz[y,» = (w, + Wlx(]) + sz(Z) +
W

o x XM =0
niz

2 n
aa T, (W) === [y, = (wy +wx D wyx?
w

...wkx(k))]x(j’ =0
J i=l
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Solving linear regression

0 2
—J (W)=—— = WX, — WX, — . =W, X )X =0
aW- n( ) nlzz;(yt 07vi,0 17,1 d z,d) i,j

J

By rearranging the terms we get a system of linear equations
with d+/ unknowns Aw=b

n n n n n
WOin,01+w]le.,11+...+wj2xi’j1+...+wd2xl.)dl = Zyil
i=1 i=1 i=1 i=1 i=1

n n n n n
Wo in,oxi,l W Z‘xi,]xi,l totw, in,j‘xi,] Tt in,dxi,l = Zyixi,l
=l i=l i=l i=l =l

o000
n n n n n
Wo D%, T DX X+ W DX AW DX = D N
i=1 i=1 i=1 i=1 i=1
L N J
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Solving linear regression

» The optimal set of weights satisfies:

0, (,0) = =23 (7, =W x)x, =0

i=1

Leads to a system of linear equations (SLE) with d+/

unknowns of the form

n n n n n
Yo fo,oxf,j tw in,lxt,j totw, fo,jxf,j totwy, in,dxi,j = Zy i,
i=1 i=l1 i=1 i=l1 i=l1

Solutions to SLE:
* ¢.g. matrix inversion (if the matrix is singular)

w=A"Db
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Gradient descent solution

» There are other ways to solve the weight optimization problem
in the linear regression model

J, = Eror (W)= = 3 (v, = f(xw)

* A simple technique:
— Gradient descent
Idea:
* Adjust weights in the direction that improves the Error
* The gradient tells us what is the right direction

W — w—a U, Error,(w)

a >0 - alearning rate (scales the gradient changes)
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Gradient descent method

» Descend using the gradient information

Error (w) O, Error (W) |,

W F— W

Direction of the descent

» Change the value of w according to the gradient

w — w-—al_ Error,(w)
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Gradient descent method

* [Iteratively converge to the optimum of the Error function

Error(w)

1 I
w (04 (D, (2, (3) w
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Online gradient descent algorithm

* The error function defined for the whole dataset D
1
J, = Error (W) = — Z v, = f(xiaw))z
i=l,.n

* Instead of the error for all data points we use error for an

individual sample D, =<x,,y, >

Jonlinc = EI”VOI’i(W) = E(yz - f(Xi’W))z

* Change regression weights after every example according

to the gradient:

; Error ,(w)

j
vector form: w — w—a U _Error (w)
a > 0 - learning rate that depends on the number of updates
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Gradient for on-line learning

Linear model f(x)=w'x

On-line error  J,,,. = = Error,(w) = E(yi - f(x,,w))?
On-line algorithm: sequence of online updates

(i)-th update for the linear model: D, =<x,,y, >

Vector form:
w e w —a()U,Erron(w) | ) =w'™ +a @)y, = f(x, W)X,

j-th weight:

(@) @ .
w —w " —a()

OError(w)
ow,

J

— ., @ : i—
|wu—1> -w; T ra() —f(xl.,w(’ 1)))xi,j

Annealed learning rate: a(i) :l_
l

- Gradually rescales changes in weights
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Online regression algorithm

Online-linear-regression (D, number of iterations)
Initialize weights W = (w,, w,,w,...w,)
for i=1:1: number of iterations
do select a data point D, =(x,,y,) fromD
set a=1/i
update weight vector
w = wra(y, - (X, W)X,

end for

return weights W

* Advantages: very easy to implement, continuous data streams
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On-line learning. Example
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