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Section 2.4 handout

Sequences and Summations

A sequence is just an ordered list of items.  However, most sequences are described by using a function (with values that can be computed via an algebraic formula) that maps indices to terms of the sequences.  However, instead of using functional notation (e.g. f(x)), we use subscripts (e.g. fn).

Defn: A sequence is a function from a subset of the set of integers (usually the set {0,1,2,...} or the set {1,2,3,...} to a set S.  We use the notation an to denote the image of the integer n.  We call an a term of the sequence.

{an} is used to represent the sequence (note {} is the same notation used for sets, be careful).  {an} represents the ordered list a1, a2, a3, ... .

Examples:



1) an = n2,     where n = 1,2,3...



1, 4, ?, ?, (


2) an = (-1)n, where n=0,1,2,3,...



3) an = 2n,     where n=0,1,2,3,...



4) bm = (sqrt(m) (, where m=1,2,3(
Many types of sequences are so common that they have names.

Defn: A geometric progression is a sequence of the form a, ar, ar2, ..., ark, where a is the initial term, and r is the common ratio.  The sum of a geometric progression is called a geometric series and denoted by






  n



S 
= 
(arj
=
a + ar + ar2 + ... + arn





j = 0
(
geometric progression: an = br^n for some b and some r, such as an=3*2^n=  ?
(
arithmetic progression: an = b +cn for some b and some c, such as an= 5+2n= ?
A common problem is to try to find a computation that will generated a whole sequence given only the first few terms of the sequence.  For instance, if you are given the sequence 10, 20, 30, 40, (., then you would answer that an= ? 

Before guessing, it helps to analyze the given terms by:

(
Look at the difference between consecutive elements:  Given 10, 20, 30, 40(, the differences are 10-20=-10, 20-30=-10, 30-40=-10( When all the differences are equal, you have some kind of arithmetic progression. 

(
Look at the ratio of consecutive elements:  Given 1, 2, 6, 24, 120( the ratios are 2/1=2, 6/2=3, 24/6=4, 120/24=5, ( You can get the next term in the sequence by multipling the preceding term by n. 

(
Look for runs.  These are often generated with the floor or ceiling function. 

(
Look two back.  For instance, the famous Fibonacci sequence is an=an-1+an-2=  0, 1, 1, 2, 3, 5, 8, ( 

(
Compare to common sequences (see text)

	PRIVATE 
Terms
	Computation

	3, 6, 12, 24, 48, 96, 192, (
	3*2^(n-1)

	15, 8, 1, -6, -13, -20, -27,(
	22-7n

	2, 3, 7, 25, 121, 721, 5041, 40321, (
	n!+1


Summations
The sum of the terms in a sequence from term n to term m (inclusive) is denoted by 

(ai with i=n below it and m above it, where i is the index of the terms in the sequence.  I sometimes will not write above and below the ( so I will write “( [over i from n to m] ai” which is approximately how it is pronounced anyway.  

n
(aj = am + am+1 + ... + an
j=m
Examples:

1)
Sum the first 7 terms of {n2} where n=1,2,3, ... 







 8
2) 

What is the value of  
( (-1)k = ?.







k=4
3)
sequence: ai = i = 1, 2, 3, 4, 5,(
   

summation?
A common problem is to be given a sequence, expressed as a computation, and to find another computation that expresses its sum from 1 to n in terms of n or from 0 to n in terms of n.    This is called finding the sum “in closed form.”  It is like finding the computation for a sequence, except that you have more information to work with.

	PRIVATE 
Sum
	First few sums
	Closed form

	Σ[over k from 1 to n] k


	1, 3, 6, 10, 15(
	n(n+1)/2

	Σ[over k from 1 to n] k^2
	1, 5, 14, 30, 55, (
	n(n+1)(2n+1)/6


 

It is often useful to “shift the indices” by defining a new index in terms of the old one, then changing the limits of the summation appropriately so that exactly the same terms are included in the summation.  

	PRIVATE 
Original
	Shift
	New

	Σ[over k from 3 to 5] k^3
	j=k-22 so k=j+2
	Σ[over j from 1 to 3] (i+2)^3

	Σ[over k from 100 to 200] ak
	j=k+50 so k=j-50
	Σ[over j from 150 to 250] a(j-50)



	Σ[over k from 50 to 500] k
	j+49=k
	Σ[over j from 1 to 451] (j+49) 


 

Double Summations or Sum over a set

Examples:


 3   2


3




1)
(( (2i - j)
=
( [(2i - 1) + (2i - 2)]





i=1 j=1

i=1




=
?




2)
( s

=
1 + 2 + 5
=
8





s({1,2,5}
Cardinality (number of elements)

Defn: The sets A and B have the same cardinality if and only if  there is a bijection from A to B.

Examples:



1) A = {a,b,c} and B = {á,â,ã}



There is a bijection



a ( á


b (â


c ( ã


Therefore A and B have the same cardinality, i.e. | A | = | B | = ?

Defn: A set that is either finite or has the same cardinality as the set of natural numbers is called countable (says the elements of the set can be listed).  A set that is not countable is called uncountable.

Examples:



A = {0, 2, 4, 6, ... } is countable.



f: N ( A



   x ( 2x-2



1 ( 2(1)-2 = 0



2 ( 2(2)-2 = 2



3 ( 2(3)-2 = 4



   ...


onto (why?)   


one-to-one (why?) 



Therefore the | A | = | N |.

