CS441PRIVATE 

Section 2.3 handout

Functions

Defn: Let A and B be sets.  A function from A to B is an assignment of exactly one element of B to each element of A.  We write f(a) = b if b is the unique element of B assigned by the function f to the element a of A.  If f is a function from A to B, we write

 f : A ( B.

Representations of functions:


1. Explicitly state the assignments.


2. Formula.

Examples:



1) Let A = {1,2,3} and B = {a,b,c}



Define f as
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3 ( c



Is f a function?



2) Define g as





1 ( c





  (  b
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Is g a function?



3) A = {0,1,2,3,4,5,6,7,8,9}, B = {0,1,2}




Define h: A ( B as h(x) = x mod 3.



 Now represent this function by explicitly stating the assignments.

Defn: Let f be a function from A to B, we say that A is the domain of f and B is the codomain of f.  If f(a) = b, we say that b is the image of a and a is a pre-image of b.  The range of f is the set of all images of elements of A.  Also, if f is a function from A to B, we say f maps A to B.

Examples:



Let A = {1,2,3} and B = {a,b,c}



Define f as
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What are the images and pre-images?



Domain of f = ?



Codomain of f = ?



Range of f = ?

Defn: Let f1 and f2 be functions from A to R (reals). Then  f1 + f2  and  f1 * f2 are also functions from A to R defined by




(f1 + f2)(x) = f1(x) + f2(x) 

 (f1 * f2)(x) =  f1(x) * f2(x).

Examples:



f1(x) = x – 1  and   f2(x) = x3 + 1


then



(f1 + f2)(x) = ?   and  (f1 * f2)(x) = ?

More examples:

	PRIVATE 
Function
	Function
	Arithmetic of functions

	f(x)=3*x
	g(y)=y^2
	(f+g)(x)= 

	f(y)=y^2-4*y+3
	f(z)=-z^2
	(f*g)(x)=

	f(x)=x (Called the identity function)
	g(y)=y+2
	(f*g+f)(z) = 


Defn: Let f be a function from set A to set B and let S be a subset of A.  The image of S is a subset of B that consists of the images of the elements of S.  We denote the image of S by f(S), so that f(S) = { f(s) | s ( S }.

Examples:



Let A = {1,2,3} and B = {a,b,c}



Define f as
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Let S = {1,3} then f(S) = ?

Defn: A function f is said to be one-to-one, or injective, if and only if f(x) = f(y) implies x = y for all x, y in the domain of f.  A function is said to be an injection if it is one-to-one.

Alternate: A function is one-to-one if and only if f(x) ( f(y), whenever x ( y.  This is the contrapositive of the definition.

Examples:



1) Let A = {1,2,3} and B = {a,b,c}



Define f as
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Is f one-to-one?



2) Let g : Z ( Z, where g(x) = 2x - 1.



Is g one-to-one?

Defn: A function f whose domain and codomain are subsets of real numbers is strictly increasing if f(x) < f(y) whenever x < y and x and y are in the domain of f.  Similarly, f is called strictly decreasing if f(x) > f(y) whenever x < y and x and y are in the domain of f.

NB: Strictly increasing and strictly decreasing functions are one-to-one.

Examples:



Let g : R ( R, where g(x) = 2x - 1.



Is g strictly increasing?

Defn: A function f from A to B is called onto, or surjective, if and only if for every b ( B there is an element a ( A with f(a) = b.  A function f is called surjective if it is onto.

Examples:

1)
Let A = {1,2,3} and B = {a,b,c}



Define f as





1 ( c
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Is f onto?.



2) A = {0,1,2,3,4,5,6,7,8,9}, B = {0,1,2}



Define h: A ( B as h(x) = x mod 3.

Is h onto?  (hint: a pre-image of 0 is 6)

More examples: 

	PRIVATE 
PRIVATE 
Functiontc  \l 1 "Function"
	Domain
	Co-domain
	Range


	PRIVATE 
Onto?tc  \l 1 "Onto?"

	f(x) = x^2
	Real numbers
	Real numbers
	
	

	f(x)=x+2
	Integers
	Integers
	
	

	
	
	
	
	


 

Defn: A function f is called a bijection if it is both one-to-one and onto.

Examples:



1) Let A = {1,2,3} and B = {a,b,c}



Define f as





1 ( c
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is f a bijection?

NB: Let f be a function from a set A to itself, where A is finite.  f is one-to-one if and only if f is onto.

This is not true for A an infinite set.  Define f : Z ( Z, where f(z) = 2 * z.  f is one-to-one but not onto (3 has no pre-image).

	PRIVATE 
PRIVATE 
Functiontc  \l 1 "Function"
	Domain
	Co-domain
	One-to-one?


	PRIVATE 
Onto?tc  \l 1 "Onto?"
	PRIVATE 
Bijection?tc  \l 1 "Bijection?"

	f(x) = x^2
	Reals
	Reals
	
	
	

	f(x) = x^2
	Non-negative reals
	Non-negative reals
	
	
	

	f(x)=x^2+3
	Non-negative reals
	Non-negative reals
	
	
	

	f(x)=x^2
	Reals
	Non-negative reals
	
	
	


Defn: Let A be a set.  The identity function on A is the function iA: A ( A where iA(x) = x.

Examples:



Let A = {1,2,3}



iA(1) = ?



iA(2) = ?



iA(3) = ?

Defn: Let f be a bijection from set A to set B.  The inverse function of f is the function that assigns to an element b belonging to B the unique element a in A such that f(a) = b.  The inverse function of f is denoted by f-1.  Hence, f-1(b) = a, when f(a) = b.

NB: if f is not a bijection then it is not possible to define the inverse function of f.

A function f is called invertible if it the inverse function of f exists.

Examples:



1) Let A = {1,2,3}



iA(1) = 1



iA-1(1) = ?



iA(2) = 2



iA-1(2) = ?



iA(3) = 3



iA-1(3) = ?



Therefore, the inverse function of iA is ?



2)  Let g : R ( R, where g(x) = 2x - 1.




y = 2x - 1  => y + 1 = 2x





      => (y+1)/2 = x




Define g-1(y) = 




Test it:   f(3) =





   g(5) = 





   f(10) = 





   g(19) = 

More examples:

	PRIVATE 
Function
	Domain
	Co-domain
	Inverse?

	f(x) = x^2
	Non-negative reals
	Non-negative reals
	

	f(x) = x^2
	Reals
	Non-negative reasl
	

	f(x) = x^2


	Non-negative reals
	Reals
	

	g(x)=x+3
	Reals
	Reals
	

	h(z) = 1/x
	Reals except zero
	Reals except zero
	

	H(z) = 1/x
	Reals except zero
	Reals
	


Defn: Let g be a function from set A to set B and let f be a function from set B to set C.  The composition of the functions f and g, denoted by f ( g is defined by




(f ( g)(a) = f(g(a)).

(formed by making g’s output become f’s input)

Examples:



1) Let A = {1,2,3} and B = {a,b,c,d}



g : A ( A

f: A ( B

f ( g : ?



     1 ( 3

   1 ( b

           ?



     2 ( 1

   2 ( a


?



     3 ( 2

   3 ( d


?



2) Let f and g be function from Z into Z, where f(x) = 2x and g(x) = x2.



f ( g : ?



(f ( g)(x) 
= 




g ( f : ?



(g ( f)(x)
=




3) (f ( f-1)(x) = x and (f-1 ( f)(x) = x, for all x.



 Let f : R ( R, where f(x) = 2x - 1.



Define f-1(x) = (x+1)/2.



 (f ( f-1)(x)
=




(f-1 ( f)(x)
=

More examples:


	PRIVATE 
Function
	Function
	f o g
	g o f


	f(x)=x^2
	g(z)=z+3
	
	

	f(z)=z^2
	g(v)=v^3
	
	

	f(y)=2*y+y^2
	g(z)=log(z)
	
	


Defn: Let f be a function from the set A to the set B.  The graph of the function f is the set of ordered pairs { (a,b) | a ( A and b ( B }.

NB: The graph of function f is a subset of A x B.

Examples:


Let A = {1,2,3} and B = {1,2,3}



Define f as





1 ( 3
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The graph of f = 

	PRIVATE 

	Graph
	Function?

One-to-one?

	m(x) = ±x^2
	
	

	m(x)=x^2
	
	

	g(x)=x^3
	
	

	ascii(letter)=numb
	{(A,60), (B,61), (C,62),( }
	

	temperature(airport)=num
	{(pit,75), (nyc, 78), (sfo,65), (ord,75)(}
	

	Incoming_flight(port)=num
	{(pit, 6821), (nyc,213), (pit,324)(}
	


Defn: The floor function assigns a real number x the largest integer that is less than or equal to x.  The floor function is denoted by ( x (.  The ceiling function assigns to the real number x the smallest integer that is greater than or equal to x.  The ceiling function is denoted by ( x (.

Define g : W ( W (whole numbers), where g(n) = [n/2] (floor function).




0 (  [0/2] =  [0] = 0




1 (  [1/2] =  [1/2] = 0




2 (  [2/2] =  [1] = 1




3 (  [3/2] =  [3/2] = 1




...

Is g onto?   1-1 ?.

More examples:

	PRIVATE 
x
	(x(
	(x(

	2.5
	
	

	-2.5
	
	

	2
	
	

	-2
	
	


