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Sections 1.3-1.4
Predicates

P(x) is a propositional function, where x is a variable and P is a predicate in terms of x.



Let P(x) denote x is a prime. This is not a proposition since x is free, i.e., 

not bound to a value.



P(3) is a proposition because variable x is bound to the value 3, so P(3) 

="3 is a prime" is a true statement.



What is the truth value of P(2), P(9), P(51)?

Q(x,y) is a propositional function, where x and y are variables and Q is a predicate in terms of x and y.



Let Q(x,y) denote x + 5 > y.



What is the truth value of Q(3,7), Q(1,6), Q(2,2)?

Quantification


Quantification converts a propositional function into a proposition by binding a 
variable to a set of values..


Two types of quantification:




1. universal (true for all values in the universe of discourse)




2. existential (true for some value in the universe of discourse).

Defn: The universal quantification of P(x) is the proposition "P(x) is true for all values of x in the universe of discourse."  The notation (x P(x) denotes the universal quantification of P(x), and is expressed as for every x, P(x).

Examples:


Let P(x) denote x > x - 1.
What is the truth value of (x P(x)?

Assume the universe of discourse is all real numbers.  Since every number x is greater than itself minus 1. Therefore,  (x P(x) is true.

Let T(x) denote x > 5.  What is the truth value of (x T(x)?  


Note: (x P(x,y) is not a proposition since y is free.

NB: Suppose the elements in the universe of discourse can be enumerated as x1,  x2, ...,  xN then (x P(x) is true whenever P(x1) ( P(x2) ( ... ( P(xN) is true.

Example: Let M(x) = x2 > 0, x an integer. M(±1), M(±2), ... are true but M(0) is false so

(x M(x) is ?
Defn: The existential quantification of P(x) is the proposition "There exists an element in the universe of discourse such that P(x) is true."  The notation (x P(x) denotes the existential quantification of P(x), and is expressed as there is an x such that P(x) is true.

Let T(x) denote x > 5.  What is the truth value of (x T(x)?  Since 10 > 5 is true. Therefore, it is true that (x T(x).

Let Q(x) denote x = x + 2.  What is the truth value of (x Q(x)?  
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Statement
	
When true?
	
When false?

	
(x P(x)
	P(x) true for all x
	There is an x where P(x) is false.

	
(x P(x)
	There is some x for which P(x) is true).
	P(x) is false for all x.


NB: Suppose the elements in the universe of discourse can be enumerated as x1,  x2, ...,  xN then (x P(x) is true whenever P(x1) ( P(x2) ( ... ( P(xN) is true.

Translation


Suppose L(x,y) denotes x loves y.


Everybody loves Raymond.



(x L(x,Raymond)


Everybody loves somebody.



There is somebody whom everybody loves.


There is somebody who Raymond doesn't love.

There is somebody whom no one loves.




There are exactly two people whom Raymond loves.
(x (y [ (x ( y) ( L(Raymond,x) ( L(Raymond,y) ( (z( L(Raymond,z) ( ((z = x) ( (z = y))]


Everybody loves himself.






Multiple Quantifiers
The order matters!  e.g., (x (y P(x,y) and (x (y P(x,y) are not the same.
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Statement
	
When true?
	
When false?

	
(x (y P(x,y)


(y (x P(x,y)
	P(x,y) is true for every pair x,y.

(x(Z (y( Z (x2 + y2 ( 0) 

is true!
	There is a pair for which P(x,y) is false.

(x(Z (y( Z (x2 + y2 > 0)

is false! Let x=y=0 then

x2 + y2 = 0

	
(x (y P(x,y)
	For every x, there is a y for which P(x,y) is true.

(x(Z (y( Z (x + y = 0) 

is true! For each x, there is y = -x, such that x + y = 0.
	There is an x such that P(x,y) is false for every y.

(x(N (y( N (x + y = 0) is

false, since there exists an x (namely 1 such that 

1 + y > 0 for all y.

	
(x (y P(x,y)
	There is an x for which P(x,y) is true for every y.
	For every x there is a y for which P(x,y) is false.

	
(x (y P(x,y)


(y (x P(x,y)
	There is a pair x,y for which P(x,y) is true.

 (x(Z (y( Z (2x = 3y) is 

true! Let x = 6 and y = 4 then 2x = 12 = 3y. 
	P(x,y) is false for every pair x,y.

(x(Z (y( Z (2x = 2y + 1) is false since (x(Z (y( Z

2x ( 2y + 1 (even not odd).


Examples:
Domain of discourse = positive integers.



Let Q(x,y) denote  x * x = 2 * y and T(x,y) denotes x2 = x * y.


Q(4,8)




(x (y T(x,y) is true. (why?)


(x Q(x,50)




(x Q(x,x)



(y (x T(x,y) is false. (why?)


(x (y Q(x,y)




(x (y Q(x,y)




(x (y Q(x,y)



(x (y Q(x,y)

(
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Negation
	
Equivalent
	When is negation true?
	When is negation false?

	
¬(x P(x)
	
(x ¬P(x)
	P(x) is false for every x.
	There is an x for which P(x) is true.

	
¬(x P(x)
	
(x ¬P(x)
	There is an x where P(x) is false.
	P(x) is true for every x.


Examples:

Let P(x) denote x is a professor, Q(x) denotes x is ignorant, R(x) denotes x is vain. 


Universe of discourse is all people.


No professors are ignorant.

(x (P(x) ( ¬Q(x))


All ignorant people are vain.




Some professors are vain.




Argument


Premises



--------------



Conclusion


All S(x) is P(x)
equivalent to
(x( S(x) ---> P(x) )



No S(x) is P(x)
equivalent to
(x( S(x) --> ¬P(x)





or


¬( (x (S(x) ( P(x) )








(show these are identical)


Some S(x) is P(x)
equivalent to
(x (S(x) ( P(x) )


Some S(x) is not P(x)  equivalent to
(x (S(x) ( ¬P(x) )

