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Section 7.6 handout

Partial Orderings

Defn: A relation R on a set S is called a partial order (or partial ordering) if it is reflexive, antisymmetric, and transitive. A set S with a partial ordering R is called a poset and is denoted by (S,R).

Examples


1) S = {1,2,3,6}


a R b if and only if a divides b.


R = {(1,1), (1,2), (1,3), (1,6), (2,2), (2,6), (3,3), (6,6)}


(S,R) is a poset.


2) S = {(, {1}. {2}, {1,2} } all subsets of {1,2}.


a R b iff a ( b.


Rsub = { ((,(), ((,{1}), ((,{2}), ((,{1,2}), ({1},{1}), ({1},{1,2}), ({2},{2}), ({2},{1,2}), 

({1,2},{1,2}).


(S,Rsub) is a poset.


3) S = {1,4,8}


a R b iff a ( b.


R = {(1,1), (1,4), (1,8), (4,4), (4,8), (8,8)}

In poset notation, a _ b means (a,b) ( R or a R b.

Defn: The elements a and b of a poset (S,_) are called comparable if either a _ b or 

b _ a.  When a and b are elements of S such that neither a _ b nor b _ a, a and b are called incomparable.

Examples



In (1) above, 2 _ 6 and 4 _ 2 since 2 divides 6 and 4 is divisible by 2.



In (1) above, 2 and 3 are incomparable.



What about in  (2) above?

Defn: If (S,_) is a poset and every pair of elements in S are comparable, S is called a totally ordered or linearly ordered set and _ is called a total order. 

Examples



In (1) above, (S,R) is not a total order since 2 and 3 are not comparable.



So, (S,R) is not a total order.

           What about in (3) above?

Defn: An element a in the poset (S,_) is called maximal if there is no b ( S so that a _ b. An element a in the poset (S,_) is called minimal if there is no b ( S so that b _ a.

Defn: An element a in the poset (S,_) is called the greatest if b _ a, for all b ( S. An element a in the poset (S,_) is called the least if a _ b, for all b ( S.

Defn: u is called an upper bound of A ( S if a _ u for all a ( A.  l is called a lower bound of A ( S if l _ a for all a ( A.

Defn: The least upper bound of A, denoted by lub(A) is the least of the upper bounds, i.e., x is the lub(A) if a _ x, for all a ( A and x _ z, for all z that are a upper bound of A.

The greatest lower bound of A, denoted by glb(A) is the greatest of the lower bounds, i.e., x is the glb(A) if x _ a, for all a ( A and z _ x, for all z that are a lower bound of A.

