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Section 7.4 handout
Closures of Relations

Defn: Let R be a relation on a set A with property P. A relation S on A with property P is called the closure of R with respect to P if  S is a subset of every relation with property P containing R.

· The reflexive closure of relation R is the smallest relation that contains R and is reflexive.  It can be computed by adding in all pairs (a,a) where aA unless that pair is in R already.  That is, the reflexive closure is RI, where I is the {(a,a) | aA}.  I is called the diagonal relation, and is represented by the identity matrix, which has 1’s on its diagnonals and 0’s everywhere else.

· The symmetric closure of relation R is the smallest relation that contains R and is symmetric.  It can be computed by adding in all pairs (a,b) where (b,a)R already.

· The transitive closure of relation R is the smallest relation that contains R and is transitive.  It can be computed by adding in all pairs (a,b) where there is a path from a to b in R.  A path from x0 to xn is a sequence of pairs (x0, x1), (x1,x2), (x2, x3), …(xn-1, xn). 

Examples

 R eq \O(=,/) = {(1,2),(1,3),(1,4),(2,1),(2,3),(2,4),(3,1),(3,2),(3,4),(4,1),(4,2),(4,3)}


  What is S if we want the reflexive closure?
 

 S =    R eq \O(=,/)  (  ? 
What about for ….

	A
	R
	Reflexive closure
	Symmetric closure

	{0,1,2,3}
	{(0,1),(1,1), (1,2),(2,2)}
	
	

	Integers
	{(a,b) | a divides b}
	
	

	{a,b,c,d}
	{(a,b),(a,c),(b,a),
(c,d),(d,c),(d,d)}
	
	

	{a,b,c,d}
	{(a,b),(b,a), (a,c),(c,a), (b,d),(d,b), (a,d)}
	
	


Theorem: Let R be a relation on a set A. There is a path (think directed graph representation) of length n from a to b if and only if (a,b) ( Rn.

Proof:

P(1): There is a path of length 1 from a to b if and only if (a,b) ( R1, by the definition of R.

Show P(n) ( P(n+1)

Show there is a path of length n from a to b if and only if (a,b) ( Rn ( There is a path of length n+1 from a to b if and only if (a,b) ( Rn+1.

There is a path of length n+1 from a to b if and only if there exists an x ( A, such that (a,x) ( R (a path of length 1) and is a path of length n from x to b, that is, (x,b) ( Rn (inductive hypothesis). Therefore, there is a path of length n + 1 from a to b.  This implies that (a,b) ( Rn+1.

Defn: Let R be a relation on a set A. The connectivitiy relation R* consists of all (a,b) such that there is a path ( implies all possible lengths 1 or 2 or 3 or ...) between a and b in R.


(
R* = 
(   Rk

k=1

Examples


A = {1,2,3,4}


R = {(1,2),(1,4),(2,3),(3,4)}


R2 = {(1,3),(2,4)}


R3 = {((1,4)}


R4 = (

  ...


R* = {(1,2),(1,3),(1,4),(2,3),(2,4),(3,4)}

The transitive closure is the connectivity relation R*
The composition of relations R with itself is denoted R2.  That is, RR = R2 = {(a,c) | b (a,b)R and (b,c)R}.  That is, there is a path from a to c of length 2.  Rn  = RRn-1 = {(a,b) | there is a path of length n from a to b in R}.  We define R* = R  R2  R3  R4  … = {(a,b) | there is a path of any length from a to b in R}.   R* is called the connectivity relation because (a,b)R* if there is some connection, no matter how long, between a and b.  

An simple algorithm to compute the transitive closure of a relation

Even though you and I can compute R* by searching for all paths between pairs of nodes in the digraph of R, we are using visual processing and human intelligence that computers do not have.  How can we get a computer to compute the transitive closure of R?  That is, we want an algorithm (a procedure that is guaranteed to stop eventually) that will compute the transitive closure of R.

The basic idea is to compute R2 via RR.  Then we compute R3 via RR2.  Perhaps we should continue in this fashion until we have “all” the Rk, then take the union over them, thus getting R* which is the transitive closure of R.  However, there are an infinite number of Rk so this procedure would never stop.  It is therefore not an algorithm.

However, if we implement this procedure and watch it run, we’ll see that Rk+1 = Rk for k>|A|.  That is, the Rk stops changing after awhile.  We try this with several different R and it always happens.  Thus when we take the union over all Rk, unioning in the ones beyond k=|A| makes no difference.  So we suspect that we can stop the procedure when k=|A|.   But we need a proof to know that this is always safe for any R.

Lemma 1: Let A be a set with n elements, and R a relation on A.  If there is a a path from a to b, then there is a path of length ( n.

Consequently, 



n

R* = 
(   Rn

k=1

Finding the zero-one matrix representation of the transitive closure of R example

above:
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Then the join:




0
1
1
1


MR*
=
0
0
1
1




0
0
0
1




0
0
0
0

