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Section 3.4 handout
Recursive Definitions
Sometimes it is difficult to define an object explicitly, however it is easy to define the object in terms of itself.  This process is called recursion.

Recursively Defined Functions
To define a function on the set of nonnegative integers

1. Specify the value of the function at 0.

2. Give a rule for finding the function's value at n+1 in terms of the function's value at integers i ( n.

Such a definition is called recursive or inductive.

Examples

A)    
f(0) = 3


f(n+1) = 2f(n) + 3


Find f(1), f(2), f(3), f(4).


f(1)  
=   f( 0+1)



=   2f(0)  +  3



=   2(3)   +  3



=    6      +  3


=    9


f(2)  =  21

f(3)  =  45

f(4)  =  93
B)
f(0) = 1


f(n+1) = 2f(n)

f(1)  = 2


f(2) = 4


f(3) =16

C)
f(0) = -1


f(1) = 2


f(n+1)=f(n) + 3 f(n-1)


f(2) = -1


f(3) =  1


f(4) = -2

D)
Define the function  f(n)  =   2n  +  1   n = 0, 1, 2, ...   recursively.  

E)
Define the sequence  an = n2 for n = 1,2,3, ... recursively.

F)        Define a recursive definition of the sum of the first n positive integers.
Recursive definitions of sets 

Often the most convenient way to define a set is to give a recursive definition for it.  
G) To define the set S of even positive integers, let 2 S and if xS then let x+2S.  
Test this: S = {2, 2+2=4, 4+2=6, …}.

H)  To define the set of all positive integers not divisible by 5, that is S = {1, 2, 3, 4, 6, 7, 8, 9, 11, …}.  Basic idea is to use g(x)=x+5 but start with lots of values.  So let 1S, 2S, 3S, 4S and if xS then x+5S.

Recursive definition of strings

We can define bit strings (or any other string) by using xy to denote the concatenation of strings x and y, and by using  to denote the empty string.  

Example: what is the set of strings defined by   S and 0x1  S?  
Answer: {, 01=01, 0(01)1=0011, 0(0011)1=000111, …}  That is, this is the set of strings composed of n zeros followed by n ones.

