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Section 1.7 Handout
Set Operations

Defn: Let A and B be sets. The union of A and B, denoted by A U B, is the set that contains those elements that are either in A or in B, or in both.

Alternate: A U B = { x | x ( A ( x ( B }.

Venn diagrams and set operations

A Venn diagram has a circle for each set and enclosed in a rectangle.  The rectangle stands for the Universal set, namely all objects that could potentially be in the sets.  In these notes, I will not attempt to draw Venn diagrams, but they will be used extensively in lecture and the text.

Defn: Let A and B be sets. The intersection of A and B, denoted by A  B, is the set that contains those elements that are in both A and  B.

Alternate: A  B = { x | x ( A ( x ( B }.

Venn Diagram

Examples:



A = {1,2,3,6} 
B = { 2,4,6,9}



A U B =  ?


A   B =  ?
Defn: Two set are called disjoint if their intersection is empty.

Alternate:  A and B are disjoint if and only if A   B = (.

Venn Diagram  
Examples
Defn: Let A and B be sets. The difference of A and B, denoted by A - B, is the set containing those elements that are in A but not in B.  The difference of A and B is also called the complement of B with respect to A.

Alternate:  A - B = { x | x ( A  (  x ( B }.

Venn Diagram

Examples:


A = {1,2,3,6} 
B = { 2,4,6,9}


A - B = ?

B - A = ?











     _

Defn: Let U be the universal set.  The complement of the set A, denoted by A, is the complement of A with respect to U.



_

Alternate:
A = { x | x  ( A }.

Venn Diagram

Let A =  { x | x  is in this class} with the Universe of Discourse being All Pitt students.  

What is the complement of A?

In the following examples, assume that the universal set is all letters and natural numbers.

	A
	B
	AB
	AB
	AB
	BA
	A complement

	{a, b, c}
	{b, c, 3}
	      
	
	    
	
	{d, e, f…, 0, 1, 2, 3, …}

	{2, 8, 6, 4}
	x | 0<x<10 and x is an even integer}
	
	
	
	
	{a,b,c…, 0, 1, 3,5,7,9,10, 11, …}

	{}
	{}
	
	
	
	
	{a,b,c…, 0, 1, 2, …}

	{0, 1, 2, 3, ....}
	{}
	
	
	
	
	{a, b, c, …}

	{0,1,2,3,…, a,b,c,…}
	{0,1}
	
	
	
	
	{2,3,4…, a,b,c}

	{a,b,c}
	{1,2, 3}
	
	
	
	
	{d,e,f…, 0,1,2,…}


Set identities proved via logic

Sets and set operations can be defined formally with predicate calculus.  We can prove sets are equal using predicate calculus and the definitions of the sets.  Some compositions of sets are equal regardless of what sets are composed.  Such equalities are calles “set identities” 
 
Set Identities


A U ( = A


A   U = A
Identity


A U U = U


A   ( = (
Domination


A U A = A


A   A = A
Idempotent


​-
          A = A

Double complement


A U B = B U A


A  B = B   A
Commutative


A U (B U C) = (A U B) U C


A  (B   C) = (A   B)   C
Associative


A   (B U C) = (A   B) U (A  C)


A U (B  C) = (A U B)  (A U C)
Distributive


______
_     _


(A U B) =
A   B


______
_     _


(A   B) =
A U B
DeMorgan

Here is an example of a proof of one of them

	Proposition
	Justification

	AB = {x | A  x  Bx }
	Definition of union

	AB = {x | B  x  Ax }
	Disjunction is communtative

	AB = BA
	Definition of  union


Here is another proof:

	Proposition
	Justification

	A(BC) = A{x | B  x  C  x }
	Definition of intersection

	A(BC) = {x | Ax  (B  x  C  x) }
	Definition of union

	A(BC) = {x | (Ax  B  x)  (A  x  C  x) }
	Associative law of logic

	A(BC) = {x | (AB  x)  (AC  x) }
	Definition of union

	A(BC) = (AB)(AC)
	Definition of intersection


Set identities proved via membership tables

You can also prove set identities by making a table called a “set membership table.”  If it relies on the following fact.  If there is just one set, then all objects are either in the set or out of it, so there are only 2 cases to consider.  If there are 2 sets, let’s call them A and B, then all objects are either (1) in both sets, (2) in A but not B, (3) in B but not A or (4) in neither set.  Thus, there are 4 cases

Examples:


Prove 



______
_     _



(A U B) =
A  B

	PRIVATE 




A
	
B
	
_


A
	
_


B
	
_____


A U B
	
_    _


A  B

	
1
	
1
	

	

	

	


	
1
	
0
	

	

	

	


	
0
	
1
	

	

	

	


	
0
	
0
	

	

	

	



By similar reasoning, if there are three sets, then there are 8 cases, and so on.  A set membership table displays a row for each case, and calculates what happens in that case.  This is best demonstrated with an example which shows that A(BC) = (AB)(AC).  

Because the column for A(BC) is equal to the column for (AB)(AC), we know the two composite sets are equal in all 8 cases. 

	A
	B
	C
	BC
	A(BC)
	AB
	AC
	(AB)(AC)

	1
	1
	1
	
	
	
	
	

	1
	1
	0
	
	
	
	
	

	1
	0
	1
	
	
	
	
	

	1
	0
	0
	
	
	
	
	

	0
	1
	1
	
	
	
	
	

	0
	1
	0
	
	
	
	
	

	0
	0
	1
	
	
	
	
	

	0
	0
	0
	
	
	
	
	


Prove A ( (B - A) = (.

Generalized unions and intersections

If we have a set of 5 sets, then we can denote the intersection over all 5 of those set the hard way by using lots of parentheses: A(B(C(D(EF)))).  However, a simpler way to write this is to use indices to name the sets S1, S2, S3, S4, S5, then use a large  with the initial value for the index below (i=1 in this case) and the final value above (5 in this case).  Writing this is easy to do by hand, but hard to type.  The closest approximation I can do is: [i=1…5] Si

This same notation can be used for intersections as well.  Some examples

	Sets
	Union
	Intersection

	Si = {1, 2, …i}
	[i=3…6]Si= {1, 2, 3,4,5, 6}
	[i=3…6]Si= {1,2,3}

	Aj = {1*j, 2*j, 3*j, 4*j…}
	[j=1…]Aj= {1,2,3,…}
	[j=2…]Aj= {}

	Bj,k = {j, …, k}
	[j=1…5][k=1…5}Bj,k= {1,2,3,4,5}
	[j=1…5][k=1…5}Bj,k= {}


Defn: The union of a collection of sets is the set that contains those elements that are members of at least one set in the collection.

Defn: The intersection of a collection of sets is the set that contains those elements that are members of all sets in the collection.

Computer Representation of  sets as bit strings

In a computer, it is cheap and easy to manipulation bit strings, so we try to represent sets with them if we can.  We can do so if the universal set is small.  If the universal set has N elements, then we work with strings of N bits, and let each bit represent one object in the universal set.  

Let U = { 1,2,3,4,5 }, A = {2, 5} ,B = {1,5}.

A U B = {1,2,5}

A  B = { 5 }

Bit representations

A = 01001

B = 10001

A ( B = 11001

A ( B = 00001

Another Example with a universal set of the first 10 letters of the lower case alphabet.

	A
	B
	AB
	AB
	A complement

	{a, b, c} is 11100 00000
	{c,d,e,f} is 
	
	
	

	{a,c,e,g,i,k} is 
	{b,d,f,h,j} is 
	
	
	

	{} is 
	{a,b,c,d,e,f,g,h,I,j,k} is 
	
	
	


Note that union corresponds to logical OR of the bitstrings; intersection corresponds to logical AND; and complement corresonds to logical NOT.

