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Sets 

1. Question 1 (16 points)

(a) What is the cardinality of the following sets?


|  (  | = 


| { 1 ,  ( } | =


| { 1 , {{ 1 }, {1,  (}}  } | = 

 (b) What is the Power Set of the following?


P ( ( ) =


P ( { 1,  ( } )  = 


P ({1 , {{1}, { 1,  (}}  }) =

(c) Indicate whether the following are true or false (explain why in a few words)?
1. A ( B ( {x | x(A ( x( B} __________________________________________________
2. A ( B ( {x | x(A ( x( B} __________________________________________________
3. A  - B  ( {x | x(A ( x( B} __________________________________________________
4. A ( B ( A  _______________________________________________________________
5. A ( A ( B  _______________________________________________________________
Functions 

2. Question 2 (16 points) 

(a) Find the domain and the range of the following functions:

1. The function that assigns to each positive integer the number of its digits?

2. The function that assigns to a bit-string the difference between the number of ones and the number of zeros?

 (b) Given the function f: R( R   where   f(x) =  x + 1              

       Is the function f invertible? If so, find its inverse? If not, state why not. 
 (c) Let the function f, g : R ( R defined as             f(x) = x2       and        g(x) = x + 1

 What is the composition function (f o g)? 

Sequences and Summations 

3. Question 3 (17 points)

(a) What is the value of the terms a1,  a3, and a5 of the sequence {an } where  
an = ( n/2 ( + (n/4 ( 

(b) Given the following summation


        

1. Compute the value of the summation by iterating from the lower index to the upper index of the summation? 
2. Computer the value of the summation by strictly using the proper closed form of S? 

 (c) Compute the following double sum?

                   2       2 
s = ∑ ∑  ( 2 i + j ) 

           i = 0   j =1
Mathematical Induction

4. Question 4 (17 points)

Use mathematical induction to show that the sum of the following odd positive integers is 

 P(n) = 3 + 5 + 7 + …… + (2n +1) = (n +1)2  - 1  
  
 
For all integers n ≥ 1.

Recursive definitions

5. 
Question 5 (17 points) 


(a) Give a recursive definition for the following sequence where ah represents the number of 
vertices (or nodes) in the tree at height  (h) .  



For example: 
The number of nodes at level 0 is 
a0  =  20  =  1  (which is the root node)




The number of nodes at level 2 is
a1  =
22  = 4 (# nodes at level 2), and so on….

ah = 2h     
 
For all h = 0, 1, 2, 3, …. (non-negative integers)


(b) Find the number of nodes at height 4, a4, from the recursive definition?
Relations
6. Question 6 (17 points)

(a) Let the set A = {1, 2}. Find the largest relation RA on the set A such that the following property holds:


RA = {(a , b) | a ( A  ( b ( A }

  
What is RA called? 
(b) Is the relation RA  Reflexive? Why or why not? ________________________
(c) 
Is RA  Symmetric? Why or why not? _________________________________ 
(d) Is RA  Anti-Symmetric? Why or why not? _____________________________
(e) Is RA  Asymmetric? Why or why not? ________________________________

(f) Is RA  Transitive? Why or why not? __________________________________

(g) Represent the relation Req on A={1, 2, 3, 4} such that Req={(a , b) | a = b} ? (Write it down)



· Useful Tables :

Sets and set Operations
	Identity 
	Name

	  A ( (  = A

  A ( U  = A
	Identity laws



	  A ( U  = U

  A ( (  = (
	Domination laws

	  A ( A  = A

  A ( A  = A
	Idempotent laws



	   __

   (Ā) =  A
	Complementation  laws

	  A ( B  = B ( A

  A ( B  = B ( A
	Commutative laws

	  A ( (B  ( C) = (A ( B)  ( C

  A ( (B  ( C) = (A ( B)  ( C
	Associative laws

	  A ( (B  ( C) = (A ( B)  ( (A (C)

  A ( (B  ( C) = (A ( B)  ( (A (C)
	Distributive laws



	  _____      __    __

  (A(B) =  A ( B

  _____      __    __

  (A(B) =  A ( B


	DeMorgan’s laws


Sequences and Summation Rules:
n                                                                   

 n

∑ a rk    = (a rn+1 – a) / r – 1 ,  r ≠ 1          

 ∑ k    = [n(n+1)] / 2 
k=0                                                                

k=1

n                                                     


n
∑ k3   = [n2 (n+1)2 ]/ 4                    


∑ k2   = [n(n+1)(2n+1)] / 6

k=1                                               


k=1







                       2


  S = ∑ (3) i   


              i =0
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