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Logic and Equivalence, quantification

1. Question1 (10 points) 

Show that the following two implications are equivalent:

1.  ( p ( q ) ( p                     

2.   p (  ( p ( q )

(a) Using the truth table

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	


(b) Using logical equivalence rules and the definition of logical implication?

(c) Which implication [1. ( p ( q ) ( p ] or  [2. p (  ( p ( q ) ]  is a tautology, a contradiction, 
or none of these? Why or why not?


(1) _________________________________________________________________


(2) __________________________________________________________________

(d) Use quantifications to express the following statements:

  
(i) All students in discrete mathematics class are either computer science majors or not declared.  


(ii) There is a student in this class who has taken at least one course in computer science.


(iii) Everybody loves somebody.

Sets

2. Question2 (10 points)

Indicate whether the following propositions are true or false ?
1. {x | 0 < x <10  and  x is an odd integer} = {0,1, 3, 5, 7}  ________________________________
2. {x |x  is an integer} ( {x | x  is an odd integer} = {x | x is an even integer} ______________
3. {1,2,3,4,5} ( {a, b, c, d} = {1, a, 2, b, 3, c, 4, d, 5} _________________________________



4. {1,2,3,4,5} ( {a, b, c, d} = (  __________________________________________________
5. A ( B ( {x| x(A ( x(B}  ___________________________________________________



6.  A ( B ( A   _______________________________________________________________
7. | {4, a, 4} | = 2 ______________________________________________________________
8.  |(| = 0  ___________________________________________________________________
9.  A(B = B(A  _______________________________________________________________
10.  Sets A and B are disjoint if and only if   A ( B = A. 

 

 Functions, Sequences, and Summations

3. Question3  (15 points)

Given the function f: R( R (R: real numbers), where f(x)= 2x +1

(a) Is the function f  one-to-one? why or why not? 

(b) Is f  onto? Why or why not?

(c) Is f invertible? If so, find the inverse function  f -1 ? If not, why not?

(d) Let the functions f , g : R ( R  defined as f(x) = 2x + 1 and  g(x) = x + 3

(i) What is the composition of (f o g)?

(ii) What is the composition of (g o f)?

(e) Write the first 5 terms of the sequence (start with n=1)   an = n + (-1)n * n  ?

Mathematical reasoning
4. Question4  (5 points)

Given the following hypotheses:

· If Holly is enrolled in discrete Math (DM) then she is a Pitt student

· Holly is not a Pitt Student

Using the rules of inferences and the multiple column proof table below, 

Prove that:
[Holly is not enrolled in DM]

Let:


P  =
Holly is enrolled in DM


Q  =
She is a Pitt student

	Rule#
	Proposition
	Justification
	Applied to rule #

	1
	
	
	

	2
	
	
	

	3
	
	
	

	
	
	
	

	
	
	
	


Inductive Proofs           

5. 
Question5 (10 points)

Use mathematical induction to prove that the sum of the first n odd positive integers is: p(n) = n2  

Recursive definitions
6. Question 6 (10 points)
Give a recursive definition for the function f(x)  where:     f(x)= x2 + 3x           (x an integer >= 0)

     and find  f(3) from the recursive definition?

Relations and closures

7. 
Question7 (10 points)




          

(a) Given the set  A={1, 2, 3}. Determine whether the relation R={(1,1), (1,2), (3,3)} 

on the set A is any of the following properties, and why?

1. Reflexive?_______________________________________________________________

2. Symmetric?______________________________________________________________

3. Antisymmetric?___________________________________________________________

(b) What is the reflexive closure of R?

(c) What is the symmetric closure of R?

Relations and closures 

8.
Question8 (10 points)

Let R a relation on a set A = {1, 2, 3} represented by the matrix



 1
1
0





 

M R =
 0
0
1




    


 1
0
0





 



(a) Write the relation R as a set of ordered pairs?

(b) Express the transitive closure R* of  R using  R, R2, R3   then find it?

Relations and closures 

Continue Question8……

(c) Draw the graph of  R ?
(d) Find MR2   , MR3  , and  MR* ?

(f) Draw the connectivity graph  G*  ?

Counting, Pigeonhole principle

9. Question9 (10 points)


(a) How many bit strings of length 8  either  start with  1  or end with  01?  

Explain your answer, and name the rule(s) used?

(b) Use a tree diagram to find the number of bit-strings of length four with no-three consecutive 1’s?

(c) Given 10 flavors of ice cream, what is the minimum number of customers required so that at least 3 of them order the same flavor?

Question 9 (continue ….) Permutations, Combinations

(d) Show that  C(n, r) = C (n, n-r)

(e) Let the set A={1, 2, 3}. List all of the 2-permutations and 2-combinations of the set A?

Binomial Coefficients, Probability 

 10. Question10 (10points)  
(a) Prove the following using binomial coefficient theorem?
 n          n
(         = 2n  
k=0       k
 (b) What is the probability that a positive integer selected at random from the set of positive integers not exceeding 100 is divisible by either 2 or 5?

(c) What is the probability that a bit-string of length 3 generated at random so that each of the 8 bit-strings of length 3 is equally likely contains at least 2 consecutive 0’s, given that the first bit is a 0? (Assume that 0 bits and 1 bits are equally likely).
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         .
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         .
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        . .     P(c)   for some element  c є U

	Existential Instantiation

	 P(c)   for some element  c є U 

         .

        . .     (x  P(x)
	Existential Generalization


Sequences and Summation Rules:

 n                                                                  n

∑ a rk    = (a rn+1 – a) / r – 1 , r ≠ 1                 ∑ k    = [n(n+1)] / 2 
k=0                                                               k=1

n                                                     n

∑ k3   = [n2 (n+1)2 ]/ 4                    ∑ k2   = [n(n+1)(2n+1)] / 6

k=1                                                k=1

	Identity 
	Name

	  A ( (  = A

  A ( U  = A
	Identity laws



	  A ( U  = U

  A ( (  = (
	Domination laws

	  A ( A  = A

  A ( A  = A
	Idempotent laws



	   __

   (Ā) =  A
	Complementation  laws

	  A ( B  = B ( A

  A ( B  = B ( A
	Commutative laws

	  A ( (B  ( C) = (A ( B)  ( C

  A ( (B  ( C) = (A ( B)  ( C
	Associative laws

	  A ( (B  ( C) = (A ( B)  ( (A (C)

  A ( (B  ( C) = (A ( B)  ( (A (C)
	Distributive laws



	  _____      __    __

  (A(B) =  A ( B

  _____      __    __

  (A(B) =  A ( B


	DeMorgan’s laws


	Equivalence 
	Name

	  P ( T   ↔   p

  P ( F   ↔   F
	Identity laws



	  P ( T   ↔ T

  P ( F   ↔  F
	Domination laws

	  P ( P   ↔  P

  P ( P   ↔  P
	Idempotent laws



	 ¬ (¬ P)  ↔  P
	Double negation laws

	  P ( Q   ↔   Q (  P  

  P ( Q   ↔   Q ( P  
	Commutative laws

	  (P ( Q)  ( R    ↔   P ( (Q (  R)  

  (P ( Q)  ( R    ↔   P ( (Q (  R)  
	Associative laws

	  P ( (Q  ( R)   ↔   (P ( Q) ( (P (  R)  

  P ( (Q  ( R)   ↔   (P ( Q) ( (R ( R)
	Distributive laws



	¬ (P ( Q )         ↔  ¬ P  ( ¬ Q

¬ (P ( Q )         ↔  ¬ P  ( ¬ Q
	DeMorgan’s laws






Rules of Inference:





Logical equivalence:





Set Identities:





Rules of Inference:
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