CS441

Section 8.1 handout

Relations

Defn: Let A and B be sets. A binary relation from A to B is a subset of A x B.

R  A x B means R is a set of ordered pairs of the form (a,b) where a  A and b  B.

We use the notation a R b to denote (a,b)  R. If a R b, we say a is related to b by R.

We can graphically represent a binary relation R as follows:


if a R b then draw an arrow from a to b.




a  b

We can represent a binary relation R by a table showing the ordered pairs of R as follows:



  R                   |   List elements of B here     



   List elements |



   of A here        |  place x for each pair in R

Examples


Let A = {0, 1, 2} and B = {u,v} and R = { (0,u), (0,v), (1,v), (2,u) }


Note: R  A x B.


Graph:



2 



0  u



    v



1 


Table:



    R   |   u         v    



    0   |    x        x



    1   |              x



    2   |    x


Relations represent one to many relationships between elements in A and B.




    b1




a  b2




    b3

Relations on  set

A relation on the set A is a relation from A to itself.

Examples


1) Let A = {1,2,3,4} and Rdiv = {(a,b)| a divides into b}


Rdiv = {(1,1), (1,2), (1,3), (1,4), (2,2), (2,4), (3,3), (4,4)}


      R       |      1       2      3       4     


     ?  


2) Let A = {1,2,3,4}. Define a Rne b if and only if a ~=  b. Then, R =  ?


3) Let A = {1,2,3,4}. Define Rfun = {(1,2),(2,2),(3,3)}.  (we will use this below)
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Theorem: The number of binary relations on a set A, where | A | = n is 
2n.

Proof:

If | A | = n then | A x A | = n2.  R is a binary relation on A if R  A x A (that is, R is a subset of A x A).  
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The number of subsets of A x A is 
2n.

Examples:



Let A = {1,2}



All binary relations R on A (there are ? of them). 



R = {(1,1),(1,2),(2,1),(2,2)}




R



{(1,1)}
{(1,2)}
{(2,1)}
{(2,2)}



{(1,1), (1,2)}

{(1,1),(2,1)}

{(1,1),(2,2)}



{(1,2),(2,1)}

{(1,2),(2,2)}



{(2,1),(2,2)}



{(1,1),(1,2),(2,1)}

{(1,1),(1,2),(2,2)}

{(1,1),(2,1),(2,2)}


{(1,2),(2,1),(2,2)}

Properties of Relations

Defn: A relation R on a set A is called reflexive if (a,a)  R for every element a  A.

Examples


Relation Rdiv on A = {1,2,3,4} is reflexive since (1,1), (2,2), (3,3), and (4,4)  R.


Relation Rfun on A = {1,2,3,4} is ? reflexive since ?

Defn: A relation R on a set A is called irreflexive if (a,a)  not element R for every a  A.


Relation Rne on A = {1,2,3,4} is ? irreflexive since ?


Relation Rfun is ? irreflexive since ?

Defn: A relation R on a set A is called symmetric if



(a,b)  R  (b,a)  R  where a, b  A.

Examples:


Relation Rdiv on A = {1,2,3,4} is ? symmetric since ?


Relation Rne on A = {1,2,3,4} is ? symmetric since ?


Relation Rfun on A = {1,2,3,4} is ? symmetric since ?

Defn: A relation on a set A is called antisymmetric if



[(a,b)  R and (b,a)  R]       a = b where a, b  A.

Ex:
Relation Rdiv on A = {1,2,3,4} is antisymmetric (why?).



Suppose a divides b and b divides a 



b = ak, where k  N  and  a = bt, where t  N      



b =  ak  =  btk      




tk = 1             




t = 1 and k = 1     




b  =  a.


Relation Rne on A = {1,2,3,4} is ? antisymmetric since ?


Relation Rfun on A = {1,2,3,4}  ? antisymmetric  since ?

Defn: A relation R on a set A is called transitive if


[(a,b)  R and (b,c)  R]      (a,c)  R  where a, b, c  A.

Examples:


Relation Rdiv on A = {1,2,3,4} is transitive (why?)



Suppose a divides b and b divides c     




?


Relation Rne on A = {1,2,3,4} is ? transitive since ?


Relation Rfun on A = {1,2,3,4} is ?  transitive since ?

Combining Relations

Since a relation from A to B is a subset of A x B, we can combine relations from A to B by using the set operations.

Let A = {1,2,3} and B = {u,v} and

R1 = {(1,u), (2,u), (2,v), (3,u)}

R2 = {(1,v),(3,u),(3,v)}

R1  R2 = 

R1  R2 = 

R1 - R2 = 

R2 - R1 = 

Defn: Let R be a relation from a set A to a set B and S a relation from B to a set C. The composite of R and S is the relation consisting of the ordered pairs (a,c) where a  A and c  C, and for which there is a b  B such that (a,b)  R and (b,c)  S. We denote the composite of R and S by S  R.

Examples:


Let A = {1,2,3}, B = {0,1,2} and C = {a,b}.


R = {(1,0), (1,2), (3,1),(3,2)}


S = {(0,b),(1,a),(2,b)}


S  R = ?

Defn: Let R be a relation on a set A. The powers Rn, n = 1,2,3,...  is defined inductively by



R1 = R

and



Rn+1 = Rn  R.

Examples



R = {(1,2),(2,3),(2,4), (3,3)} is a relation on A = {1,2,3,4}.



 R2 = {(1,3), (1,4), (2,3), (3,3)}



 R3 =



 R4 = 



 Rk = 

Theorem: The relation R on a set A is transitive if and only if Rn  R for n = 1,2,3,... .

(read proof in book).

