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Section 4.1 handout
Mathematical Induction

Mathematical Induction is used to prove statements of the form (x P(x).

Two steps:

1) Basis: The proposition P(1) is true.

2) Inductive Step: The implication P(n) ( P(n+1), is true for all positive n.

Using Mathematical Induction to Prove a Theorem
1) [Basis Step] Show P(1) is true.

2) [Inductive Step] Show for all n, if P(n) is true then P(n+1) is true.

Examples

A.  Prove  1 + 3 + 5 + 7 + ... + (2n - 1) 
=  n2   for all positive integers.

Proof:


What is P(n)?


[Basis Step]  Show P(1) is true


[Inductive Step] Show if P(n) is true then P(n+1) is true for all n.



Suppose P(n) is true, that is:


Show P(n+1) is true, that is:  

B. Prove   n  <   2n    for all positive integers n.


P(n):


[Basis Step]     


[Inductive Step]  If P(n) is true then P(n+1) is true for each n.



Suppose P(n):   


Show  P(n+1):    
C. Prove n3  -  n  is divisible by 3 for all positive integers.

Note: If the proposition to be proved mentions a different set than the natural numbers starting with 1, then one must use a different basis step.  For instance, to prove that 2n<n! for n>3, one uses P(4) as the basis step.  

D. Prove:  1  +  2  +  22  +  ...  +  2n    =   2n+1   -   1   for all nonnegative integers n. 

Well-ordered Sets

A proof by mathematical induction is useful only when the proposition to be proved is in the form xP(x) where the domain of discourse for x is a well-ordered set, which means that there is a successor function f(x) such that the sequence an = f(an-1) covers the whole set.  For instance, the natural numbers are such a well-ordered set because f(n)=n+1 generates a sequence that covers all the numbers.  
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