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NOTATION

z scalar

z column vector

Z ith element of z
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1 INTRODUCTION

1.1 Overview

The field of multi-sensor data fusion is fairly young and has only recently been recognised
as a separate branch of research. It has been considered from widely different perspectives
by scientists of various theoretical backgrounds and interests. In fact, data fusion is a multi-
disciplinary subject that draws from such areas as statistical estimation, signal processing,
computer science, artificial intelligence, weapon systems, etc. The general problem arising
in all these cases is one of how to combine, in the best possible manner, diverse and uncertain
measurements and other information available in a multi-sensor system. The ultimate aim
is to enable the system to estimate or make inference concerning a certain state of nature
[42].

Traditionally the type of applications to which data fusion has been applied have been
military in nature (for example, automatic target recognition). However, more recently the
need for data fusion (and more generally data processing) has been recognised in many
areas including remote sensing, finance, retail, automated manufacture. In the last twenty
years there has been a significant increase in the number of real problems concerned with
monitoring problems such as fault detection and diagnosis, safety of complex systems (air-
crafts, rockets, nuclear power plants), quality control, plant monitoring and monitoring in
biomedicine. These problems result from the increasing complexity of most technological
processes, the availability of sophisticated sensors and the existence of sophisticated infor-
mation processing systems, which are widely used. Solutions to these problems is of crucial
interest for safety, ecological, and economical reasons [7].

Many practical problems arising in monitoring can be modelled with the aid of para-
metric models in which the parameters are subject to abrupt changes at unknown time
instants. These changes are normally associated with some sort of disorder, which is highly
undesirable and should be quickly detected with as few false alarms as possible. Multiple
sensors are used in these systems in order to reduce uncertainty and obtain more com-
plete knowledge of the state. Thus, the application of data fusion to changepoint detection
problem is an extremely important task and this problem is addressed in the dissertation.

It is a strong belief that the issue of sensor measurements ultimately remains best han-

dled within the framework of statistical inference. The Bayesian methodology [12] provides
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an elegant and consistent method of dealing with uncertainty associated with sensor mea-
surements. However, it tends to require the evaluation of high-dimensional integrals that
do not admit any closed form analytical expression. If one wants to perform Bayesian in-
ference in these important cases, it is necessary to numerically approximate these integrals.
Conventional numerical integration techniques are of limited use when the dimension of the
integrand is large. An alternative approach is to use Markov chain Monte Carlo (MCMC)
methods [50], which have been recently rediscovered by the Bayesian statisticians as a means
to perform this integrals.

In this thesis an original algorithm for retrospective changepoint detection based on a
reversible jump MCMC method [29] is proposed. It allows the estimation of the number
of changepoints in the data, which can be described in terms of a general linear model,
as well as the number of parameters, their values and noise variances for each segment.
The main difficulty is that since both the number of changepoints and the number of
parameters are assumed random, the posterior distribution to be evaluated is defined on a
finite disconnected union of subspaces of various dimensions. Each subspace corresponds
to a model with some fixed number of changepoints and some fixed number of model
parameters. To the best of our knowledge, this joint detection/estimation problem of so
called “double” model selection has never been addressed before and in the dissertation a
new approach to solve it is proposed.

First, the case of one information source available (piecewise constant AR process) is
considered. The proposed algorithm is applied to synthetic and real data (speech signal
examined in the literature before [1], [6], [7] and [32]) and the results confirm the good
performance of both the model and the algorithm when put into practice. The flexibility
of the method allows the generalisation of the algorithm to the case of centralized fusion
of several signals from different sources. The thesis concludes with an analysis of synthetic
data “obtained” from three different sources (multiple simple steps, ramps and piecewise
constant AR process), to illustrate the proposed technique. In addition, a failure of one

sensor is simulated in order to demonstrate the efficiency of this approach.

1.2 Structure of the thesis

The dissertation is organised as follows.

Chapter 2 introduces the idea of using multiple sensors as a way of reducing uncertainty
and obtaining more complete knowledge of the state of nature and describes the main issues
which are pervasive in multi-sensor data fusion.

Chapter 3 derives a Bayesian probabilistic model of the observation process for a sensor

and the subsequent inference of the state. A compact matrix formulation of a very common
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class of signal model, known as a general linear model is presented. Finally, the problem of
combining probabilistic information from several sources is considered.

Chapter 4 is a review of Markov chain Monte Carlo methods. A few definitions concern-
ing Markov chains are recalled, and the classical MCMC algorithms such as the Gibbs sam-
pler, Metropolis-Hastings, Metropolis-Hastings one-at-a-time and a reversible jump MCMC
methods are described.

Chapter 5 applies the methods described in chapters 2, 3 and 4 for the problem
of retrospective changepoint detection. First, the problem of segmentation of piecewise
constant AR processes is addressed. An original algorithm based on a reversible jump
MCMC method is proposed and an extensive study of it on the synthetic and real data
is carried out. The algorithm allows the estimation of the number of changepoints as well
as the model orders, parameters and noise variances for each of the segments, and is then
generalised for any signal which might be described in terms of a general linear model.
Finally, the centralized data fusion of the signals “obtained” from three different sources
(multiple simple steps, ramps and piecewise constant AR process) is considered and the

case of a failure of one sensor is simulated.
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One of the most fundamental problems in the history of mankind is the question of
satisfying the need for knowledge concerning the external world. Human beings, as well
as all living organisms, were given a special mechanism of gaining this knowledge, known
as sense perception. In the information age we find ourselves in, different autonomous
systems must carry out a similar function of obtaining an internal description of the external

environment; and various sensing techniques are extensively employed to tackle this task.

2.1 Multi-sensor systems

Sensors are the devices used to make observations or measurements of physical quantities
such as temperature, range, angle, etc. A certain relationship of mapping exists between this
measured quantity and the state of nature, and thus necessary information is provided. In
this regard, the interpretation of sensor measurements and sensor environment is extremely
important. However, physical descriptions of sensors (sensor models) are unavoidably only
approximations owning to incomplete knowledge and understanding of the environment.
This, coupled with the varying degrees of uncertainty inherent in a system itself and the
practical reality of occasional sensor failure, results in the lack of confidence in sensor
measurements. The fact is that despite any advances in sensor technologies, no single
sensor is capable of obtaining all the required information reliably, at all times, in often
dynamic environments. The obvious solution in this case is to employ several sensors thus
extracting as much information as possible.

In multi-sensor systems these sensors can be used to measure the same quantities, which
is especially helpful in the case of sensor failure. Alternatively, different quantities associated
with the same state of nature can be measured by different sensors. In addition, various
sensor technologies can be employed. In all these cases the uncertainty is significantly

reduced thus making the system more reliable.

2.2 A taxonomy of issues

In sensing often the problem is not one of shortage of information but rather one of how
to combine the diverse and sometimes conflicting amounts of it in the best possible way.

The whole process involves different steps. First of all, the sensor model is developed.
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It entails understanding of the sense environment, the nature of the measurements, the
limitations of the sensor and, most importantly, probabilistic understanding of the sensor
in terms of measurement uncertainty and informativeness.

Second, all the available relevant information is combined in a certain consistent and
coherent manner and a single estimate of the state of the feature, given the inherent uncer-
tainty in sensor measurements, is obtained.

Finally, if there are several sensing options or configurations, the one making the best
use of sensor resources must be chosen.

Thus, irrespective of the specifics of given applications, the three main issues which are

pervasive in sensor data fusion may be summarized as follows (see also Fig. 1):

e Interpretation and Representation
e Fusion, Inference and Estimation

e Sensor Management

§ Feedback }
Decision Strategy é é
> & | :
Feedback Control : :
: Infer (Estimate) i Combine
' nicr (Estimate ‘ ! Sensor
' State of Nature ' Information
Sensor
Management Inference & Interpretation &
& Planning Estimation Fusion Methods Representation Environment

Figure 1: Multi-sensor data fusion.

2.3 Background and overview
The introduction to the thesis gives a flavour of the enormous variety of multi-sensor

applications ranging from military systems to process plants. As was mentioned there, data
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fusion covers a large number of topics, from statistical estimation and signal processing
to computer science and physical modelling of the sensors. Hence, not surprisingly, the
main issues in the subject formulated in the previous section have mostly been addressed
separately, sometimes based on well-founded theories and sometimes in an ad hoc manner
and in the context of specific systems and architectures.

For instance, naturally, the problem of interpretation of measurements (sensor mod-
elling) cannot be described in the common representation which can be made use of in
a general multi-sensor system. It is only possible to say that a frequently used approach
is developing probabilistic models for sensors, which were used, for example, in [21], [22],
[5]. As shown in [40] and [41], the probabilistic descriptions are extremely useful in aug-
menting physical models thus providing a way of objectively evaluating the sensors and the
information they provide using a common language.

Much work has been done in developing methods of combining information. The basic
approach has been to pool the information using “weighted averaging” techniques of vary-
ing degrees of complexity [54], [9]. The Independent Opinion Pool and the Independent
Likelihood Pool are described in [42], and an initial discussion of probabilistic data fusion
can be found in [20].

Inferring a state of nature is, in general, a well understood problem. Such methods as
Bayesian estimation [9], [46], Least Squares estimation and especially Kalman filtering [4],
[34], [47], [51], [60] has been widely reported.

A major consideration which determines the form of the method employed is the multi-
sensor architecture. They have traditionally been centralized but the need to relieve com-
putational burdens at the central processor leaded to hierarchical systems [15], [44] which
allow several levels of abstraction. However, they have some shortcomings (see [42] for the
discussion) that might be overcome by the use of decentralized architectures, which are
described in [23], [34], [42], [56].

The full surveys over the area are provided, for example, in [33], [42], [58] and, most
recently, [28], [57].



3 A PROBABILISTIC MODEL FOR
MANAGING DATA FUSION

Let us assume that the signal obtained by a sensor is carrying information relating to
some physical phenomenon. In multi-sensor systems several such information sources are
available and the objective is to extract this information using some suitable means, thus

making the inference about the state of nature.

As a matter of fact, all these signals are corrupted by noise and, moreover, the rela-
tionship of mapping between the state and observations (the model of the signal) is never
known precisely. Hence, in order to infer the true state of nature, it is necessary to find the

most appropriate model to describe the obtained data, and then estimate its parameters.

The random nature of noise as well as uncertainty associated with the model can make
it extremely difficult to determine what exactly is occurring. In order to develop ways to
reduce the above uncertainty we turn to the methods which originate from the 18th century

mathematician Reverend T. Bayes [8], [12].

3.1 Bayesian inference
3.1.1 Bayesian theorem

In An Essay Towards Solving a Problem in the Doctrine of Chances, Bayes creates a
methodology of mathematical inference and describes how the initial information I about
the hypothesis H, called a prior and denoted p(H|I), and the likelihood based on ob-
servations or data D, denoted p(D| H,I), determine the posterior probability distribution
p(H|D,I). The law that bears the author’s name is, in fact, a simple relationship of con-

ditional probabilities:
DI H,I)p(H|I)

_p(
p(H|D,I) = 2D\ D) ,

(1)

where p(D|I) is a normalization factor, known as the “evidence”.

Thus, the Bayesian posterior probability reflects our belief in the hypothesis, based on
the prior information and current observations and provides a direct and easily applica-
ble means of combining the two last-mentioned. Given this, the pervasiveness of Bayes’

Theorem in data fusion problem is unsurprising.
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3.1.2 Model selection and parameter estimation

The hypothesis space is different for different kinds of tasks. In general, two main
problems of data analysis are model selection and parameter estimation.

In the first case, one wishes to choose from a set of candidate models My (k=1,...,K)
that which is best supported by the data. An auxiliary model indexing random variable k
specifies which model generated the data x, and together with the vector of model param-
eters @ forms the “hypothesis” H that will be used in Bayes’ theorem.

In the parameter estimation problem one assumes that the model is true for some
unknown values of the parameters @ and the hypothesis space is therefore the set of possible

values of the parameter vector 6.

3.1.3 Assigning probabilities
Bayes’ theorem tells us how to manipulate probabilities, but it does not answer the

question of how to assign these probabilities, which is discussed in this section.

3.1.3.1 Likelihood function

If the assumed signal model (tested hypothesis) fits the data “exactly”, the difference
between the data and the inferred model is the observation noise, and hence the likelihood
function should be the probability distribution of the noise. The probability distribution
that has maximum entropy, subject to knowledge of the first two moments of the noise
distribution is a Gaussian one, and therefore the likelihood of this form is often used unless
one has further knowledge concerning the noise statistics. It also allows the integration of

the nuisance parameters in many cases and has been shown to work well in practice.

3.1.3.2 Prior distribution
3.1.3.2.1 The choice of a prior

The prior distribution describes one’s state of knowledge (or lack of it) about the pa-
rameter values before examining the data. The choice of it is undoubtedly the most critical
and most criticized point of Bayesian analysis, since, in practice, it rarely happens that
the available prior information is precise enough to lead to an exact determination of the
prior distribution. The situation is especially difficult when prior information about the
model is too vague or unreliable. Naturally, if a prior distribution is narrow it will dom-
inate the posterior and can be used only to express the precise knowledge. Thus, if one
has no knowledge at all about the value of a parameter prior to observing the data, the
chosen prior probability function should be very broad and flat relatively to the expected

likelihood function.
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Non-informative priors. The most intuitively obvious non-informative prior density

is a uniform density:

p(0[1) = cp, (2)

where ¢, is a constant. This prior is typically used for discrete distributions or for unbounded

real valued parameters 6.

Jeffreys [36] distinguished between this case and the case of a strictly positive scale pa-
rameter and proposed the prior distribution uniformly distributed over different scales. This

is the same as assuming that the logarithm of a scale parameter y is uniformly distributed:

p(logx|I) = ¢, (3)

Using the fundamental transformation law of probabilities one obtains what is known as
Jeffreys’ prior:
c
p(x|1) ==+ (4)
X
Both uniform and Jeffreys’ prior probabilities are non-normalizable and therefore im-
proper. They can be made into a proper probability by placing bounds on the range so that

the probability outside equals zero.

Conjugate priors. Another criterion for the choice of prior is its convenience. In
order to simplify computation, one would prefer the prior density to be conjugate to a
given likelihood function so that the posterior density takes the same form as the likelihood
function. For example, in many situations the likelihood function belongs to the exponential
family of probability distribution. In this case, it is convenient to use a Gaussian prior
distribution for the parameters which might be positive or negative and inverse gamma
distribution for scale parameters which are strictly positive.

In general, conjugate priors are not non-informative, and in order to express the igno-
rance of the value of the parameter, a probability density of relatively large variance can be

chosen.

3.1.3.2.2 Robustness of the prior

In most cases, there is an uncertainty about the selected prior distribution used for
Bayesian inference. Of course, if the precise prior information is available the prior will be
better defined than in a non-informative setup, but still this information does not always
lead to an exact determination of the prior distribution. It is, therefore, very important
to make sure that the arbitrary part of the prior distribution does not dominate. Not

surprisingly, the concern about the influence of the existent indeterminacy (robustness of
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the prior) has been reflected in a large number of works (see [10], [11], [49] and [59]), and
different methods to deal with this problem have been developed.
One of the approaches used to increase robustness of the conjugate prior is Bayesian

hierarchical modelling.

Definition 1 A hierarchical Bayesian model is a Bayesian statistical model with the prior
distribution p(0) decomposed in conditional distributions p1(0|61), p2(61|62), ..., 0n(0n-1]07)

and a marginal distribution pp41(0,) such that

P (9) = / p1(9| 91)p2(91| 92) .. .pn(en_ﬂ Hn)pn+1(0n)d01 e d@n,
O1X...XxOp

where 0 is a parameter of the Bayesian model and 0; is a hyperparameter of level i, which

belongs to a vector space ©;.

As may be seen from the above, a hierarchical model is just a special case of a usual
Bayesian model where the lack of information on the parameters of the prior distribution
is expressed according to the Bayesian paradigm, i.e. through another prior distribution
(hyperprior) on these parameters; and it seems quite intuitive that this additional level of
hyperparameters in the prior modelling should robustify the prior distribution (see [49] for

discussion).

3.1.3.2.3 Dzirected graphs
In the case of a complex system (for example, several additional levels of hyperparame-
ters are introduced) graph theory provides a convenient way of representing the dependen-

cies between the parameters. For instance, the following probability structure

p(u,8,2,y) = p(u)p(s|w)p(x|u, s)p(y| )

can be visualised with a directed acyclic graph (DAG) (see [46]) shown in Fig. 2a. This
DAG together with a set of local probability distributions associated with each variable

form a Bayesian network (see also [35]), which is one of the examples of a graphical model.

Definition 2 A graphical model is a graphical representation for probabilistic structure,

along with functions that can be used to derive the joint distribution.

Other examples of graphical models include factor graphs (see Fig. 2b), Markov random
fields (see [24]) and chain graphs (see [38]).
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(@)

Figure 2: A directed acyclic graph (a) and a factor graph (b) for the global probability
distribution p (u, s, z,y) = p(u)p (s|u) p (x| u, s)p (y| ).
3.1.4 Bayesian inference and estimation

Once the posterior distribution is obtained it then can be used for the Bayesian esti-
mation of the state of a system. An intuitive approach is to find the most likely values of
y based on the information available in the form of the posterior probability distribution
p(y| x) according to some criterion. The most frequently used estimates are the following

ones:

o Mazimum A Posteriori (MAP) estimator:
Ymap = argmaxp(y|x). (5)
o Minimum Mean Square Error (MMSE) estimator

YMMsE = arg Hl;n By {@-F-¥)"}.

In the same way, the evaluation of any marginal estimator is performed, though it
involves extra-integration steps over the parameters that one wants to eliminate. For ex-
ample, the Marginal Mazimum A Posteriori (MMAP) estimator for the parameter y; takes

the form:

Ui MmAp = argmax p(y;| x). (6)

3.1.5 The general linear model

As was mentioned before, in order to proceed with the processing of a signal it should
be first described by some mathematical model, which then can be tested for a fit to the
data. One of the most important signal models which may be used in a very large number
of applications is the general linear model [17], [45] introduced in this section.

A . . . .
Let x £ (z9, 21, . -, ZL'T_1)T be a vector of T' observations. Our prior information suggests
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modelling the data by a set of p model parameters or linear coefficients, arranged in the
vector a =(a1,as,...,a,). We describe the data as a linear combination of basis functions

with an additive noise component. Our model thus has the form
p
Tm =Y a;gi(t) + nm, fo<m<T-1,
j=1

where g;(t) is a value of a basis function.
This can be written in the form of a matrix equation

x = Xa+n, (7)

where X is the T' x p dimensional matrix of basis functions that determine the type of the

model (for example, AR model) and n is a vector of noise samples. More precisely,

o 91(0) 92(0) ... gp(0) a no
1"1 _ glgl) 92?1) gpfl) a'z N n.l ®
-1 g(T'=1) g2T=1) ... g(T—-1) ap nr—1

The strength of the general linear model is its flexibility, which is explored below for

several possible sets of basis functions.

3.1.5.1 Common basis functions

This section explains how to formulate the matrix X for several particular types of
models, such as an autoregressive model (AR), autoregressive model with exogenous input

model (ARX) and polynomial model.

Example 1 Autoregressive (AR) model. An AR model is a time series where a given
datum is a weighted sum of the p previous data and noise term. Equivalently, an AR model

18 an output of an all-pole filter excited by white noise. More precisely,

P
xm:Zajmm_j+nm for0o<m<T—1, (9)
j=1
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which is in the matriz form is given by

i) Tr_q Tr_9 . T—p aq no
I i) r—_1 N $1_p a9 n ni (10)
TT-1 rr-2 ILr-3 ... ITT-1-p Qap nr—i

One difficulty with implementation exists because of the need to have initial conditions for
the filter or knowledge of x_1 through x_,. Prior information may suggest reasonable as-
sumptions for these values. Alternatively, one can interpret the first p samples as the initial

conditions and proceed with the analysis on the remaining T — p data points (see [27])..

Example 2 Autoregressive model with exogenous input (ARX). Whereas an AR
model is the output of an all-pole filter excited by white noise, an ARX model is a filtered
version of some input u with this filter having both pole and zeroes. Mathematically, an
ARX model is

q z
Ty, = Zajxm_j + Zﬁjum_j + Ny, for0<m<T -1, (11)
j=1 §=0

and the matrix X takes the form

T_1 T_2 c. T—gq U U_1 . U_y
) Tr_q PN T1—q Ul UuQ PN Up—»
X=1 . . : . : : : (12)
rr—2 Tr-3 ... TT-1-q UT-1 UT-2 ... UT—-1—2

with a vector of parameters a = (a1, az, ..., aq, By, B, - - ,ﬁZ)T of the length p = q+ 2z + 1.

Example 3 Polynomsial and seemingly non-linear models. The flexibility of a gen-
eral linear model allows us to describe polynomial and other models where the basis functions
are not linear, but the models are linear in its coefficients. In the case of the polynomial

model, the observation sequence is given by

P
mm:Zajufn_l—knm foro<m<T -1 (13)
j=1
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which is in the generalized form can be rewritten as

-1

xo 1w wd oo ub a ng
-1

T 1 u% uf as N ni
2 p—1

TT_q I wr—y uwp_y ... Up_y ap nr_1

3.1.5.2 Marginalization of the nuisance parameters

One of the most interesting features of the Bayesian paradigm is the ability to remove
nuisance parameters (i.e. parameters that are not of interest) from the analysis. This
process is of both practical and theoretical interest, since it can significantly reduce the

dimension of the problem being addressed.

Suppose the observed data x = (z1,22,...,2x7)" may be described in terms of a general

linear model (we repeat Eq. (7) for convenience):
x = Xa + n,

where n is a vector of i.i.d. Gaussian noise samples. Then the likelihood function is given

by
T

p(x| {w} 0.8) = (2m0*) T exp |~ |, (14)
202
where {w} denotes the parameters of the basis functions X. Substituting Eq. (7) into Eq.
(14) gives

(15)

(x — Xa) (x — Xa)]
202 '

p(x|{w},0,a) = (2%02)_% exp [—

Remark 1 In fact, the exact likelihood expression for the case of AR and ARX modelling
is of a slightly different form (see [14], [27]).

Suppose, that a given series is generated by the pth-order stationary autoregressive model,

which in an alternative form is given by:

n,. 71 = Ax,.1_1,
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where A is the (T — p) x (T')) matriz:

—ay —ai 1 0 0
0 —a —a 1 0 0
A= g o
0 0 0 —ay —a; 1

Here the first p samples are interpreted as the initial conditions and np.7_1 is a vector of

i.1.d. Gaussian noise samples. Thus, one obtains:

T—

_T—p 1
plnpr) = (270%) "2 exp(— o AT AN, T )
Since the Jacobian of the transformation between n,.7_1, Xp.r—1 18 unity and the conditional

likelihood is equal to:

T-p

_ 1
P(Xpr-1| X0p-1,8) = (2m0%) 72 eXP(—@X;:T—lATAXp:T—l)'

and in order to obtain the true likelihood for the whole data block, the probability chain rule

can be used:

p(x0.r-11a) = p({X0:p—1, Xp:7-1} @) = P(Xp:7—1| X0:p—1,8)P(X0:p-1] @),

where
1

_r -1 1 _
p(xop-1]a) = (270%) ¥ My, | # exp(—5_5xb, 1M, %0p-1)

and My, ,_, s the covariance matriz for p samples of data with unit variance excitation.

The exact likelihood expression is thus:

_T _1 1 _
p(xor-1]a) = (270%) "2 My, _,| 2 eXp(_ﬁxg:T—lMxol:T_lxoiT—l)v
where
ML 0
“1 AT e
MXO:T*I - A- A+ X((;p ! 0 ]

1s the inverse covariance matriz for a block of T samples.

-1

However, in many cases T" will be large and the term xg:p_lMx():p_1

X0:p—1 can be regarded
as an insignificant  “end-effect”. In this case we make the approrimation

Xg:T—lM;ol:T_lx()iT—l ~ x4 ATAxr_1 and obtain the approzimate likelihood of the
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form:

n'n
202 |’

p(x|{w},0,a) x (27ra2)_% exp [—

Similarly, the approximate likelihood for the case of ARX modelling is obtained.

We assume uniform priors over each of the elements of the vector a and assign a Jeffreys’
prior to . In fact, these parameters are not of interest in our task so they can be easily

integrated out. Using the following standard integral identity [45]:

TA T 1 TA—l
/ exp _aAatyate dy = (27702)% |A|_é exp |——= [ c— ans a , (17)
Rp 202 202 4

and a gamma integral

/OO o texp (—Qo) do = T(a)Q ™, (18)

0

one obtains

) = [ ] p{e}o.alxdado (19)

_1 _ e
x [XTX| 7 [xTx - XX (XTX) T Xx|

Here the integrals have been done analytically so the dimensionality of the parameter
space was reduced for each parameter integrated out. This reduction of the dimensionality

is a major advantage in many applications.

3.2 Combining probabilistic information

The techniques presented thus far are, in general, well understood in terms of classical
statistical theory. However, when there is a multiplicity of informational sources, a prob-
lem of combining information from them arises. In this section we consider in turn three
approaches generally proposed in the literature and discuss some criticisms associated with

them.

To begin with, we assume that M information sources are available and the observations

b source are arranged in the vector x(™) (the number of observations T is the

from the m®
same for all sources). What is now required is to compute the global posterior distribu-
tion p (y[ x x@ o x®M )), given the information contributed by each source. In what
follows, we will assume that each information source communicates either a local posterior

distribution p (y| x(m))or a likelihood function p (x(m)| y) .
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3.2.1 Linear opinion pool

In tackling the problem of fusion, the information originating from different sources,
the questions of how relevant and how reliable is the information from each source should
be considered. These questions can be addressed by attaching a measure of value such as
weight to the information provided by each source. Such a pool based on the probabilistic
representation of the information was proposed by Stone [54]. The posteriors from each

information source are combined linearly (see Fig. 3), i.e.
M
p(yIx® X, x00) = 3w (v]x™) (20)
m=1

where w,, is a weight such that, 0 < w,, <1 and Z%Zl wp = 1. The weight w,,, reflects the
significance attached to the m! information source. It can be used to model the reliability

or trustworthiness of an information source and to “weight out” faulty sensors.

w, p(y | x*
e P IXE Py XXX
wp(y | X

Figure 3: Linear Opinion Pool.

However, in the case of equal weights, the Linear Opinion Pool can give an erroneous
result if one sensor is dissenting even if M is relatively large. This is because the Linear

h

Opinion Pool gives undue credence to the opinion of the m' source. The need to redress

this leads to the second approach.

3.2.2 Independent opinion pool

In the Independent Opinion Pool [42] it is assumed that the information obtained con-
ditioned on the observation set is independent. More precisely, the Independent Opinion
Pool is defined by the product

D (y]x(l),x@), - ,X(M)) o ﬁ D (y]x(m)) ) (21)

m=1
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which is illustrated in Fig. 4.

ply | x®)
p(y | x?) ply [ xOx2.,x™)
p(y | x™)

Figure 4: Independent Opinion Pool.

In general, this is a difficult condition to satisfy, though in the realm of measurement

the conditional independence can often be justified experimentally.

A more serious problem is that the Independent Opinion Pool is extreme in its rein-
forcement of opinion when the prior information at each node is common, i.e. obtained

from the same source. Indeed, the global posterior can be rewritten as

P T ()

p (x| y) par (y)
P00y

p(y1xVx®, L x00) PO, pOY) e o

. X

and if the prior information is obtained from the same source, then

n(y)=py)=...=pu(y), (23)

which results in unwarranted reinforcement of the posterior through the product of the priors
Hn]\le Pm (¥) . Thus the Independent Opinion Pool is only appropriate when the priors are
obtained independently on the basis of subjective prior information at each information

source.

3.2.3 Independent likelihood pool

When each information source has common prior information, i.e. information obtained
from the same origin, the situation is better described by the Independent Likelihood Pool

[42], which is derived as follows. According to Bayes’ theorem for the global posterior one
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obtains

1) @ (M)
1) (2 (M) p(x,x®, .. xM]y) p(y)
p<y‘x XX )O( p (0, x®, . x(D) (24)

For a sensor system is reasonable to assume that the likelihoods from each informational
source p (x(m)| y) ,m=1,...,M, are independent since the only parameter they have in

common is the state.

p(x®x®, . x]y) =p (xO]y)p (x@]y) o (x®]y). (@)

Thus, the Independent Likelihood Pool is defined by the following equation

p (y1x®,x®, . xO) o p(y) ﬁ P (x(m)‘y> : (26)
m=1
and is illustrated in Fig. 5.
p(x"]y)
p(x?]y) \ p(y | x"x2.,x™)
p(x™y)
ry)

Figure 5: Independent Likelihood Pool.

3.2.4 Remarks

As may be seen from the above both the Independent Opinion Pool and the Independent
Likelihood Pool more accurately describe the situation in multi-sensor systems where the
conditional distribution of the observation can be shown to be independent. However,
in most cases in sensing the Independent Likelihood Pool is the most appropriate way of
combining information since the prior information tends to be from the same origin. If there

are dependencies between information sources the Linear Opinion Pool should be used.
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As shown in the previous chapter, the Bayesian approach typically requires the evalua-
tion of high-dimensional integrals involving posterior (or marginal posterior) distributions
that do not admit any closed form analytical expression. In order to perform Bayesian infer-
ence it is necessary to numerically approximate these integrals. However, classical numerical
integration methods are difficult to use when the dimension of the integrand is large and
impose a huge computational burden. An attractive approach to solving this problem con-
sists of using Markov chain Monte Carlo (MCMC) methods - powerful stochastic algorithms

that have revolutionized applied statistics; see [13], [50], [55] for some reviews.

4.1 Markov chains

The basic idea of MCMC methods is to simulate an ergodic Markov chain whose samples
are asymptotically distributed according to some target probability distribution known up

to a normalising constant 7(dx) = 7(x)dx.

Definition 3 A Markov chain [2], [55] is a sequence of random variables x1,Xa, ..., X
defined in the same space (E,E) such that the influence of random variables x1,Xa,...,X;

on the value of the x;11 is mediated by the value of x; alone, i.e. for any A € &
Pr(x;+1 € A|x1,X2,...,%X;) = Pr(x;41 € A x;).
One can define for any (x, A)e E'x & :
P(x,A) £ Pr(x;41 € Alx; = x), (27)

where P(x, A) is the transition kernel of the Markov chain and

P(X,A):/AP(X,dx’), (28)

where P(x,dx’) is the probability of going to a “small” set dx’ € &, starting from x.
There are two properties required of the Markov chain for it to be of any use in sampling
a prescribed density: there must exist a unique invariant distribution and the Markov chain

must be ergodic.
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Definition 4 A probability distribution 7(dx) is an invariant or stationary distribution for

the transition kernel P if for any

T(A) = /E (dx)P(x, A) = /E (dx) /A P(x, dx').

This implies that if a state of the Markov chain x; is distributed according to m(dx)
then x;11 and all the following states are distributed marginally according to 7(dx); and

therefore it is important to ensure that 7 is the invariant distribution of the Markov chain.

Definition 5 A transition kernel P is mw-reversible [2], [55] if it satisfies for any (A, B)e
ExE:

/A (d%)P(x, B) — / (d%)P(x, A).

B

Stated in words, the probability of a transition from A to B is equal to the probability
of a transition in the reverse direction. It is easy to show that this condition of detailed
balance implies invariance and, therefore, is very often used in the framework of the MCMC
algorithms.

We also require that the Markov chain be ergodic.

Definition 6 A Markov chain is said to be ergodic [43] if, regardless of the initial distri-

bution, the probabilities at time N converge to the invariant distribution as N — oo.

Of course, the rate of convergence of a Markov chain or, indeed, whether it converges
at all is of crucial interest. This question is well developed and presented by many authors
such as Meyn and Tweedie [39], Neal [43] and Tierney [55].

4.2 MCMC algorithms

In the following subsections some classical methods for constructing a Markov chain

that admits as invariant distribution 7(dx) = 7(x)dx are presented (see also [2], [50]).

4.2.1 Gibbs sampler
The Gibbs sampler was first introduced in image processing by Geman and Geman [25].

The algorithm proceeds as follows
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Gibbs sampling

1. Set randomly x(© = xq.
2. lteration 4, ¢ > 1.

e Sample :cgi) ~m(x|x

e Sample :cgi) ~ 7(xa|x

(3

).
).

3. Goto 2.

(@) 2 ( (@) @) @) (=1

where x"}

R S R PE S R

.) and (x| X(_ZL) is the full conditional density

with all components but one xj, held constant.

4.2.2 Metropolis-Hastings algorithm

Another very popular MCMC algorithm is the Metropolis-Hastings (MH) algorithm,

which uses a candidate proposal distribution g¢(x|x®).

Metropolis-Hastings algorithm

1. Set randomly x(© = x.

2. lteration i, ¢ > 1.

e Sample a candidate x ~ ¢ (x| x(~

e Evaluate the acceptance probability

1))'

" (x(i_l)) q (x[ x("—l))

a(x(i_l),x) = min {1 m(x) 4 (x(i_1)| X) } .

e Sample u ~ U 1). If u < a(x1) x) then x( = x otherwise x(?) = x(

3. Goto 2.

i—1)
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One may want to select the candidate independently of the current state according to

a distribution ¢(x|x(®) = ¢(x) in which case the acceptance probability is given by

a(x(i_l),x) = min {1, T (X) 4 (X(i_l)) } . (29)

It is worth noticing that the algorithm does not require knowledge of the normalising con-
7 (x)

7 (xED)

Metropolis-Hastings one-at-a-time. In the case where x is high-dimensional it is

stant of 7 (dx) as only the ratio appears in the acceptance probability.

very difficult to select a good proposal distribution so that the level of rejections will be
low. To solve this problem one can modify the method and update only one parameter at

a time similar to the Gibbs sampling algorithm. More precisely,

Metropolis-Hastings one-at-a-time

1. Set randomly x(© = x.
2. lteration 4, 1 > 1.

e Sample a candidate :Ugi) according to MH step with proposal distribution ¢ ( 21| ngl))

Dy

and invariant distribution (x| x(_zl_
e Sample a candidate a:g) according to MH step with proposal distribution ga( 22| xﬁgl))

and invariant distribution (2| x(_zg

e Sample a candidate a:,(f) according to MH step with proposal distribution gy (x| xﬁgl))

Dy,

and invariant distribution (| x(_zg

3. Goto 2.

n
here x) 2 ({9 ) M D). As might b from the above this algo-
where x* Ty, Xy e Tl Ty - -). As mig e seen from the above this algo

rithm includes the Gibbs sampler as a special case when the proposal distributions of the
MH steps are equal to the full conditional distributions, so that the acceptance probability

is equal to 1 and no candidate is rejected.
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4.2.3 Reversible jump MCMC

Such an important area of signal processing as model uncertainty problem can be treated
very elegantly through the use of MCMC methods, reversible jump MCMC [29] in particular.
In fact, this method might be viewed as a direct generalisation of the Metropolis-Hastings
method. In the case of model selection the problem is that the posterior distribution to
be evaluated is defined on a finite disconnected union of subspaces of various dimensions,
corresponding to different models. The reversible jump sampler achieves such model space
moves by Metropolis-Hastings proposals with an acceptance probability which is designed
to preserve detailed balance (reversibility) within each move type. If a move from model &
with parameters 6}, to the model &’ with parameters 0, is proposed then such an acceptance

probability is given by

o~ 0.1k 0

(k> ek’) q (klv 0k’| ka ek)

In the above equation it is assumed that the proposal is made directly in the new parameter
space rather than via “dimensional” matching random variables (see [29]) and the Jacobian

term is therefore equal to 1.



5 APPLICATION TO CHANGEPOINT
DETECTION

5.1 Introduction

The theory of changepoint detection has its origins in segmentation - a problem which
is fundamental to many areas of data and image analysis. The process involves dividing
a large sequence of data into small homogeneous segments, the boundaries of which may
be interpreted as changes in the physical system. This approach has proved extremely
useful for different practical problems arising in recognition-oriented signal processing, such
as continuous speech processing, biomedical and seismic signal processing, monitoring of
industrial processes, etc. Not surprisingly, the task is of great practical and theoretical
interest, which is reflected in a large number of surveys. For example, the problem of
automatic analysis of continuous speech signals is addressed in [1]; segmentation algorithms
for recognition-oriented geophysical signals are described in [3]; and an application of the
changepoint detection method to an electroencephalogram (EEG) is presented in [37].

Of course, different authors propose various approaches to the problem of detection of
abrupt changes and, in particular, segmentation. This issue is thoroughly surveyed in [7],
where different methods are proposed and an exhaustive list of references is given. Since
then, several contributions have been made to the field of changepoint theory. For example,
the General Piecewise Linear Model and its extension to study multiple changepoints in
non-Gaussian impulsive noise environments is introduced in [45], segmentation in a linear
regression framework is investigated in [30] and [32], and a general segmentation method
suitable for both parametric and nonparametric models is described in [37]. The main goal
of these last approaches and, indeed, [18] is the use of the maximum a posteriori (MAP),
or maximum-likelihood (ML), estimate. According to [31], this technique eliminates some
shortcomings of the Generalised Likelihood Ratio (GLR) test (see [31], [32] for discussion),
introduced in [61] and widely used in segmentation in the 1980s (see [1], [6], [7]). Some
approaches to solve the problem of multiple changepoint detection in a Bayesian framework,
using Markov Chain Monte Carlo (MCMC) [50], are also presented in [3] and [53].

In [1], [7], [37] it is also shown that the algorithms designed for signals modelled as

piecewise constant autoregressive (AR) processes excited by white Gaussian noise, have
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proved useful for processing real signals, such as speech, seismic and EEG data. In all
these cases the order of AR model was the same for different segments and was chosen
by the user. However, in practice, there are numerous applications (speech processing, for
example) where different model orders should be considered for different segments. Thus,
not only the number of segments, but the correct model orders for each of them should be
estimated. To the best of our knowledge, this joint detection/estimation problem has never

been addressed before and in this paper a new methodology to solve it is proposed.

In this chapter the problem of retrospective changepoint detection is considered; thus
all the data are assumed to be available at a same time. The chapter begins by examining
the observations from a single source, and the segmentation of piecewise constant AR pro-
cesses in particular. Following a Bayesian approach, the unknown parameters, including the
number of AR processes needed to represent the data, the model orders, the values of the
parameters and noise variances for each segment are regarded as random quantities with
known prior distributions. Moreover, some of the hyperparameters are considered random
as well and drawn from the appropriate hyperprior distribution, whereas they are usually
tuned heuristically by the user (see [32], [37]). The main problem of this approach is that
the resulting posterior distribution appears highly non-linear in its parameters, thus pre-
cluding analytical calculations. The case treated here is even more complex. Indeed, since
the number of changepoints and the orders of the models are assumed random, the posterior
distribution is defined on a finite disconnected union of subspaces of various dimensions.
Fach subspace corresponds to a model with a fixed number of changepoints and fixed model
order for each segment. To evaluate this joint posterior distribution, an efficient stochas-
tic algorithm based on reversible jump Markov chain Monte Carlo (MCMC) methods [50],
[29] is proposed. Once the posterior distribution, and more specifically some of its features
such as marginal distributions, are estimated, model selection can be performed using the
marginal maximum a-posteriori (MMAP) criterion. The proposed algorithm is applied to
synthetic and real data (a speech signal examined in the literature before, see [1], [6], [7],
and [32]) and the results confirm the good performance of both the model and the algorithm

when put into practice.

Then in Subsection 5.2.2 the framework for identification of multiple changepoints in
linearly modelled data, where the noise corrupting the signal is i.i.d. Gaussian, is presented.
This approach is just a generalization of the method proposed before for the segmentation
of piecewise constant AR processes, and the strength of it is its flexibility with one algo-
rithm for multiple simple steps, ramps, autoregressive changepoints, polynomial coefficient

changepoints and changepoints in other piecewise linear models.

Finally, the problem of the centralized fusion of the information originating from a
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number of different sources, as a way of reducing uncertainty and obtaining more complete
knowledge of changes in the state of nature, is addressed. Practical applications of this
technique abound in diverse areas, and one of the examples is monitoring changes in a
reservoir in oil production, described in Section 5.3 in more detail. In the method introduced
here, all available signals are assumed to be in the form of the general linear piecewise model,
and the probabilistic information is combined according to the Independent Likelihood Pool.
The developed algorithm is applied to the synthetic data obtained from three different
sources (multiple simple steps, ramps and a piecewise constant AR process) and, in addition,

the case of the failure of one sensor is simulated.

5.2 Single information source

In this section the segmentation of the signals obtained from a single information source
is considered. First, the case of piecewise constant AR models is presented (see Subsection
5.2.1) and then the application of the proposed method to any signal which might be

represented in the form of the general linear model is discussed (see Subsection 5.2.2).

5.2.1 Segmentation of piecewise constant AR processes

This section specifically develops the method for segmentation of piecewise constant
AR processes excited by white Gaussian noise and is organised as follows: the model of
the signal is given in Subsection 5.2.1.1; in Subsection 5.2.1.2, we propose a hierarchical
Bayesian model and state the estimation objectives. As mentioned above, this model implies
that the posterior distribution and the associated Bayesian estimators do not admit any
closed-form expression. Therefore, in order to perform estimation, an algorithm based on a
reversible jump MCMC algorithm (see [29]), is developed in Subsection 5.2.1.3. The results
for both synthetic and real data (speech signal examined in the literature before, see [1],
[6], [7], and [32]) are presented in Subsection 5.2.1.4 and confirm the good performance of
both the model and the algorithm when put into practice.

5.2.1.1 Problem Statement

Let xo.7_1 & (xo,x1,. .. ,xT_l)T be a vector of T" observations. The elements of xg.7-1
may be represented by one of the models My, ;. , corresponding to the case when the signal
is modelled as an AR process with piecewise constant parameters and k (k =0, ..., kmax)

changepoints. More precisely:

. (Ps, k)T .
Mpp,: o= a; 1" X1, T for mip <t <Tiy1g, 1=0,...,k, (31)
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where a set of p; ; model parameters (p;r = 0,. .., Pmax, pr= pl:k7k) for the i*" segment

under the assumption of k£ changepoints in the signal is arranged in the vector agp,s”“) =

(a(pi,k) (pi,k)

2
i7k71 [ ’aivkvpi,k

T 2
) and n; is i.i.d. Gaussian noise of variance o7 ;. (o%: Ul:k,k) associated

with this AR model. The changepoints of the model My, ,,, are denoted T2 T1kk and we

adopt the convention 7¢; = 0 and 7441 =T — 1 for notational convenience.

The models can be rewritten in the following matrix form:

. _ (pi,k) (pi,k) .
Mip, : X7 g Tipp—1 = Xz’,k Ak 0 =1 LS 0,....k, (32)

where XZ(.p,;’k) for the i*" segment (i = 0, ..., k) is given by:

L p—1 Lrip=2 - L7i k=Dpik
(Pik) L7y g Lrig=1 o Tryp+l—pig
X = : : : : (33)
’ . . N . .
Triyiw—=2 Trop1p—3 -+ Trggp—1-pig

We interpret the first ppax samples as the initial conditions and proceed with analysis on
the remaining T — pyax data points.

We assume that the number of changepoints k and the associated parameters ¥, £

<Tk,pk, {agp,;’k)}izo,wk, 0'%) are unknown. Given xXg.7_1, our aim is to estimate k and W¥y,.

5.2.1.2 Bayesian model and estimation objectives

We follow a Bayesian approach where the unknown parameters k, 7, px, {agg,;’k)}izow7k,
ai are regarded as random with a known prior that reflects our degree of belief in the
different values of these quantities. In order to increase robustness of the prior, an additional
level of hyperprior distributions [49] is introduced. Thus, an extended hierarchical Bayesian
model is proposed, which allows us to define a posterior distribution on the space of all
possible structures of the signal. Subsequently, the detection/estimation aims are specified
and, finally, we derive the posterior distribution marginalised with respect to the unknown

nuisance parameters.

5.2.1.2.1 Prior distribution

In our case it is natural to introduce a binomial distribution as a prior distribution for

the number of changepoints and their positions (see [19], [32], [37] for a similar choice).



5.2 Single information source 29

This implies that:
p (ki A) = M (1= N2 Iy (1h), 0< A<, (34)

where Y, £ {Tiwr € {1,....T — 2}k such that 71 # Tog # ... # Tkk}. For the model
order prior we adopt a truncated Poisson distribution:
oPi,k
p (pzk:| 0) o W]I{O,...,pmax}(pi,k)7 (35)
where the mean @ is interpreted as the expected number of poles for the AR model and the

normalizing constant is:

— 1
- pmax OFLE (36)

Pi, k=0 p; !

Pmax

Furthermore, we assign a normal distribution to the parameters of the AR models

(Pi.k)
L

071 03 ~ N (O, Ulz,k(s?,klpi,k) s 1=0,...,k. (37)
and a conjugate Inverse-Gamma distribution to the noise variances

2
Oik

W ~IG(R, L), v9>0,7% >0, i=0,...,k. (38)

This choice of prior, given the Gaussian noise model, allows the marginalization of the

parameters ({agp,;’k)}izo,,,”k,ai) in this case.

The algorithm requires the specification of )\,9,5?7,6,1/0 and 7,. It is clear that these
parameters play a fundamental role in the segmentation of signals, and in order to robustify
the prior, we propose to estimate A,Q,éﬁk,’yo from the data (see [48], [49] for a similar
approach), i.e. we consider \, 6, 5?,1@7 7o to be random. We assign a vague conjugate Inverse-

Gamma distribution to the scale hyperparameter 5127,6 :

512,k‘a5)ﬁ6'\’-’[g(a57ﬁ5)7 ZZOaak (39)

Moreover, since in our particular case the acceptance ratio for the birth/death of a change-
point depends on the hyper-hyperparameter 35 (see Eq. (60)), we assume that it is also

randomly distributed according to a conjugate prior Gamma distribution:
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Similarly, we assign a conjugate prior Gamma density to 6 :
0]C, 5~ TG (¢, ). (41)

We set vg = 2,a5 = 1, = 1 and (g = 1 to ensure an infinite variance to express
ignorance of the value of the parameters and s = €, 33 = €3, (€, < 1); and we choose a
uniform prior distribution A ~ ¥ ;) and a non-informative improper Jeffreys’ prior for 7.

Thus, the following hierarchical structure is assumed for the prior of the parameters:

p (ka ‘Ilka )\7 67 6%7’707 56) =
[T [p(misl 0)p (2| 0202, ) p (o2
xp(k, Tl N)p(N)p(0)p(Bs) P (7o) 5

70) p(67] 55)} (42)

which can be visualised with a directed acyclic graph (DAG) as shown in Fig. 6 (for

convenience we do not show vo, as, ¢, 7, (g, %5)-

Figure 6: Directed acyclic graph for the prior distribution.

5.2.1.2.2 Bayesian hierarchical model

For our problem, the overall parameter space can be written as a finite union of subspaces
CE UZ':BX {k} xXj x Hf:o ®,, . X Eg, where ®,, , denotes the space of the parameters
ka,a%‘k),aik for the i*" segment, i.e. ®; £ Rt ), . = ng‘:"zo {pir} x (RPik x RY), By

denotes the hyperparameter (A,O,(Sz,’yo) and hyper-hyperparameter (35) space, which is
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given by Z; 2 (0,1) x Rt x (RY)" x RY x R, and kpayx = T — 2.
There is a natural hierarchical structure for this set-up, which we can formalise by

modelling the joint distribution of all variables as follows:

b (k7 ‘I’ka EkaXO:T—l) =P (ka lIlka £k)p (XO:T—1| k7 ‘I’k) ) (43)

where &), = {\, 0,082,709, 8s}. As the excitation is assumed to be i.i.d Gaussian (see Section
5.2.1.1), the likelihood takes the form:

p(xor—1|k, i) =

T —7; @i k) @i \" (Pi,k) _(Pi k)
k 2 _w (XTz k'Titl,k— 1= Xz Iz az kz ) x"z k'Tit+1,k— 1= Xz kz ai,lz
'Ho (Zwai’k) exp | — 27,
i= ,

(44)
This assumption is commonly used one, since the probability distribution that has maximum
entropy, subject to knowledge of the first two moments of the noise distribution, is Gaussian,
and, therefore, the likelihood of this form is often used unless one has further knowledge
concerning the noise statistics. It has been shown to work well in practice and allows the

marginalization of the nuisance parameters in our case.

5.2.1.2.3 Bayesian detection and estimation
Any Bayesian inference on k and Wy, &, is based on the following posterior obtained

using Bayes’ theorem:

p(kv ‘I’ka £k‘ xO:T—l) xXp (XO:T—l‘ kv ‘I’k)p (k7 ‘I,ka £k) . (45)

Our aim is to estimate this posterior distribution, and more specifically some of its fea-
tures such as the marginal distributions. In our case, however, it is not possible to obtain
these quantities analytically, as it requires the evaluation of high-dimensional integrals of
nonlinear functions in the parameters (see Section 5.2.1.2.4). Therefore, we apply MCMC
methods and a reversible jump MCMC method in particular (see Section 5.3.3 for details).
The key idea is to build an ergodic Markov chain (k:(j), \Il,(gj ),ﬁl(gj )> . whose equilibrium
distribution is the desired posterior distribution. Under weak additi](fnal assumptions, the
P > 1 samples generated by the Markov chain are asymptotically distributed according to
the posterior distribution and thus allow easy evaluation of all posterior features of interest.

For example,

p(k=Ix0r-1) = iﬂ{z}( ) (46)
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In practice, we take the most straightforward approach to obtain marginal densities: the
samples £\9) from the joint posterior density p (k, W, €| x0.7—1) are collected into frequency
bins, ignoring other parameters, and the histogram is plotted directly. Once the estimate of
p (k| x0.:7—1) is obtained, the model selection is performed using the MMAP criterion, from

which the number of changepoints is estimated as

k= argmax p(k|xo7r-1). (47)
k€{0,....kmax }

Having fixed k& = %, we proceed with the estimation of p (Tzk‘ %, X();T_l), 1 =1,...,k,

and p (pl. k‘ E, Xo;T_l) , 0 =0,..., fc, by plotting the corresponding histograms, from which
the estimates of the positions of changepoints and the model orders for each segment are

obtained in exactly the same way (using MMAP):

?Z]% = argiax 1/7\(7—1]; /EaXO:T—l) , 1= ].,...,l;}, (48)
ol T-1 ’
jji’]; = argmax 15<pijg k‘,XO:T—1) L i=0,.... k. (49)

pi7g6{07~~~7pmax}

In fact, as shown in the next section, the parameters ({agp,s’k)}i:ow,k, 0'%) can be integrated

out analytically due to the Gaussian noise assumption and the choice of prior distribution,

and, if necessary, can then be straightforwardly estimated.

5.2.1.2.4 Integration of the nuisance parameters
The proposed Bayesian model allows for the integration of the nuisance parameters
({agp,;’k)}izo’wk,a'%) and subsequently gives us the expression for p (k, Tk, Pk, &kl X07-1)

up to a normalizing constant:

b (k77k7pk7£k| XO:T—I) &

(50)
fRJr fRPO,k e fRJr fRPk,k P (k‘, \I’k, £k| XO:T—I) da07kda(2)7k e dahkd(f%’k.

Thus, from Eq. (45):
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p(k77—k7 pk7£k| XO:T—I) X

) (P 1) i)\ " (P 1) -1 (P 1) (P 1)
p , , , , ,
k (2 N )_ sz (a“j —m“j ) Mi’kl a“z —m“z
[1 o2 exp | — .
i=0 Lk 2071
) . (P 1)
T T T T,
T e <’y()+x"'i,ki"'i+1,k—lpi;k XTi,k=Ti+1,k—1> 51
x | |0 (Ji,k) exp [ — = (51)
1= 5

Pi,k

L] ag _ P4, —as—1
I (om0 e (5207 620 e ()]

k P;. o -~
% H |:Cpmax9 k:| )\k (]_ — )\)T k 270 1/8(%' leXp (_%/65) ]I‘rk(Tk)]IFk(pk)a

D, 1!

where Fj, 2 {0, ..., pmax}* and

-1

(Pik) _ (Pi,k) T~ (P, k) 1 Pik) _ A pPik)~ Pik)T
Mz’,kz - Xz‘,k Xi,k + ﬁlm,k o My = Mi,kz Xz‘,k X7y kiTip1,k—1 (52)
Pik) _ (i k) 7 (Pisk) ~ Pik)T
Pi,k - ITi,k:Ti+l,k_1 - X'Z,k MZ,k Xz,k °
The marginalised expression becomes:
p(k;7 Tk, Pk, £k| XO:T—I) [0 ¢
VO+Ti4 1,k ik
rkI P(UO+Ti+1,k_Ti,k) + xT P(pi,k) N 2 :
0 2 Yo xTi’k:Ti+1‘k—1 i,k xTi,k:Ti+1,k_1
1=
k (53)

1 T . v a Pik
2 _Ti+1,k i,k ( )—él ﬁ S 2 —s——2 1 ,@
T ’ 1’1?%0) F(6045) (5i,k) T exp _6?,61@
k
6Pi. —k— _ _
x T [ mms i ] e A (1= )R 295185 exp (= 5685) e, (T ()

As it was already pointed out in Section 5.2.1.2.3, this posterior distribution is complex in
the parameters (k, Tk, Pk,&;) and the posterior model probability p (k, px|xo.r—1) can-
not be determined analytically. In the next section we develop a method to estimate

p(k;7 Tk, Pk, £k| XO:T—l) or, if needed, p (ka Tk, Pk, {aZ(’p]z’k)}iZO,...,ka 0.%7 Ek‘ xO:T—l) .-

5.2.1.3 MCMC algorithm

The problem addressed here is, in fact, a model uncertainty problem of variable dimen-
sionality in terms of both the number of changepoints and the model order for each segment.
It can be treated very efficiently through the use of MCMC methods, and reversible jump
MCMC [29] is particularly suitable for this case. As it was described before (see Chapter 4)
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this method extends the traditional Metropolis-Hastings algorithm to the case where moves
from one dimension to another are proposed with a certain acceptance probability. This
probability should be designed in a special way in order to preserve reversibility and thus
ensure that p (k, W, &,| Xo.7—1) is the invariant distribution of the Markov chain (MC). In
general, if we propose a move from model (k, pg) with parameters (7, &) to model (k' pg/)
with parameters (7, €;/) using a proposal distribution q (K, 7¢/, P/, €4/ ks T, PE, €) 5 the

acceptance probability is given by:

/ /
o = mln{l,p(k y Tk Pk 7£k’|X0:T—1) Q(k77k7pk7£k|k » Tk!, Pk 75]{:’)}. (54)

p(k;7 Tk, Pk, £k| XO:T—I) q (k/7 Tk' PE £k/‘ k) Tk, Pk, Ek)

Here the proposal is made directly in the new parameter space rather than via “dimensional”
matching random variables (see [29]) and the Jacobian term is therefore equal to 1 ([16],
[26], [52]).

In fact, the only condition to be fulfilled in selecting different types of moves is to be
able to maintain the correct invariant distribution. A particular choice will only affect the
convergence rate of the algorithm. To ensure a low level of rejections, we want the proposed

“jumps” to be small; therefore the following moves have been selected:

e birth of a changepoint (proposing a new changepoint at random),
e death of a changepoint (removing a changepoint chosen randomly),

e update of the positions of changepoints (proposing a new position for each of the

existing changepoints).

At each iteration one of the moves described above is randomly chosen with probabilities
by, dip. and wy such that by + di + up = 1 for all 0 < k < kpax. For £ = 0 the death of a
changepoint is impossible and for k = kmax, the birth is impossible, thus doy £ 0, bk £0.
Otherwise we choose by, = dj, = uj. After each move we perform the update of the number

of poles for each AR model. We now describe the main steps of the algorithm:

Reversible Jump MCMC algorithm (main procedure).
1. Initialize (kz(o),rl(fo),p](i,o),)\(0),0(0),6i(0),780),5§0)) €0O. Setj=1.

2. lteration j.
If (u~Up1)) < byu then birth of a new changepoint (see Section 5.2.1.3.1).

else if w < by(;)+d ) then death of a changepoint (see Section 5.2.1.3.1).
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else update the changepoints positions (see Section 5.2.1.3.2).
3. Update of the number of poles (see Section 5.2.1.3.3).

4. j «— j+ 1 and goto 2.

We now detail these different steps of the algorithm. To simplify the notation, we drop

the superscript (j) from all variables at iteration j.

5.2.1.3.1 Death/birth of the changepoints

First, let the current state of the MC be (k + 1,Tk+1,pk+1,5%+1,)\,9,’}/0,55) and con-
sider the death move, which implies a modification of the dimension of the model respec-
tively from k+ 1 to k. Our proposal begins by choosing a changepoint to be removed among
k + 1 existing ones. If the move is accepted then two segments (I — 1) and I** will be
merged, thus reducing k£ + 1 by 1, and a new AR model will be created. We choose the
order of the new proposed AR model to be p,; = p1; + por, where pq;, pg; are the orders of
the existing (I — 1) and I AR models' (see Fig. 7). The choice of proposal distribution

for the hyperparameter 531 will be described later. The algorithm proceeds as follows:

_qth th sth

/ I segment i segment

Trikn Tirrt Trrigen Tik Tik

U \

Pot pri P2i
e f———— L ... cee 44— 1T L ..

Ttk T itk Tik T Tk

~U,
Pot =P + pa Pri~Ug,..p.y

Pzi = Poi - Pr1i

Figure 7: Death (left) and birth (right) moves.

Algorithm for the death move

e Choose a changepoint among the k + 1 existing ones [ ~ Uy | 41}

e The proposed model order is p,; = p1; + pai, where py = pj_1 k41, P21 = Dik+1;

2
sample 0| (T1—1,k41> Ti41, k41 Pols Xy srimiiansa—1) » Se€ Eq. (58)

"We keep this notation to obtain a general equation for acceptance probabilities.
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e Evaluate ageqrn, see Eq. (60).

o If (ud ~ L{(OJ)) < geqih, then the new state of the MC becomes
(k:, {Tl:l—l,k+la Tl+l:k:+1,k+l}’ {pl:l—2,k+l>pol> pl+1:k+l7k+1}a
{5%:l—2,k+1753l76l2+1:k+17k+1}7)‘7€770766)v
otherwise it stays (k + 1, Tk41, Pr+1,0%41: A 0,70, Bs)-

For the birth move (kK — k + 1), again, first the position of a new changepoint 7 is

proposed. For 7, < 7 < 711 the ith segment should be split into two and the new
AR model orders should be p1; ~ Uy, . .1 and pa; = poi — p1i, where py; is the order of
the i model (see Fig. 7). This choice for the number of poles ensures that birth/death
moves are reversible (po; = p1; + p2;). Thus, assuming that the current state of the MC is

(k,Tk,pk,(;%,A,@,’}/()’ﬂé) , We haVe:

Algorithm for the birth move
e Propose a new changepoint 7 in {1,...,T = 2}: 7 ~Ugy 7o)\ (74}
e The proposed model orders are: py; = U, poi}s P2i = Poi — Dlis where po; = p; i
for 7 <7 < Tig1 ks
sample 5%2‘ (Ti,ij,pu,XTi,k;T—l) ) 5%! (7’,Ti+1,k,p22',XT;Ti+1yk—1) see Eq. (58);
e Evaluate auip, see Eq. (60).
o If (ub ~ L{(OJ)) < apirth, then the new state of the MC becomes
(k4 L, {T 1k, Ty Tit 1k k b AP 1:—1,k5 PLi> P2is Pit1ik b}

{6%:i—1,k> 5%1’? 5%1’? 6z2+1:k,k}’ )‘7 07 Yo, ﬁ&)v

otherwise it stays (k,Tk,pk,(s%,)\,@,’Yo’ﬂ&)-

To perform these moves in practice, it is necessary to choose a proposal distribution

for the elements of 5% in such a way that we avoid rejecting too many candidates. If the
number of changepoints were fixed and we wanted just to update the values of 5%, we would
sample the elements of the vector according to a standard Gibbs move (see [50]), i.e. from
Eq. (51)

) a(pi’k)Ta(pi’k)
g6 <5§,k; ast+—5, ﬁyi—T) , (55)

i,
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k)

where agpki’ ,0127 . are sampled from the following distributions (see Eq. (51)):

T (Pi,k)
’70+xri‘kzri+1’k71Piyk XTi’k:Ti+1’k—l

76| o2 S YotTip 1k Tk
ik’

’ ’ ? ; (56)
A (@l mH o2 ) (57)
with matrices MZ(.p,g’k), ng ki‘k) and vector ml(.pkf’k ) depending on the value of 522’ i before updat-

ing. In the case of a birth/death move, we do not have any previous value but instead

we can use the mean of the distribution ZG (s + pgk, Bs): 5?2:%and sample
ToastTy L

5227,6 using Metropolis-Hastings steps (see [50]); the corresponding matrices are denoted as

MZ(.p];’k )*, ng];’k *and ml(.p];’k . Taking this into account, we construct our proposal distribu-

tion in the following way:

2
2(7“C

_ 5('171',]@)1‘5(.177,,1@)
TG(82,; as, Bs)=1G (m; as+ 2Bk ﬂﬁu) : (58)

where ngg,;’k), ?%k are the means of the distributions corresponding to Eq. (56), (57) but

with M(pkz,k)* P(pi,k)*and m(pi,k)*:

i ’ i,k i,k
(Ps 1) *
T k3
5(pi,k)_Hl(pi,k)* 5 Yotxr iy —1ParT Xripmipa et (59)
ik Tk 0 %k T Vo+Tit1,k—Tik—2 ’

The acceptance ratio of the birth and death (of changepoint) moves is evaluated accord-

ing to the general expression (54). We obtain the acceptance probabilities:

. . 1
Qpirth = NN {1a rbirth} and geqen, = min {17 Tbirth} (60)
where
. . P(k+1,7k+1vpk+17>\70,5i+17’707135|XO:T71) % q(k, 7k, Prlk+1,7k+1,Prt1)
birth p(k:Th:PrsA0,02 70,85 | X0:7—1) q(k+1,7511,Pk 11K, Tk Pk) (61)
(I(5%|k+177'k+17Pk+1762+17’707557X0:T—1)
‘I(‘sz+1|k77'k7Pk76£7’707557X0:T—1)
and
q(k,Tr,Prlk+LThq1,Pet1) _ a(klk+1) | q(Telk4+1,7541) % q4(Prlk+1,Pr11)
q(k+1,Tr1,Pr+1lk,Tr,Pr) q(k+1]k) q(Trr1lk,Tr) q(Pr+1lk,Pr) (62)

- ey (T=2-F) o (poitl)
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Finally, from Eq. (53) for the birth of the changepoint 7, (7;5 < 7 < T;}1,%) We obtain:

O A ST p1,03) (T4 1,6,P2i,65;) diyr (T—2—k)(poi+1) 63)
birth (1=2) STt ks Ti b oDi o0 1) by, (k+1) ’

where, for convenience, we denote for the segment between the changepoints 7; ., 7;41.% :

v ar 1-1
2 _él maxepi'k ﬁa6 6a6 ﬁ _B
F(Tiks Ti 1 Piks 07 ) = F?ZTO) v T Tay) |:1"(6&6):| eXP(—%(;ik—é)

1
Vo+T; —T; i 2
><F( 0 z+é,k z,k)‘M{pz,k)

vo+Ti4 1,k Ti,k
T (P, k)
(’YO+xTi,k’Ti+1,k*1Pi»k X7k Tit1,k 1

(64)

5.2.1.3.2 Update of the changepoint positions

Although the update of the changepoint positions does not involve the change in dimen-
sion k, it is somewhat more complicated than the birth/death moves. In fact, updating the

position of changepoint 7;; means removing the [th

changepoint and proposing instead a
new one 7. We determine 4 such that 7, < 7 < 7,41 and it is worth noticing that if i # [
the update move may actually be described as a combination of the birth of the change-
point 7 and the death of the changepoint 7, (see Fig. 8). Otherwise, we leave the model
orders the same and just sample the values of the hyperparameters § %l, 5%1. This process is

repeated for all existing changepoints, I = 1,...,k, and is described below in more detail.

1<

-1t 1™ segment isegment
Pu y2 Doi
oo coe _|_i oo

Tk T T Tik Tivik

~.

iMsegment -1t I segment
.o Poi Pu P2t
—|—i oo _|_C|_4 oo

Tik Tinrk Thr s Tk Trrk

Y \

Dpri P2i Lot
cee —— L eee 44— 4 e

Ti T Tink Terk Tri

Figure 8: Update of the changepoint positions



5.2 Single information source 39

Algorithm for the update of the changepoint positions

Forli=1,....k

e Propose a new position for the I** changepoint 7 ~ U, m—2)\{r)

and determine 7 such that 7, < 7 < Tj41 k-

e If [ # i then
p1i = U{1,.. poi}s P2i = Poi — P1i, Where po; = pj i,
Pol = P11 + P21, where pyy = pi_1 , P2 = Pik;
sample 63| (T, 75 D16 Xr, pir—1) » 03| (T Tit1,k00 P20, Xrirs 41 —1)
and 62| (T1=1k15 Ti41,k415 Pois Xry_yjpairiinsa—1) - see Eq. (58);
else sample 03| (Ti—1,k, 75 Pim1,6 Xry_y pir—1) » 031] (T3 Tist ks Pl Xorirpy 1 1) > See Eq. (58);

e Evaluate aypdate, if [ # i then see Eq. (65) else see Eq. (66)

o If (uu ~ U(o,l)) < Qypdate then the new state of the MC becomes

— if [ < i then
(k {7'1~l Lk Tl+1:4,ky Ty Tit1:k, k} {P1~1—2 kypolypl+1-i—1,k7p1iap2i>pi+1:k7kz}7
{63124 025 071160005 05> 0711k i 1> A 0,705 Bs);

— else if [ >4 then
(K, {7'14'1@,7' Ti+1:0—1,ky TI+1:k, K APLi- 1k>p1i>p2i>pi+1:l—2,k>pol>Pl+1:k7kz}7
{8351 061> 55 74 10—0,6000 O1 1k 1 A 0705 B5)

— else (b, {T 1016, T Tia ik b Phos {0T0— 2.0 0115 0315 O 1eke ke 5 Ay 05 70, Bs)-

otherwise it stays (k,Tk,pk, 5%, A, 6,70,55) .

Since for [ # i the update of the positions of changepoints combines the birth of the 7
lth

changepoint and death of the [*" changepoint at the same time, the acceptance ratio for the

proposed move is given by:

. 7 !
Qypdate = I {17 Tbirthrdeath} . (65)
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If [ =i, it becomes:

T— 7T7 —_ 762 T?T 9. 762
F(Ti—1,6,TP1—1,6,07) F (T,T141 k5P, k>05;) (66)

T = )
update f(Tl—1,k,Tl,k7pl—1,k,512,1,;@)f(ﬂ,kﬁlﬂ,k@l,k,512,;@)

where f(-) is defined in (64).

5.2.1.3.3 Update of the number of poles

The update of the number of poles for each segment does not involve changing the
number of changepoints and their positions. However, we still have to perform “jumps”
between the subspaces of different dimensions p;j; and will therefore continue using the
reversible jump MCMC method, though it is formulated now in a less complicated form.
Similarly, the moves are chosen to be: (1) birth of the pole (p; x — pixr+1), (2) death of the
pole (pix — pik — 1) and (3) just the update of the hyperparameter 53k The probabilities
for choosing these moves are defined in exactly the same way: by, , +dp, , +up, , = 15 do 20,
b

Pmax

£ 0, otherwise bp, , = dp, ;. = Up, ,, for i =0, ..., k. The procedure is performed for each

segment and the main steps are described as follows.

Algorithm for the update of the number of poles.
1. Fori=1,...,k

(a) If (up ~ U(0,1)) < by, , then propose p;k =pir+1;
else if up, < by, +dp,, then propose p;k =pir— 1;
else goto (d).

(b) If (up, ~Up1)) < Te— (see Eq. (67)) then the new state of the MC becomes
(k,Tk, {p1;i—1,k,p§,k,pz’+1:k,k},5i7Aﬁﬁg;ﬁa)
otherwise it stays (k,Tk,pk,éi,)\,H,fyo,ﬂé)

(c) Sample U?,k‘ (k,Tk,pk,(s%,onT_l) see Eq. (56);
sample a; x| (k:,Tk,pk,&%,xo;T_l,aik) see Eq. (57);
sample 622k| (k,Tk,pk,xo;T_l,aM,aﬁk) see Eq. (71).

2. Propose 0’| (k, py) (see Eq. (69))
if (ug ~ Up,1)) < oo (see Eq. (70)) then 6 = 6.

3. Sample A| (k, Tk, x0.7—1) see Eq. (72).
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4. Sample 7| (k:,Tk,pk,xo;T_l,a'%) see Eq. (72).

5. Sample G| (kf’Tk,Pk,Xo:T—l,{#ﬂf}i:O,...&ﬁ%ﬁi) see Eq. (72).

The acceptance probability for the different types of moves (in terms of the number of

poles) is given by:

A (p; p—p} ) = 0D {17 T(pi,wp;,g} ) (67)
where from Eq. (54)

Pé,k CvotTi41,E " Tik

1
2

@ |2 Pk — @ 1)
5 07i.k 2 T ik
M, . U 3, & YotXr, .o 1Py Xy kiTi+1,k— 1
. ’ P%k. ’ i,k Ti+1,k ’ > s (68)
T(pip—p] )~ 1 i V0Tt 1k~ ik
(Pi,k)|2 gPik — 3 T (Pi,k) B 2
‘Mi,k k! 95k VOTXr, pirig g1 ik X7 ki1 =1

Thus, for the birth move (p;, — p;ir + 1) the acceptance ratio is ai’irth = min{l,r, , },

where Ty = T T Assuming that the current number of poles is (p;r + 1), one
-1
birth J °

(P, k=P, +1
obtains the acceptance ratio for the death move (p; , +1 — p; 1) as agmth = min {1, r

Thus, the birth/death moves are, indeed, reversible.
Taking into account that the series representation of the exponential function is

exp(@)zzgio %, we adopt the following proposal distribution for the parameter 6 :

G(6; ¢+t ik, 2o (k+1)) (69)

and sample 6 according to a Metropolis-Hastings step with the acceptance probability equal

to:

[ 0P exp(—) | * T
O[@ - [Zgggx(e/)P eXp(—el)] . (70)

The hyperparameters 6127 . are sampled using a standard Gibbs move in exactly the same

way as described in Section 5.2.1.3.1:

v o Pik)T (Pik)
g (cﬁk; a5+%k7 ﬂg-F%%) (71)
?,

Similarly, we sample (35, A, v, according to:
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ga(ﬁé; a&(k+1)7 Zi’c:l ﬁ)7
Be(A; k+1, T—k—l),’ (72)

vo(k+1) 1 1
Qa(vo; T 3 L1 57 )-

ik

5.2.1.4 Simulations
We assess the performance of the segmentation method proposed above by applying
it to the synthetic data with T" = 500 and & = 5. The parameters of the AR models

{al(-g’S)}¢:07,,,,5 and noise variances o’%, drawn at random, are given in Table 1.
ithsegment | o; 5 a%‘”

0 1.6 | —2.3000 —2.6675 —1.8437 —0.5936

1 0.8 1.3000 —0.9200 0.2600

2 1.7 0.8000 —0.5200

3 0.5 2.0000 —1.6350 0.5075

4 0.6 | —1.7000 —0.7450

5 1.8 | —0.5000 0.6100 0.5850

Table 1: The parameters of the AR model and noise variance for each segment.

The number of iterations of the algorithm was 10000, which seemed to be sufficient
since the histograms of the posterior distribution were stabilized. As was described in
Section 5.2.1.2, we adopt the MMAP of p (k|xo.7—1) as a detection criterion and, indeed,
find k = 5 changepoints. Then, for fixed k = l;‘, the model order for each segment Pk
and the positions of changepoints 7,7, i = 1,... ,l;: are estimated by MMAP. The results
are presented in Table 2. In Fig. 1’0 and 9 the segmented signal and the estimation of
the marginal posterior distributions of the number of changepoints p (k| x¢.7—1) and their

positions p (Ti g‘ 7{:\, XQ;T_l) are given. Fig. 11 shows the estimates of the marginal posterior

distribution of the model order for each signal p ( pig‘ E, Xo;T_1> .

i"segment 0 1 2 3 4 5
Tis (true value) - 90 160 250 365 430
77 = maxp (g koxoro1) | - 91 162 249 366 434
pis5 (true value) 4 3 2 3 2 3
P;; = maxp (plg‘ k, Xo:T—1> 4 3 2 3 2 3

Table 2: Real and estimated values for changepoint and model order.
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Figure 9: Estimation of the marginal posterior distribution of the number of changepoints
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Figure 10: Top: segmented signal (the original changepoints are shown as a solid line, and
the estimated changepoints are shown as a dotted line). Bottom: estimation of the marginal

posterior distribution of the changepoint positions p (TZ. @‘ lg,xo:T_1>, i=1,... ,l;:.
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Then we estimated the mean and the associated standard deviation of the marginal
posterior distributions (p (k:| X(()Z;)T_l)) - . for 50 realisations of the experiment with
fixed model parameters and changepoilllgli;‘)‘(‘;:itions. The results are presented in Fig. 12
and it is worth noticing that they are very stable regarding the fluctuations of the realization

of the excitation noise.

5.2.1.5 Speech Segmentation

In this section we implemented the proposed algorithm for processing a real speech signal
which was examined in the literature before (see [1], [7] and [32]). It was recorded inside
a car by the French National Agency for Telecommunications for testing and evaluating
speech recognition algorithms as described in [7]. According to [32], the sampling frequency
was 12 kHz, and a high-pass filtered version of the signal with cut-off frequency 150Hz and
the resolution equal to 16 bits is presented in Fig. 13.

Different segmentation methods (see [1], [6], [7], and [32]) were applied to the signal and
the summary of the results can be found in [32]. We show these results in Table 3 in order
to compare them to the ones obtained using our proposed method (see also Fig. 13 and
14). The estimated orders of the AR models are presented in Table 4 and as one can see
they are quite different from segment to segment. This resulted in the different positions
of the changepoints, which is especially crucial in the case of the third changepoint. Its
position changed significantly due to the estimated model orders for the second (pa 5 = 19)
and third segments (p35 = 27). As it is illustrated in Fig. 14, the changepoints obtained

by the proposed method visually seem to be more accurate.

Method AR order Estimated changepoints
Divergence 16 445 645 1550 1800 2151 2797 - 3626
Brand’s GLR 16 445 645 1550 1800 2151 2797 - 3626
Brand’s GLR 2 445 645 1550 1750 2151 2797 3400 3626
Approx. ML ([32]) 2 445 626 1609 - 2151 2797 - 3627
Proposed method | estimated | 448 624 1377 - 2075 2807 - 3626

Table 3: Changepoint positions for different methods.

Segment

0

1

3 4 5 6

Model order

6 5

19 27 16 9 11

Table 4: Estimated model orders.
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Figure 13: Segmented speech signal (the changepoints estimated by Gustafsson are shown
as a dotted line and ones estimated using our proposed method are shown as a solid line).
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Figure 14: The changepoint positions (the changepoints estimated by Gustafsson are shown
as a dotted line and the ones estimated using our proposed method are shown as a solid

line).
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5.2.1.6 Conclusion

In this section the problem of segmentation of piecewise constant AR processes was
addressed. An original algorithm based on a reversible jump MCMC method was proposed,
which allows the estimation of the number of changepoints, as well as the estimation of model
orders, parameters and noise variances for each of the segments. The results obtained for
synthetic and real data confirm the good performance of the algorithm in practice.

In exactly the same way the segmentation of any data which might be described in
terms of a linear combination of basis functions with an additive Gaussian noise component
(general piecewise linear model, [17], [45]) can be considered. This generalisation of the

proposed method is presented in the next section.

5.2.2 General linear changepoint detector

The framework proposed in the previous section is in most cases suitable for the seg-
mentation of any signal in the form of the general linear model with piecewise constant
parameters. In this case the possible models My, ;,, , which might now represent the signal,

have exactly the same form as Eq. (31):

. _ ~x i) _(Pik) -
Mk,pk VX T 1 = Xi,k aiJg + Nr iy e—1 = 07 s 7k7 (73)
where a set of p; ;, model parameters (p; x =0, ..., Pmax, pr= pl:k7k) for the i*" segment is
: : Wik) _ [ (Pik) (Pi,k) T .. . )
still arranged in the vector A =\ G g, and ny is i.i.d. Gaussian noise of

. 2 . . . . .
variance o2, (o2& 0. ;) associated with the i" model. The only difference is the form of

the matrix XZ(.pkf’k ), the example of which for the polynomial model is presented below.

Example 4 Polynomsial and seemingly non-linear models. The flexibility of the
general linear model allows us to detect changepoints in polynomials and other models where
the basis functions are not linear, but the model is linear in its coefficients. In this case the
observation sequence may be represented as

. _ Pk (Pik), -1 .
Mpp, 1 = Ejzl A Uyt for Tip <t <Tit1k, 1=0,...,k, (74)

which in the generalised form for the ith segment can be rewritten as

i 2 Pik—1 [ (Pik) ]
J;Ti’k 1 uTi,k uTi’k e uTi,k ai,k,l nTi’k
2 Pik—1 (Pik)
L k+1 1

Ui+l  Urp41 ooe Upp @i k2 N7y p+1

2 Pik—1 (P, k)
x7i+1,k_1 | 1 uTi«l»l,k_l uTi+17k—1 ce uTi_‘_l’k—l | i,kvpi,k nT’H—l,k_l
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Remark 2 In fact, a special case of polynomial models is a piecewise constant source

with added Gaussian noise. In this case p;, = 1 and for the i'" segment Eq. (73) takes the

form:
LTk 1 Nry
Lrip+1 1 Ny 41
= | . | laix] + (75)
Lripk—1 1 Nriy1e—1

Remark 3 Since the method allows the estimation of the model order for each segment,
a so called sloping-step detector (see Fig. 15 for the type of a signal), which is also a

special case of the polynomial model, can be introduced. The model order p; ;. may be either

(

1 or 2 in this case and the matriz Xipki‘k) for the i segment is given by

—_ =

(Pi,k)
Xip =
1 i1k —Tik

Similarly, the equations for other common models, presented in Subsection 3.1.5 are

derived.

20 40 60 80 100 120 140 160 180 200
sample

Figure 15: Illustration to a sloping-step detector.

It is worth noticing that the case of a piecewise constant source is more simple as the
model order is known. The changes in the algorithm are obvious in this case. There is no
need to propose a new model order for different segments, performing the birth/death and
update of the changepoint positions, and, taking also into account that p; j is not a random

variable any more, Eq. (61) takes the form:

i p(k+1,7541,0,0,05 170,85 [x0:7—1) a( k75,07 |k+1,7541,67 170,85 X0:7-1)
birth p(k,‘l’k,)\,e,(si,’yo,ﬁ(g|X0;T_1) q( k+l77’k+1,52+1 |I<:,‘rk,6i,'yo,65 7XO:T—1) (76)
A FTig 07 F (T Tig1,k563;) diyr (T—2—k)
0=y i1 kTi k05 ) b (k+1) 7
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where

F(Tiges Ti1 o Disks 62 1) = (70} T(as)

1 U0 tTi41,E T Tk
VO+Tit1,k—Tik (Pi,k)|2 2
xr(f M,

(’yo—i_x-'l’:i,k:"'i«kl,k_l Efé’k)xfiykmiﬂyka '
(77)

Then the parameters of the model are updated according to the algorithm for the update
of the number of poles but with the steps 1a, 1b, 1c removed.

In exactly the same way any model with fixed order may be considered.

On the other hand, the case of the ARX model is more complicated since the number of
zeroes z as well as the number of poles ¢ is unknown. Thus, the number of possible models

M.qp,z;, 80€S UP 10 Emax X Gmax X (Zmax + 1), and each of them can be described as

. _ ~ (k52 k) (G120 k) .
Mbqp.zy XrikTipp—1 = Xi,k Ak T 07 -1 S 0,....k,
T
where a = (a’i,k’,l) QG 2y - v - 7a’i,k’,qi}k7 ﬁi,k,O? ﬁi,k,lv ) 7/6i7k,zi’k) and
(qi,kvzi,k)_
Xk =
Lri k=1 Lrig=2 - TTi k=i k Ur; i Urip=1  --- Ur; k—2i k
L7y Trig=1 oo Ty ptl—qip Ur; k41 Ur; i cee Ur -z
Trivie—2 Tripae—3 -+ Trgpip—l—qr Uripie—1 Uripi =2 -+ Urgygp—Tl—zp

However, the same technique as was used for the estimation of the number of poles in
the AR model could be applied for the estimation of the number of both poles and zeros in
ARX model.

5.3 Data fusion for changepoint detection problem

As was described before (see Chapter 2), one of the ways of reducing uncertainty and
obtaining more complete knowledge of the state of nature is the fusion of information origi-
nating from several sources. Typically, the measurements of different quantities, parameters
or variables associated with various features of the state of nature are obtained, and the
changepoints (discontinuities) in the data indicate the changes in the physical system (or
the state of nature) we are interested in. One of the examples of application of this tech-
nique is monitoring changes in a reservoir in oil production. As hydrocarbons (oil or gas)

are withdrawn from the reservoir, its behavior is altered and a new production approach
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may be needed to continue efficient drainage. Repeating measurements with sensors in-
stalled permanently in the well or lowered into the well on a cable and comparing them
with previous measurements can reveal changes that point the way to a revised production
strategy. The key idea here is that the data provided by sensors can be modelled with the
aid of parametric models (in which the parameters are subject to changes) and thus the
problem can be addressed in the proposed framework.

In this section the problem of detecting and estimating the location of changepoints in
such (centralized) multi-sensor systems is considered. It is assumed that all available signals
can be represented in the form of the general linear piecewise model (see Subsection 5.3.1)
and the way of combining probabilistic information from different sources is described in
Subsection 5.3.2, where also the Bayesian model and estimation objectives are formalized.
In Subsection 5.3.3 the generalisation of the algorithm for the case of multiple observa-
tions is presented, and the performance of this algorithm is illustrated on synthetic data in

Subsection 5.3.4, where in addition the failure of one of the sensors is simulated.

5.3.1 Problem Statement

Let x(()fr})_l be information source m’s set of observations (the number of observations

T is the same for all sources?). The elements of Xg?p)_l may be represented by one of the

models M](gm)(m), corresponding to the case when the signal is represented in the form of the
Py
general linear model with piecewise constant parameters and k£ changepoints. The models

can be written in the following matrix form:

(m) . (m) _ x(m)_(m) (m) C
Mk’pém) X eTie—1 T Xi,k Ak + D e =1 VT 0,00 K, (78)
where aZ(TZ) is a vector of pgrz) model parameters (pl(.TZ) =0,..., pgﬁz{, p](fm)é pY’,?k) for

(m)

the i'" segment under the assumption of k changepoints and N

1 is a vector of
samples of i.i.d. Gaussian noise. (The associated noise variances are arranged in the vector
2(m) o _2(m)
or =0 lkk)
The number of the available sources is M and all of them contain the information about
kE(k=0,...,kna) changepoints denoted 7,2 Tikk (Tog =0and 741, =T —1).
We assume that the number of changepoints k, their positions 7, and the associated

signal model parameters \Il](fm) = (p,(gm), {a%) Fiz0,... ks a’i(m)> ,m=1,..., M are unknown.

Given xg.7_1, our aim is to estimate k, 7 and \I',im) form=1,..., M.

2In general, the same technique can be used for the case when the number of observations is different for
different sources.
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5.3.2 Bayesian model and estimation objectives

In our case it is reasonable to assume that the likelihoods from each information source
m, that is, p (ng;)_l‘ k,Tk,\I’](fm)> are independent since the only parameters that the
observations have in common are the positions of the changepoints 7; and their number
k. This approach is known as the Independent Likelihood Pool (see Section 3.2) and Fig,.
16 illustrates it for our particular problem. Thus, according to the Bayes’ theorem, the

posterior is given by:

D (k,Tk,)\,\Il,(:),...,\I!éM), ,gl),...,ElgM) xé%%_l,...,xg%)_l x (79)
1 M 1 M m m
p <k77—k7)\7@](§ )7' . 7W](§ )7£](€ )7' R 2 )) [H%:lp (XE);T)_l‘ kv’rk)l:[l](g ))] )
where the prior distribution has the following hierarchical structure:
p <k77-k7 )\7 ‘1’21)7 (AR \III(CM)vgl(gl)v ce ?Sl(gM)) =p (k?Tk’| )‘)p()\) H%le <‘I’l(€m)’ /(fm)) ’
(80)

with S,(gm) = {H(m), 5z(m),'y(()m),ﬁgm)} and

(947 607) =T [p (2 207,527 (2] o) (527 )
< [ (o7 0] 0 (0 o (37 0 (557)) (81)

(x| kT, )

2) ) 1 M) (1) M)
POk, ) POT AT B X X0,

P kT, ¥
PO A T

Figure 16: Independent Likelihood Pool for changepoint detection problem.

The prior distributions for the model parameters and hyperparameters are assigned in
exactly the same way as described in Subsection 5.2.1.2.1 and the likelihoods from each

source have the form corresponding to the form of Eq. (44).

The marginal posterior distribution p (k| X(()%%«_l, . ,xé{‘{ﬁ)_l) should be now estimated

using the same method as was used for a single information source (see Section 5.2) in order
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to perform the model selection (MMAP criterion):

™ ~ M
k= argmax D <k| x&%_l, . ,Xé:T)_l) . (82)
k€{0,.... kmax}

Then, having estimated p (Tzk| l;‘,xé%r}_l,...,xg%)_l) ,i = 1,...,k the estimates of the

changepoint positions can be obtained according to the same criterion:

Tik = argmax ﬁ(ﬂ‘,k| %, X&%—l’ .. ,X(()%)_l) ,i=1,... k. (83)
rix€{l,...,T—1}

Obviously, the parameters ({al(.”]z)}izo,wk,ai(m)), m = 1,...,M can be integrated out
analytically due to the Gaussian noise assumption and the choice of the prior distribution

(see Subsection 5.2.1.2.4) and, if necessary, can then be straightforwardly estimated.

5.3.3 MCMC algorithm
The algorithm based on the reversible jump MCMC method, which is presented in
Subsection 5.2.1.3 can be easily generalised to the case of multiple sources. Thus the main

steps of the algorithms are described as follows.

Reversible Jump MCMC algorithm (main procedure).

T (1) (M) (1) (M) £(1) (M) o
1. Initialize (k(o)’Tk(O)’pk(O)""’pk(O)’)\(O)""’)\(O) ,£k(0), . ,Sk(o)) .Setj =1

2. lteration j.
If (u ~ I/I(O,l)) < by(j) then birth of a new changepoint;
else if uw < by(j)+d, ) then death of a changepoint;

else update the changepoints positions.
3. Update of the number of poles.

4. j «— 7+ 1 and goto 2.

Algorithm for the birth move (k — k+ 1)

e Propose a new changepoint 7 in {1,...,T = 2}: 7 ~Upy 7o)\ (74}
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e Form=1,..., M,

the proposed model orders are: p%n) = L{{l )5 pgn) = pgn) —p%n),

5o+ Poi

where pgn) = pg?,:) for 7, <7 < Tig1 ks
2
sample 51§m)‘ <7i7k,r,p§T),x£T]Z:T_1) , (5§Z| (7’,THLk,p;T),x(Tﬁ)HM_l) see Eq. (58).

e Evaluate vy, see Eq. (84).

o If (ub ~ L{(OJ)) < apireh, then the new state of the MC is accepted.

Algorithm for the death move (k+ 1 — k)
e Choose a changepoint among the k + 1 existing ones | ~ Uy 41}

e Form=1,..., M,

(vl%) (m) ,  (m) (m) (m) (m) (m)

the proposed model order is p,;” = py,; " +ps, ', where py,” = D1 k+1> Pop - = Pl g1’

(m)

2 (m) _(m)
sample 67, ‘ <Tl_17k+1,7'l+1’k+1,p0l X kT —1) > €€ Eq. (58).

e Evaluate ageqrn, see Eq. (84).

o If (ud ~ L{(071)) < Qgeqth then the new state of the MC is accepted.

Algorithm for the update of the changepoint positions
Forl=1,...,k,

e Propose a new position of the I*" changepoint 7 ~ Ug,.. .20\ {4}

determine 7 such that 7,5, <7 < Ti41 k-

e Form=1,..., M,
If [ # 4 then
p1i = UL, poi}s P2i = Poi — P1i, Where po; = pj i,
Pol = P11 + P21, where pyy = pi_1 , P2 = Pik;
sample 6%;| (Ti ks 75 P16, Xr, pir—1) » 053] (T2 Tisk 1k P20 Xriry 1 1) 5
and 5(27l| (Tl—l,k"rl?Tl+l7k+17p07laXTl—l,kJrl:TH-l,IH—l—l) , see Eq. (58);

else sample 5%[‘ (71—177437T7pl—1,k7XTl_17k:T—1) ) 6%1‘ (7—7Tl+1,k>pl,k7XT:Tl+17k—1) , Se€e Eq (58)
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e Evaluate aypdate, see Eq. (85).

o If (uu ~ Z/{(OJ)) < Qypdate then the new state of the MC is accepted.

The algorithm for the update of the number of poles for each model is the same as

presented in Subsection 5.2.1.3.3.
The acceptance probabilities for the birth /death and update of the changepoint positions
moves are still given by Eq. (60), (65):

. . -1
pirth = min {1, rpipen} and gearn, = min {1,7;,,} , (84)
Qupdate = min {L rupdate} ) (85)
where however
m 2(m m 2(m m
7,.7;' — A dk+l (T_2_k) HM f(Ti,va’pgi )7611(' ))f(777i+1,k7p;i )7621(' ))(sz )+1) (86)
birth A=A b (k+1) m=1 f(7i+1,k77'i,kvp£,72)75?,(1?)) 7
r _ HM f(Tl—l,ka’pl(:nl)’k’&fl(m))f(T)Tl-‘—l,k’pl(:rZ)7631(M)) if l _ Z
date — = m m m m -

upaate m=1 f(Tlfl,k7Tl,k7pl(,1),k7612£1’)k)f(7'l,k77'l+1,k7pl(,k)7512’(k )y’ ’ (87)

_ . ! . .

Tupdate = Téirthrdeatm if 1 7& &

The sampling of the model parameters and hyperparameters is described in detail in Sub-
section 5.2.1.3.

5.3.4 Simulations

The proposed algorithm was applied to the synthetic data with T" = 500, £k = 5 and
the number of the available sources was equal to M = 3. The signals are presented in Fig
(17) and the parameters of the first two models drawn at random are presented in Table 5.
The third (AR) model has the same parameters as the one tested in Subsection 5.2.1.4 (see
Table 1).

The number of iterations was 10000, and using MMAP as a detection criterion one finds
k = 5. The results are presented in Fig. 17 and 18 and in Table 6.

Then the following experiment was carried out in order to assess the performance of
the algorithm in the case of a sensor failure. It was assumed that the first sensor failed to
observe the last (in fact, existing) changepoint for some reason (see Fig. 19), whereas the

other signals remained absolutely the same (see Table 1, 5 for the parameters of the second
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Model 1 Model 2

piecewise constant sloping-step
ithsegment | ;5 a%’S) Ois agpgﬁ)
0 0.5 3.0 0.5 | 6.0 —
1 1.3 2.0 1.3 | 6.0 —

2 0.9 6.0 0.9 | 8.0 | 0.05

3 0.5 8.0 0.6 | 8.0 | —0.03

4 0.6 6.0 1.0 | 6.0 | —0.02
5 1.8 3.5 0.4 | 5.0 —

Table 5: The parameters of the first and second models and noise variances for each segment.

0.4 B
0.2 b
0 I I I L L L 1 1

50 100 150 200 250 300 350 400 450 500
Changepoint positions

Figure 17: Signal from each source (the original changepoints are shown as a solid line, and
the estimated changepoints are shown as a dotted line) and estimation of the marginal pos-

terior distribution of the changepoint positions p (Tzk‘ E, x&r}_l, e ,xé%)_l), i=1,..., k.
i"segment 0 1 2 3 4 5
Tis (true value) - 90 160 250 365 430

75 =maxp (g kxor ) | - 91 158 251 367 429

Table 6: Real and estimated positions of changepoints.
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=2

a 5 &
Number of changepoints

a 5 6
Number of changepoints

Figure 18: Estimation of the marginal posterior distribution of the number of changepoints

(M)

P (k| X&%—l’ . ,XO:T_I) for the first (left) an

d second (right) experiments.

L L L
50 100 200

250
Sample

L
300

]

I I I
50 100 150 200
Changepoi

Figure 19: Signal from the first sourse in the
points are shown as a solid line, and the est

250

300 350
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case of a sensor failure (the original change-
imated changepoints are shown as a dotted

line) and estimation of the marginal posterior distribution of the changepoint positions

p (Ti,k”‘\?,xg%_l, . ,xé{‘?_l), i=1,.. k.
ithsegment 0 1 2 3 4 )
Ti5 (true value) - 90 160 250 365 430
7= — maxp <T¢ E‘ E,xof_l) - 91 158 251 366 433

i,k

Table 7: Real and estimated positions of changepoints for the case of a sensor failure.
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and third signals and Fig. 17 for their form). As one can see from Fig. 19 and Table 7 the
results for the estimated number of changepoints and their positions are very similar to the

ones obtained in the previous experiment.

5.3.5 Conclusion

In this section the proposed algorithm was applied to address the problem of multi-
sensor retrospective changepoint detection. The results obtained for the synthetic data
demonstrate the efficiency of this method and the case of a sensor failure was simulated in

order to demonstrate the effectiveness of this approach.



6 CONCLUSIONS AND FURTHER
RESEARCH

6.1 Conclusions

This dissertation has explored the application of Bayesian techniques and Markov chain
Monte Carlo methods to the task of fusion information originating from several sources in

the example of a retrospective changepoint detection problem.

Firstly, the use of observations from a single source was considered and some contribu-
tions to MCMC model selection were made along the way. In particular, the problem of
optimal segmentation of signals modelled as piecewise constant autoregressive (AR) pro-
cesses excited by white Gaussian noise was addressed. An original Bayesian model was
proposed in order to perform so called “double model selection,” where the number of seg-
ments as well as the model orders, parameters and noise variances for each of them were
regarded as unknown parameters. Then an efficient reversible jump MCMC algorithm was
developed to overcome the intractability of analytic Bayesian inference. In addition, in order
to increase robustness of the prior, the estimation of the hyperparameters was performed,
whereas they were usually tuned heuristically by the user in other methods [32], [37]. The
method was applied to the speech signal examined in the literature before and the results
for both synthetic and real data demonstrate the efficiency of this method and confirm the

good performance of both the model and the algorithm in practice.

The approach was then extended such that segmentation of any data which might be
described in terms of a linear combination of basis functions with an additive Gaussian
noise component (general piecewise linear model) can be considered. The strength of this
algorithm is its flexibility with one algorithm for multiple simple steps, ramps, autoregressive
changepoints, polynomial coefficient changepoints and changepoints in other piecewise linear

models.

Finally, the proposed method was applied to address the problem of multi-sensor retro-
spective changepoint detection and the effectiveness of this approach was illustrated on the

synthetic data.
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6.2 Further research

There are several possible extensions to this work, which are discussed in this section.

6.2.1 Application to different signal models
6.2.1.1 Non-linear time series models

We have so far assumed that the observed signals can be described as a linear combina-
tion of basis functions with an additive noise component. However, in practice, in a variety
of applications one is concerned with data which in fact cannot be represented by linear
models. A number of possible model structures, such as non-linear autoregressive, Volterra
input-output and radial basis function models, are capable of reflecting this non-linear re-
lationship, and can be expressed in the form of a Linear in The Parameters (LITP) Model.
Thus, the technique proposed for detecting and estimating the locations of changepoints
using the general linear models can be easily transferred to the case of these non-linear

Systems.

6.2.1.2 Mixed models

It may well turn out that changepoints divide the sequence into segments with signals
of completely different structures (models). To some extent this problem can already be
solved in the proposed framework. For example, an AR process may be replaced by an
ARX process, multiple steps can become a polynomial sequence and the changes between
segments with any signal (of whatever model), and segments with only noise can be detected.
However, it will be ideal to develop a general method suitable for addressing the challenging
task of finding the changepoints from one model type of any kind into another one of an

absolutely different structure.

6.2.1.3 Time delays

It might also happen that the changes in the state of nature are not reflected in the
signals from some (or all available) sources at the same time as they occur. Thus, another
possible enhancement to the proposed method would be to take such observation time delays

into account.

6.2.2 Non-Gaussian noise assumption

As it was described in Subsection 3.1.3.1, statistical inferences frequently make a Gaus-
sian assumption about the underlying noise statistics. However, there are cases where the
overall noise distribution is determined by a dominant non-Gaussian noise, and an assump-

tion which does not agree with reality can hardly be desirable.
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The difficulty, traditionally associated with the non-Gaussian noise model is analytically
intractable integrals. Therefore, if one wants to perform Bayesian inference in this case, it is
necessary to numerically approximate these integrals. This problem can be certainly solved
by using stochastic algorithms based on MCMC methods, and the algorithm proposed above
can also be adapted to address the problem of detecting and estimating the locations of

changepoints in non-Gaussian noise environments.

6.2.3 On-line changepoint detection

In a large number of applications it is necessary to recognise the changes in a certain
state of nature sequentially while the measurements are taken. For example, in the problem
of quality control the changepoints are associated with the situation when the process leaves
the in control condition and enters the out of control state. In such conditions, the quickest
detection of the disorder with as few false alarms as possible might be a question of quality
of the production or even safety of a technological process. The similar problem of on-
line changepoint detection arises in monitoring of industrial processes and in seismic data
processing (when the seismic waves should be identified and detected on-line). In all these
cases, the observations from several sources are available and the information provided by
each source should be combined. It is certainly of great interest to develop a method capable
of solving this problem and, in the author’s opinion, this topic is an important subject for

future research.
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