Exam # _______
Name____________________________
Last 4 digits of SSN _________


CS 441 Fall 2005 Exam 2
There are 15 problems in 3 parts (A to C) on 6 pages with a total score of 100 points.  Do all problems.
Calculators are not allowed.
Part A: Counting
1. (4 points) Compute the value of each of these quantities.

(a)   P(6,4)





(b)   C(8,5)

P(n,r) = n! / r!.




C(n,r) = n! / (n-r)! r!

P(6,4) = 6! / 4! = 6*5 = 30


C(8,5) = 8! / (8-5)! 5!  = 8*7*6 / 3*2 = 56

2. (6 points) Consider a cow that is walking along a road that is in the East-West direction. Each minute the cow either walks 10 yards to the East or 10 yards to the West.  How many ways are there for the cow to walk to end up 20 yards to the East from its starting position after walking for 10 minutes?

Each minute, the cow can walk for 10 yards.  It walks for 10 minutes.  For the cow to end up 20 yards to the East, it must have walked for a total of 6 minutes to the East and 4 minutes to the West.

The cow chooses direction (East, West) 10 times.   Out of 10 times, it chooses to go East 6 times, and West 4 times.   The number of ways to do this is C(n,r) where n=10 and r=6.

 
C(10,6) = 10! / (10-6)! 6! = 10*9*8*7 / 4*3*2*1 = 210

Answer: 210 ways

3. (6 points) Suppose we want to toss a coin until we get either a total of 2 heads or a total of 3 tails.  How many possible sequences of heads and tails are there?  Show your work.

Use enumeration tree.   There are 10 leaves in the tree.   Answer: 10 ways.


[image: image7.emf] 




4. (6 points) Suppose you are shopping for gifts to give to 10 people for the holidays.  There are 4 kinds of gifts that you are considering buying.  Suppose it is fine to give the same kind of gift to more than one person.  How many ways are there to buy gifts for these people?

Each person can get any of the 4 kinds of gifts.   There are 10 people.  Thus, the number of ways to give gifts is nr where n=4 and r=10.      This problem is “permutation with repetition”.  
Answer = nr = 410.

Suppose the problem is phrased differently as follows.   “How many ways are there to buy 10 gifts?”.   Then this problem is “combination with repetition”.   The answer here would be C(n+r-1,r) where n=4 and r=10.
Answer = C(n+r-1,r) = C(4+10-1,10) = C(13,10) = 13*12*11 / 3*2*1 = 286.




  
5. (10 points) Suppose a department contains 8 men and 11 women.  How many ways are there to form a committee with 6 members if there must be at least 1 man and at least 1 woman?

First note  that, people are distinct objects (individuals).   


[image: image2]
A = number of ways to form a committee with 6 members if there must be at least 1 man and at least 1 woman
B = number of ways to form a committee with 6 members if there must be at least 1 man.
C = number of ways to form a committee with 6 members if there must be at least 1 woman.
D = number of ways to form a committee with 6 members.

A = B intersect C










Part B: Discrete Probability
6. (8 points) Consider a biased coin whose heads comes up 3 times as often as tails.  Suppose we toss this coin twice and want to compute the probability that heads appears exactly once.
(a) Determine the parameters of the experiment.
(b) Compute the probability that heads appears exactly once.
(c) Compute the expected number of heads.

(a) We need to determine the sample space S and the probability distribution p.

S = { HH, HT, TH, TT }

Note that, p(H) = ¾ and p(T) = ¼.  Thus,

p(HH) = ¾ * ¾ = 9/16
p(HT) = ¾ * ¼  = 3/16
p(TH) = ¼  * ¾ = 3/16
p(TT) = ¼  * ¼  = 1/16

(b) Let E be the event that heads appears exactly once.

Thus, E = { HT, TH }

p(E) = p(HT) + P(TH) = 3/16 + 3/16 = 3/8

(c) Let X be the number of heads in outcome.
We will use “the first method” of computing expectation.
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7. (6 points) Suppose we roll a die 3 times.  Compute the probability that the sum of the numbers is 10 given that the first number is 3.

E = the event that the sum of the numbers is 10
F = the event that the first number is 3.

E ( F = {  (3,1,6), (3,2,5), (3,3,4), (3,4,3), (3,5,2), (3,6,1) }
Thus, | E ( F |  = 6.

F = the event that the first number is 3 and the other two numbers are anything.
Thus, |F| = the number of possible outcome when rolling a die 2 times = 36

p( E | F) =  |E ( F| / |F| = 6 / 36 = 1/6


8.  (4 points) Suppose that we roll a die 12 times.  What is the probability that 6 comes up exactly twice?

This are Bernoulli trials with n=12 and p=1/2.
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9. (8 points) Suppose that we roll a die until either it comes up 6 or we have rolled it 4 times.  What is the expected number of times we roll the die?

We will use “the 2nd method” of computing expectation.
Let S be the sample space of our experiment.
Let X be the number of times we roll the die.

Then X(S) = {1,2,3,4}.
For i=1,2,3,   if X=i, then we don’t get 6 on the first i-1 rolls, and we get 6 on the i’th roll.
X=4 means we don’t get 6 on the first 3 rolls (and it doesn’t matter what we get on the 4’th roll.

p(X=1) = (1/6)
p(X=2) = (5/6)*(1/6)
p(X=3) = (5/6)*(5/6)*(1/6)
p(X=4) = (5/6)*(5/6)*(5/6)
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10. (8 points) Consider a game where a number between 1 and 100 inclusive is randomly chosen.  The player gets 2 points if the number is even.  The player gets 5 points if the number is 10 or smaller.  The player loses 3 points if the number is divisible by 5.  For example, if the number is 20, then the player gets 2 – 3 =  – 1 point.  What is the expected number of points if the player plays this game 10 times? 

Use linearity of expectation.
Let X be the number of points obtained in a game.
Let Y1 be the number of points obtained from rule 1 in a game.  (+2 points if number is even) 
Let Y2 be the number of points obtained from rule 2 in a game. (+5 points if number is < 10)
Let Y3 be the number of points obtained from rule 3 in a game. (-3 points if number is divisible by 5)

Let s be the outcome of the experiment
E[Y1] = p(s is even) * 2 + p(s is not even) * 0 = (1/2)*2 + (1/2)*0 = 1
E[Y2] = p(s is < 10) * 5 + p(s is not < 10) * 0 = (10/100)*5 + (90/100)*0 = ½
E[Y3] = p(s is divisibly by 5)*(-3) + p(s is not divisible by 5)*0 = (1/5)*(-3) + (4/5)*0 = -3/5

X = Y1+ Y2+ Y3
E[X] = E[Y1+ Y2+ Y3] = E[Y1] + E[Y2] + E[Y3] = 1+1/2-3/5 = 9/10.

Since 10 games are played, then the expected number of points obtained is 10 * (9/10) = 9.
Part C: Relations
11. (4 points) Let A = { 1, 2, 3 } and B = { 3, 4, 5 }.
Let R be a relation from A to B defined by R = { (a,b) |  a + b < 5 }. 
(a) List all the elements in R.

(b) Display this relation graphically.
12. (10 points) Let R be a relation on a set A.  Define R’ to be a relation on A such that x R’ y if there exists z such that x R z and y R z.
(a) Suppose R is the relation on the set { a, b, c, d } given below.   Show R’ using a digraph.


[image: image1][image: image6.emf] 
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(b) For any relation R, it is always the case that R’ is reflexive.

TRUE      FALSE


(c) For any relation R, it is always the case that R’ is symmetric.
TRUE      FALSE


(d) For any relation R, it is always the case that R’ is transitive.

TRUE      FALSE
13. (8 points) Let R be a relation on { 0, 1, 2, 3, 4 } defined by
R = { (1,1), (1,2), (2,2), (1,3), (3,2), (3,3), (4,4) }.
CIRCLE the properties that R has and CROSS out the properties that R does not have.



reflexive

symmetric


antisymmetric
transitive

14. (6 points) Compute R o R where R is a relation on { 0, 1, 2, 3, 4 }, and is given by
R = { (1,2), (2,2), (1,3), (2,1), (3,4), (4,0) }.



15. (6 points) Suppose we want to compute the transitive closure of the relation R using Warshall’s algorithm.  Note that the algorithm compute a sequence of relations R0, R1, R2, … , Rn and returns Rn as the output.   
(a) In Warshall’s algorithm, how do we compute Rk from Rk-1?   In other words, how do we determine if  vi  Rk  vj ?





(b) Suppose R2 has been computed and is shown below.  Compute R3 from R2. 
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