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Proving NP-Completeness



● Steps to prove completeness

● Reduce Vertex Cover to Set Cover

● Reduce Independent Set to Vertex Cover

● Reduce Hamiltonian Cycle to Hamiltonian Path
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● To prove a problem X is NP-complete, you need to 

○ show that it is both in NP

○ it is at least as hard as any other problem in NP. 

● This second step is typically done by showing that Y can be 

reduced to X in polynomial time for some problem Y already 

known to be NP-Complete.  This is annotated as Y ≤pX.

Steps to prove NP-complete



● Be careful about the ordering

○ Always solve the known NP-Complete problem using your new 

problem

● Given k and a graph to be vertex-covered:

○ Let S = E

○ For each ui ∈ V:  create si such that si contains all edges in E 

with ui as an endpoint

○ Solve the set cover problem for k, S, and s1 ... sv
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Reducing vertex cover to set cover



● In graph theory, an independent set or stable set is a set of 

vertices in a graph, no two of which are adjacent.

● Independent Set: Given graph G and a number k, does G 

contain a set of at least k independent vertices?

● A vertex cover of a graph is a set S of nodes such that every 

edge has at least one endpoint in S.

● Vertex Cover: Given a graph G and a number k, does G 

contain a vertex cover of size at most k?

Reducing independent set to vertex cover

Reference: Wikipedia, https://www.cs.cmu.edu/~ckingsf/bioinfo-lectures/



● Theorem: If G = (V, E) is a graph, then S is an independent 

set ⇐⇒ V − S is a vertex cover.

● Proof. =⇒ Suppose S is an independent set, and let e = (u, v) 

be some edge. Only one of u, v can be in S. Hence, at least 

one of u, v is in V − S. So, V − S is a vertex cover.

● ⇐= Suppose V − S is a vertex cover, and let u, v ∈ S. There 

can’t be an edge between u and v (otherwise, that edge 

wouldn’t be covered in V − S). So, S is an independent set. 

Relation btw Vertex Cover and Indep. Set



● Vertex Cover is NP
● Independent Set ≤P Vertex Cover 
● To show this, we change any instance of Independent Set 

into an instance of Vertex Cover: 
○ Given an instance of Independent Set <G, k>, 

○ We ask our Vertex Cover black box if there is a vertex cover V 
− S of size ≤ |V| − k. 

● By our previous theorem, S is an independent set iff V − S is 
a vertex cover. If the Vertex Cover black box said: 
○ yes: then S must be an independent set of size ≥ k. 

○ no: then there is no vertex cover V − S of size ≤ |V| − k, hence 
there is no independent set of size ≥ k.

Independent Set ≤P Vertex Cover



● Hamiltonian Cycle: Does G contain a cycle that visits every 

node exactly once?

● Hamiltonian Path: Does G contain a path that visits every 

node exactly once?

● How could you prove Hamiltonian Path problem is 

NP-complete?

Hamiltonian Cycle and Path



● Reduce Hamiltonian Cycle to Hamiltonian Path. 

● Given instance of Hamiltonian Cycle G, choose an arbitrary 

node v and split it into two nodes to get graph G’:

Hamiltonian Path

● Now any Hamiltonian Path must start at v’ and end at v’’ 



● Hamiltonian Path is NP

● G’’ has a Hamiltonian Path ⇐⇒ G has a Hamiltonian Cycle. 

● =⇒ If G’’ has a Hamiltonian Path, then the same ordering of 

nodes (after we glue v’ and v’’ back together) is a 

Hamiltonian cycle in G. 

● ⇐= If G has a Hamiltonian Cycle, then the same ordering of 

nodes is a Hamiltonian path of G’ if we split up v into v’ and 

v’’. 

● Hence, Hamiltonian Path is NP-complete.

Hamiltonian Path



● To prove a problem X is NP-complete, you need to 

○ show that it is both in NP

○ it is at least as hard as any other problem in NP. 

● This second step is typically done by showing that Y can be 

reduced to X in polynomial time for some problem Y already 

known to be NP-Complete.  This is annotated as Y ≤pX.

● Be careful about the ordering

○ Always solve the known NP-Complete problem using your new 

problem

Steps to prove NP-complete


