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Abstract

We develop a novel probabilistic ensemble framework for

multi-label classification that is based on the mixtures-

of-experts architecture. In this framework, we combine

multi-label classification models in the classifier chains

family that decompose the class posterior distribution

P (Y1, ..., Yd|X) using a product of posterior distributions

over components of the output space. Our approach cap-

tures different input–output and output–output relations

that tend to change across data. As a result, we can recover

a rich set of dependency relations among inputs and outputs

that a single multi-label classification model cannot capture

due to its modeling simplifications. We develop and present

algorithms for learning the mixtures-of-experts models

from data and for performing multi-label predictions on

unseen data instances. Experiments on multiple benchmark

datasets demonstrate that our approach achieves highly

competitive results and outperforms the existing state-of-

the-art multi-label classification methods.
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1 Introduction

Multi-Label Classification (MLC) refers to a classifica-
tion problem where the data instances are associated
with multiple class variables that reflect different views,
functions or components describing the data. MLC nat-
urally arises in many real-world problems, such as text
categorization [19, 36] where a document can be associ-
ated with multiple topics reflecting its content; seman-
tic image/video tagging [5, 24] where each image/video
can have multiple tags based on its subjects; and ge-
nomics where an individual gene may have multiple
functions [6, 36]. MLC formulates such situations by
assuming each data instance is associated with d class
variables. Formally speaking, the problem is specified
by learning a function h : Rm → Y = {0, 1}d that
maps each data instance, represented by a feature vec-
tor x = (x1, ..., xm), to class assignments, represented
by a vector of d binary values y = (y1, ..., yd) indicate
the absence or presence of the corresponding classes.
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The problem of learning multi-label classifiers from
data has been studied extensively by the machine learn-
ing community in recent years. A key challenge in solv-
ing the problem is how to efficiently model and learn the
dependencies among class variables given the fact that
the space of possible dependency relations is exponen-
tially large. Early methods assumed that all class vari-
ables (Y1, ..., Yd) are conditionally independent of each
other and learned d independent functions to predict
each class [6, 5]. However, this ignores the conditional
dependencies among class variables which often contain
crucial modeling information. To overcome this limi-
tation, more advanced machine learning methods that
model class relations have been proposed, such as con-
ditional tree-structured Bayesian networks [2], classifier
chains [27, 7], multi-dimensional Bayesian network clas-
sifiers [30, 4, 1] and output coding methods [16, 29, 37].

However, the methods of learning multi-label classi-
fiers are still rather limited especially when the relations
among features and class variables become more com-
plex. For example, in semantic image tagging, an object
can be tagged as {cat, pet} or {cat, wild animal} ac-
cording to its context; similarly, in medical informatics,
patients who are suffering from the same disease may
receive different sets of medications due to their med-
ical history or allergic reactions. As in the examples,
if the relations tend to change across a dataset, exist-
ing methods may fail to respond with correct classifica-
tion since they are designed to capture only one kind of
dependency structure from data. One approach to ad-
dress this issue is to employ various ensemble methods
that combine multiple MLC classifiers to obtain an im-
proved model. Unfortunately, ensemble methods that
were adopted to the MLC settings [27, 7, 1] are rather
limited in that: (1) they rely on simple averaging of mul-
tiple MLC models, (2) the MLC models averaged were
not specifically optimized but restricted to randomized
MLC structures (by choosing a random permutation for
ordering the classes in the chain). As a result, the im-
provements we could obtain from such ensembles were
often not very significant.

In this paper, we propose a new ensemble approach
that aims to remedy the limitations of the MLC models
by employing the mixtures-of-experts (ME) framework
[18, 35]. Our ensemble approach incorporates the MLC



models that belong to the classifier chains family (CCF)
[27, 7, 2]. Briefly, the CCF models define the multivari-
ate class posterior probability P (Y1, ..., Yd|X) where the
dependencies among class variables for different inputs
are modeled by a collection of univariate probabilistic
classifiers, one classifier for each output, that are orga-
nized in a chain, where a specific output variable is con-
ditioned on all input variables and on output variables
that precede it in the chain. The univariate classifiers
in CCF can be implemented in many different ways, for
example, as logistic regression models.

One limitation of the MLC models in CCF is that
when they are learned from data, the dependencies
among class variables are typically approximated by a
specific classification model used (e.g. logistic regres-
sion) and hence may not be perfect. Moreover, in some
applications, the dependencies among output variables
may vary depending on the input context. Our new ME
architecture lets us remedy these limitations by learn-
ing and combining multiple MLC models, where each
model covers a different region of the input space. The
intuition is that while a single MLC model may repre-
sent well the relations for some part of the input space,
it may not be sufficient to model the relations globally
(full input space), and hence multiple models may be
needed to assure a good and accurate coverage. We de-
velop and present an EM algorithm for learning the ME
model for multiple MLC models from data.

The rest of the paper is organized as follows.
Section 2 formally defines the problem of MLC. Section
3 provides the fundamentals of ME and CCF, which
are necessary to understand our approach. Section
4 describes our proposed MLC solution. Section 5
presents the experiment results and evaluations. Lastly,
section 6 concludes the paper.

2 Problem Definition1

Multi-Label Classification (MLC) is a classification
problem in which each data instance is associated with
a subset of labels from a labelset L. Denoting d = |L|,
we define d binary class variables Y1, ..., Yd, whose value
indicates whether the corresponding label in L is asso-
ciated with an instance x. We are given labeled train-

ing data D = {x(n),y(n)}Nn=1, where x(n) = (x
(n)
1 , ...,

x
(n)
m ) is the m-dimensional feature variable of the n-th

instance (the input) and y(n) = (y
(n)
1 , ..., y

(n)
d ) is its d -

dimensional class variable (the output). We want to
learn a function h that fits D and assigns to each in-

1Notation: For notational convenience, we will omit the
index superscript (n) when it is not necessary. We may also

abbreviate the expressions by omitting variable names; e.g.,
P (Y1=y1, ..., Yd=yd|X=x) = P (y1, ..., yd|x).

stance a class vector (h : Rm → {0, 1}d).
One approach to this task is to model and learn

the conditional joint distribution P (Y|X) from D. As-
suming the 0-1 loss function, the optimal classifier h∗

assigns to each instance x the maximum a posteriori
(MAP) assignment of class variables:

h∗(x) = arg max
y1,...,yd

P (Y1 =y1, ..., Yd=yd|X=x)(2.1)

The key challenge in modeling, learning and MAP
inferences is that the number of configurations defining
P (Y|X) is exponential in d. Overcoming this bottleneck
is critical for obtaining efficient MLC solutions.

3 Preliminary

The MLC solution we propose in this work combines
multiple MLC classifiers using the mixtures-of-experts
(ME) [18] architecture. While in general the ME ar-
chitecture may combine many different types of proba-
bilistic MLC models, this work focuses on the models
that belong to the classifier chains family (CCF). In the
following we briefly review the basics of ME and CCF.

The ME architecture is a mixture model that con-
sists of a set of experts combined by a gating function
(or gate). The model represents the conditional distri-
bution P (y|x) by the following decomposition:

P (y|x) =
K∑
k=1

P (Ek|x)P (y|x, Ek),(3.2)

=

K∑
k=1

gk(x)P (y|x, Ek),

where P (y|x, Ek) is the output distribution defined by
the k-th expert Ek; and P (Ek|x) is the context-sensitive
prior of the k-th expert, which is implemented by the
gating function gk(x). Generally speaking, depending
on the choice of the expert model, ME can be used for
either regression or classification [35].

Note that the gating function in ME defines a soft-
partitioning of the input space, on which the K experts
represent different input-output relations. The ability
to switch among the experts in different input regions
allows to compensate for the limitation of individual
experts and improve the overall model accuracy. As a
result, ME is especially useful when individual expert
models are good in representing local input-output
relations but may fail to accurately capture the relations
on the complete input space.

ME has been successfully adopted in a wide range of
applications, including handwriting recognition [9], text
classification [11] and bioinformatics [25]. In addition,
ME has been used in time series analysis, such as speech
recognition [23], financial forecasting [33] and dynamic
control systems [17, 32]. Recently, ME was used in
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Figure 1: Example models of the classifier chains family.

social network analysis, in which various social behavior
patterns are modeled through a mixture [12].

In this work, we apply the ME architecture to solve
the MLC problem. In particular, we explore how to
combine ME with the MLC models that belong to the
classifier chains family (CCF). The CCF models de-
compose the multivariate class posterior distribution
P (Y|X) using a product of the posteriors over individ-
ual class variables as:

P (Y|X,M) =

d∏
i=1

P (Yi|X,Yπ(i,M)),(3.3)

where Yπ(i,M) denotes the parent classes of class vari-
able Yi defined by model M . An important advan-
tage of the CCF models over other MLC approaches
is that they give us a well-defined model of posterior
class probabilities. That is, the models let us calcu-
late P (Y = y|X = x) for any (x,y) input-output pair.
This is extremely useful not only for prediction, but also
for decision making [26, 3], conditional outlier analysis
[13, 14], or performing any inference over subsets of out-
put class variables. In contrast, the majority of existing
MLC methods aim to only identify the best output con-
figuration for the given x.

The original classifier chains (CC) model was in-
troduced by Read et al. [27]. Due to the efficiency
and effectiveness of the model, CC has quickly gained
large popularity in the multi-label learning commu-
nity. Briefly, it defines the class posterior distribution
P (Y|X) using a collection of classifiers that are tied
together in a chain structure. To capture the depen-
dency relations among features and class variables, CC
allows each class variable to have only classes that pre-
cede it along the chain as parents (Yπ(i,M) in (3.3)).
Figure 1(a) shows an example CC, whose chain order
is Y3 → Y2 → Y1 → Y4. Hence, the example defines
the conditional joint distribution of class assignment
(y1, y2, y3, y4) given x as:

P (y1, y2, y3, y4|x,MFig.1(a))

= P (y3|x) · P (y2|x, y3) · P (y1|x, y3, y2) · P (y4|x, y3, y2, y1)

Likewise, CCF is defined by a collection of classi-
fiers, P (Yi|X,Yπ(i,M)) : i = 1, ..., d, one classifier for

each output variable Yi in the chain (3.3). Theoreti-
cally, the CCF decomposition lets us accurately repre-
sent the complete conditional distribution P (Y|X) us-
ing a fully connected graph structure of Y (see Figure
1(a)). However, this property does not hold in practice
[7]. First, the choice of the univariate classifier model
in CC (such as logistic regression), or other structural
restrictions placed on the model, limit the types of mul-
tivariate output relations one can accurately represent.
Second, the model is learned from data, and the data
we have available for learning may be limited, which in
turn may influence the model quality in some parts of
the input space. As a result, a specific CC model is best
viewed as an approximation of P (Y|X). In such a case,
a more accurate approximation of P (Y|X) may be ob-
tained by combining multiple CCs, each optimized for
a different input subspace.

Conditional tree-structured Bayesian networks
(CTBN) [2] is another model in CCF. The model is
defined by an additional structural restriction: the
number of parents is set to at most one (using the no-
tation in (3.3), Yπ(i,M) :=Yπ(i,M)) and the dependency
relations among classes form a tree:

P (y|x,M) =

d∏
i=1

P (yi|x, yπ(i,M)),

where yπ(i,M) denotes the parent class of class Yi in M .
Figure 1(b) shows an example CTBN that defines:

P (y|x,MFig.1(b))

= P (y3|x) · P (y2|x, y3) · P (y1|x, y2) · P (y4|x, y2)

The advantage of the tree-structured restriction is that
the model allows efficient structure learning and exact
MAP inference [2].

The binary relevance (BR) [6, 5] model is a special
case of CC that assumes all class variables are condi-
tionally independent of each other (Yπ(i,M) = {} : i =
1, ..., d)2. Figure 1(c) illustrates BR when d = 4.

Finally, we would like to note that besides building
simple ensembles for MLC in the literature [27, 7, 1],

2By convention, Yπ(i,M) = {} if Yi in M does not have a
parent class.



Figure 2: An example of ML-ME.

the mixture approach for a restricted chain model was
studied recently by Hong et al. [15], which uses CTBNs
[2] and extends the mixtures-of-trees framework [22, 31]
for multi-label prediction tasks. In this work, we further
generalize the approach using ME and CCF.

4 Proposed Solution

In this section, we develop a Multi-Label Mixtures-of-
Experts (ML-ME) framework, that combines multiple
MLC models that belong to classifier chains family
(CCF). Our key motivation is to exploit the divide and
conquer principle: a large, more complex problem can
be decomposed and effectively solved using simpler sub-
problems. That is, we want to accurately model the
relations among inputs X and outputs Y by learning
multiple CCF models better fitted to the different parts
of the inout space and hence improve their predictive
ability over the complete space. In section 4.1, we
describe the mixture defined by the ML-ME framework.
In section 4.2-4.4, we present the algorithms for its
learning from data and for prediction of its outputs.

4.1 Representation By following the definition of
ME (3.2), ML-ME defines the multivariate posterior
distribution of class vector y = (y1, ..., yd) by employing
K CCF models described in the previous section.

P (y|x) =
K∑
k=1

gk(x)P (y|x,Mk)(4.4)

=

K∑
k=1

gk(x)
d∏
i=1

P (yi|x,yπ(i,Mk)
),(4.5)

where P (y|x,Mk) =
∏d
i=1 P (yi|x,yπ(i,Mk)) is the joint

conditional distribution defined by the k-th CCF model
Mk and gk(x) = P (Mk|x) is the gate reflecting how
much Mk should contribute towards predicting classes
for input x. We model the gate using the Softmax
function, also known as normalized exponential:

gk(x) =
exp(θGk

x)∑K
k′=1 exp(θGk′ x)

,(4.6)

NOTATION DESCRIPTION

m Input (feature) dimensionality

d Output (class) dimensionality

N Number of data instances

K Number of experts in a mixture

Mk An MLC expert with index k

ΘM = {θM1
, ..., θMK

} The parameters for MLC experts

ΘG = {θG1
, ..., θGK

} The parameters for a gate

Table 1: Notations

where ΘG = {θGk
}Kk=1 is the set of Softmax parameters.

Figure 2 illustrates an example ML-ME model, which
consists of K CCFs whose outputs are probabilistically
combined by the gating function.

Parameters Let Θ = {ΘG,ΘM} denote the set
of parameters for an ML-ME model, where ΘG =
{θGk

}Kk=1 are the gate parameters and ΘM = {θMk
}Kk=1

are the parameters of the CCF models defining indi-
vidual experts. We define a gate output for each ex-
pert by a linear combination of inputs, which requires
|θGk
| = (m + 1) = O(m) parameters. On the other

hand, we parameterize each CCF expert by learning
a set of classifiers. This in turn requires |θMk

| =
d(m+O(d) + 1) = O(dm+ d2) parameters.

In summary, the total number of parameters for our
ML-ME model is |ΘG|+|ΘM | = O(Kmd+Kd2). Table
1 summarizes the parameters and notations.

4.2 Learning parameters of CCF In this section,
we describe how to learn the parameters of ML-ME
when the structures of individual CCF models are
known and fixed. We return to the structure learning
problem in Section 4.3. Our objective here is to find
the parameters Θ = {ΘG,ΘM} that optimize the log-
likelihood of the training data:

l(D;Θ) =

N∑
n=1

log

K∑
k=1

gk(x
(n))P (y(n)|x(n),Mk)(4.7)

We refer to (4.7) as the observed log-likelihood. However,
direct optimization of this function is very difficult
because the summation inside the log results in a non-
convex function. To avoid this, we instead optimize the
complete log-likelihood, which is defined by associating
each instance (x(n),y(n)) with a hidden variable z(n) ∈
{1, ...,K} indicating to which expert it belongs:

lc(D;Θ) =

N∑
n=1

logP (y(n), z(n)|x(n))(4.8)

=

N∑
n=1

K∑
k=1

1[z(n) = k] log
(
gk(x

(n))P (y(n)|x(n),Mk)
)
,

where 1[z(n) = k] is the indicator function that eval-
uates to one if the n-th instance belongs to the k-th



expert and to zero otherwise. We use the EM frame-
work that iteratively optimizes the expected complete
log-likelihood (E [lc(D; Θ)]), which is always a lower
bound of the observed log-likelihood [8]. In the follow-
ing, we derive an EM algorithm for ML-ME.

Each EM iteration consists of E-step and M-step.
In the E-step, we compute the expectation of the
complete log-likelihood. This reduces to computing
the expectation of the hidden variable z(n), which is
equivalent to the posterior of the k-th expert given the
observation and the current set of parameters.

E
[
1[z(n)= k]

]
= P (z(n)= k|y(n),x(n))

=
gk(x

(n))P (y(n)|x(n),Mk)∑K
k′=1 gk′ (x

(n))P (y(n)|x(n),Mk′ )
(4.9)

In the M-step, we learn the model parameters
{ΘG,ΘM} that maximize the expected complete log-

likelihood. Let h
(n)
k denote E

[
1[z(n) = k]

]
. Then we

can rewrite the expectation of (4.8) using h
(n)
k and by

switching the order of summations:

K∑
k=1

N∑
n=1

h
(n)
k

log gk(x
(n)) + h

(n)
k

logP
(
y(n)|x(n),Mk

)
As h

(n)
k is fixed in the M-step, we can decompose this

into two parts, which respectively involves the gate
parameters ΘG and the CCF model parameters ΘM :

fG(D;ΘG) =

K∑
k=1

N∑
n=1

h
(n)
k

log gk(x
(n))

fM (D;ΘM ) =

K∑
k=1

N∑
n=1

h
(n)
k

logP
(
y(n)|x(n),Mk

)
By taking advantage of this modular structure, we
optimize fG(D; ΘG) and fM (D; ΘM ) individually to
learn ΘG and ΘM , respectively. We first optimize
fG(D; ΘG), which we rewrite as (using (4.6)):

fG(D;ΘG)

=
K∑
k=1

N∑
n=1

h
(n)
k

θGkx(n) − h(n)
k

log

K∑
k′=1

exp(θGk′
x(i))

Since fG(D; ΘG) is concave in ΘG, we can find the
optimal solution using a gradient-based method. The
derivative of the log-likelihood with respect to θGj

is:

∇θj fG(D;ΘG) =
N∑
n=1

{
h
(n)
j − gj(x(n))

}
x(n)(4.10)

Note that this equation has an intuitive interpreta-
tion as the derivative becomes zero when gj(x

(n)) =

P (Mk|x(n)) and h
(n)
j = P (Mk|y(n),x(n)) are equal.

In our experiments, we solve this optimization using
the L-BFGS algorithm [21], which is a quasi-Newton

Algorithm 1 learn-mixture-parameters

Input: Training data D; base CCF experts M1, ...,MK

Output: Model parameters {ΘG,ΘT }
1: repeat

2: E-step:
3: for k = 1 to K, n = 1 to N do

4: Compute h
(n)
k using Equation (4.9)

5: end for
6: M-step:

7: ΘG = argmaxΘG
fG(D;ΘG)−R(ΘG)

8: for k = 1 to K do
9: θMk

= argmax
∑N
n=1 h

(n)
k logP (y(n)|x(n),Mk)

10: end for

11: until convergence

method that uses a sparse approximation to the inverse
Hessian matrix to achieve a faster convergence rate even
with a large number of variables. To prevent overfitting
in high-dimensional space, we regularize with the L2-
norm of the parameters R(ΘG) = λ

2

∑K
k=1 ||θGk

||22.
Now we optimize fM (D; ΘM ), which can be further

broken down into learning K individual CCF models.
Note that fM forms the weighted log-likelihood where

h
(n)
k serves as the instance weight. In our experiments,

we optimize this by applying L2-regularized instance-
weighted logistic regression models.

4.2.1 Complexity Algorithm 1 summarizes our pa-

rameter learning algorithm. The E-step computes h
(n)
k

for each instance on each expert. This requires O(md)
multiplications. Hence, the complexity of a single E-
step is O(KNmd). The M-step optimizes the parame-
ters ΘG and ΘM . Optimizing ΘG computes the deriva-
tive (4.10) which requires O(mN) multiplications. De-
noting the number of L-BFGS steps by l, this requires
O(mNl) operations. Optimizing ΘM learns K CCF
models. We do this by learning O(Kd) instance-weight
logistic regression models.

4.3 Structure Learning We previously described
the parameter learning of ML-ME by assuming we have
fixed the individual structures. In this section, we
present how to obtain useful structures for learning a
mixture from data. We first show how to obtain CCF
structures from weighted data. Then, we present our
sequential boosting-like heuristic that, on each iteration,
learns a structure by focusing on “hard” instances that
previous mixture tends to misclassify.

4.3.1 Learning a Single CCF Structure on
Weighted Data To learn the structure that best
approximates weighted data, we find the structure
that maximizes the weighted conditional log-likelihood
(WCLL) on {D,Ω}, where Ω = {ω(n)}Nn=1 is the in-



stance weight. Note that we further split D into training
data Dtr and hold-out data Dh for internal validation.

Given a CCF structure M , we train its parameters
using Dtr, which corresponds to learning instance-
weighted logistic regression using Dtr and their weights.
On the other hand, we use WCLL of Dh to define the
score that measures the quality of M .

score(M) =
∑
n∈Dh

ω(n)
d∑
i=1

logP (y
(n)
i |x(n),y

(n)
π(i,M)

)(4.11)

The original CC [27] generates the underlying de-
pendency structure (chain order) by a random permuta-
tion. In theory, this would not affect the model accuracy
as CC still considers the complete relations among class
variables. However, in practice, using a randomly gen-
erated structure may degrade the model performance
due to the modeling and algorithmic simplifications (see
section 3). In order to alleviate the issue, Read et al.
[27] suggested to use ensembles of CC (ECC) that aver-
ages the predictions of multiple randomly ordered CCs
trained on random subsets of the data. However, this is
not a viable option because simply averaging the multi-
dimensional output predictions may result in inconsis-
tent estimates (does not correctly solve (2.1)).

Instead, we use a structure learning algorithm that
learns a chain order greedily by maximizing WCLL.
That is, starting from an empty ordered set ρ, we
iteratively add a class index j to ρ by optimizing:

scorej(ρ) =
∑
n∈Dh

ω(n) logP (y
(n)
j |x

(n),y
(n)
i∈ρ),(4.12)

where y
(n)
i∈ρ denotes the classes previously selected in ρ.

We formalize our method in Algorithm 2. Note that
this algorithm can be seen as a special case of [20] that
optimizes the chain order using the beam search.

We would like to note that by incorporating ad-
ditional restriction on the CC model, the optimal (re-
stricted) CC structure may be efficiently computable.
An example of such a model is the Conditional Tree-
structured Bayesian Network (CTBN) [2]. Briefly, the
optimal CTBN structure may be found using the max-
imum branch (weighted maximum spanning tree) [10]
out of a weighted complete digraph, whose vertices rep-
resent class variables and the edges between them rep-
resent pairwise dependencies between classes.

4.3.2 Learning Multiple CCF Structures To ob-
tain multiple, effective CCF structures for ML-ME, we
apply the above described algorithms multiple times
with different sets of instance weights. This section ex-
plains how we assign the weights such that poorly pre-
dicted instances have higher weights; and well-predicted
instances have lower weights.

Algorithm 2 learn-chain-structure

Input: Training data D

Output: Chain order ρ

1: Split D into Dtr and Dh
2: Initialize an ordered set ρ = {}
3: for i = 1 to d and j 6∈ ρ do

4: for j = 1 to d do

5: θj = argmaxθj
ω(n) logP (y

(n)
j |x

(n),y
(n)
ρ ) : n ∈ Dtr

6: end for

7: ρ = ρ ∪ argmaxj ω
(n) logP (y

(n)
j |x

(n),y
(n)
ρ ;θj) : n ∈ Dh

8: end for

To start with, we assign all instances uniform
weights (ω(n) = 1/N : n = 1, ..., N ; i.e., all instances
are equally important a priori). Using this initial set of
weights, we first obtain a CCF structure ρ1 (i.e., either
a CC or CTBN structure) and train a model M1 that
follows ρ1. Then, by setting the current mixture M to
be M1, we compute the new instance weights to be the
normalized prediction error:

ω(n) ∝ 1− P (y(n)|x(n),M), s.t.

N∑
n=1

ω(n) = 1

With the updated weights {ω(n)}, we obtain another
structure ρ2, and train M with M1 and M2 that follow
ρ1 and ρ2, respectively (Algorithm 1).

We incrementally inject new models to the mixture
by repeating this process. To stop the process, we
use internal validation approach. Specifically, the data
used for learning are split to internal train and test
sets. The structure of the trees and parameters are
always learned on the internal train set. The quality
of the current mixture is evaluated on the internal test
set. The mixture growth stops when the log-likelihood
on the internal test set for the new mixture does not
improve any more. The structures included in the
previous mixture are then fixed, and the parameters of
the mixture are re-learned on the full training data.

4.3.3 Complexity Learning a single CCF structure
requires to estimate P (Yi|X, Yj) for O(d2) pairs of
classes. Since we learn K CCF structures for a mixture,
the overall complexity is O(Kd2) times the complexity
of learning logistic regression.

4.4 Prediction In order to make a prediction for a
new instance x, we want to find the MAP assignment
of the class variables (see (2.1)). Our ML-ME model
consists of multiple CCF models and the MAP solu-
tion may, at the end, require enumeration of exponen-
tially many class assignments. To address this prob-
lem, we rely on approximate MAP inference. The two
commonly applied MAP approximation approaches in
the literature are: convex programming relaxation via



dual decomposition [28], and simulated annealing using
a Markov chain [34]. In this work, we use the latter
approach. Briefly, we search the space of all assign-
ments by defining a Markov chain that is induced by
local changes to individual class labels. The annealed
version of the exploration procedure [34] is then used to
speed up the search. We initialize our MAP algorithm
using the following heuristic: first, we identify the MAP
assignments for each CCF model in the mixture individ-
ually [7, 2, 5]. After that, we pick the best assignment
among these candidates. We have found this (efficient)
heuristic to work very well and often results in the true
MAP assignment.

5 Experiments

5.1 Data We use seven publicly available MLC
datasets obtained from different domains. Table 2 sum-
marizes the characteristics of the datasets, including
dataset size, label cardinality (the average number of
labels per instance), distinct label set (the number of
distinct class configurations that appear in the data)
and data domain.

5.2 Methods To demonstrate the benefits of our
mixture framework, we compare the performance of the
following eight methods: binary relevance (BR) [6, 5],
conditional tree-structured Bayesian networks (CTBN)
[2], classifier chains (CC) and their ensembles (ECC)
[27], probabilistic classifier chains (PCC) and their
ensembles (EPCC) [7], ML-ME with CTBN (MCTBN)
and ML-ME with CC (MCC).

BR is the simplest method that learns each class
independently. CTBN and CC are our base method
that fall in the classifier chains family. By testing them
individually, we want to demonstrate the benefits of
our method. PCC is an algorithmic extension of CC
that exhaustively searches over its entire label space
to perform exact MAP inference. ECC and EPCC
are simple ensemble methods that rely on randomiza-
tion to obtain multiple dependency relations (by choos-

DATASET N m d LC DLS DM

Image 2,000 135 5 1.24 20 image

Scene 2,407 294 6 1.07 15 image

Emotions 593 72 6 1.87 27 music

Flags 194 19 7 3.39 54 image

Yeast 2,417 103 14 4.24 198 biology

Medical 978 1,449 45 1.25 94 text

Enron 1,702 1,001 53 3.38 753 text

Table 2: Datasets characteristics
*N : number of instances, m: number of features, d: number of

classes, LC: label cardinality, DLS: distinct label set, DM: domain
**All data are taken from http://mulan.sourceforge.net and

http://cse.seu.edu.cn/people/zhangml/Resources.htm

ing a random permutation for the class order in the
chain) and use simple averaging to make ensemble pre-
dictions. MCTBN and MCC are our proposed methods
that properly optimize the log-likelihood and produce
context-sensitive mixture outputs.

For a fair comparison of the methods, we fix the
following parameters throughout all experiments:
•We use L2-penalized logistic regression for all of the meth-

ods and choose their regularization parameters by cross val-

idation.

• We set the maximum number of experts to 10 for

MCTBN/MCC. We use our heuristic (section 4.3.2) to stop

early if possible; ECC/EPCC use 10 fixed number of base

models in an ensemble.

• We use our structure learning algorithm (Algorithm 2) for

CC/PCC; we use random chain orders for ECC/EPCC.

• For predictions on MCTBN/MCC, we use 150 iterations

of simulated annealing.

5.3 Evaluation Metrics To compare different MLC
methods, we use the following two evaluation metrics.
• Exact match accuracy (EMA): EMA computes the
percentage of instances whose predicted output vectors
are exactly the same as their true class vectors (i.e.,
all classes are predicted correctly). EMA is proper for
MLC as it evaluates the success of the method in finding
the mode of P (X|Y). However, it could be too harsh
especially when the output dimensionality is high.
• Conditional log-likelihood loss (CLL-loss): CLL-loss
computes the negative conditional log-likelihood of the
test instances.

CLL-loss =

N∑
n=1

− log
(
P (y(n)|x(n))

)
(5.13)

It measures the model fitness by evaluating how much
probability mass is given to the true label vectors (the
higher the probability, the smaller the loss). Note that
CLL-loss is only defined for probabilistic methods.

5.4 Results Tables 3 and 4 show the performance of
all methods in terms of EMA and CLL-loss, respectively.
All results are obtained using ten-fold cross validation.
In parentheses, we indicate the relative ranking of the
methods on each dataset. We do not report the results
of PCC/EPCC on Medical and Enron because evalu-
ating all O(2d) class assignments is clearly infeasible.
Also, we do not report CLL-loss for ECC and EPCC
because they do not produce probabilistic output.

Based on the results, our ML-ME framework clearly
improves the performance of the base models. In terms
of EMA (Table 3), the prediction accuracy of MCC is
not only the highest but also the most stable. Although
not as good as MCC, MCTBN also shows a large im-
provement compared with CTBN. These demonstrate

http://mulan.sourceforge.net
http://cse.seu.edu.cn/people/zhangml/Resources.htm


EMA BR CTBN CC PCC ECC EPCC MCTBN MCC

Image 0.279±0.036 (8) 0.407±0.036 (6) 0.445±0.038 (2) 0.452±0.032 (2) 0.413±0.028 (6) 0.442±0.019 (2) 0.444±0.035 (2) 0.486±0.038 (1)

Scene 0.542±0.028 (8) 0.624±0.035 (7) 0.694±0.023 (3) 0.701±0.028 (1) 0.658±0.027 (5) 0.681±0.030 (3) 0.645±0.028 (5) 0.708±0.028 (1)

Emotions 0.265±0.056 (8) 0.334±0.065 (4) 0.341±0.061 (4) 0.343±0.073 (4) 0.288±0.086 (4) 0.344±0.072 (1) 0.370±0.063 (1) 0.356±0.062 (1)

Flags 0.139±0.042 (7) 0.155±0.069 (7) 0.196±0.067 (1) 0.191±0.075 (6) 0.212±0.089 (1) 0.222±0.062 (1) 0.216±0.063 (1) 0.227±0.071 (1)

Yeast 0.151±0.024 (8) 0.195±0.026 (7) 0.220±0.027 (3) 0.242±0.023 (2) 0.204±0.024 (3) 0.219±0.015 (3) 0.218±0.025 (3) 0.259±0.026 (1)

Medical 0.641±0.075 (6) 0.667±0.079 (4) 0.688±0.056 (4) - (-) 0.701±0.035 (1) - (-) 0.712±0.065 (1) 0.711±0.055 (1)

Enron 0.173±0.024 (4) 0.184±0.016 (4) 0.197±0.032 (1) - (-) 0.181±0.030 (4) - (-) 0.196±0.023 (1) 0.192±0.026 (1)

Avg.Rank 7.0 5.6 2.6 3.0 3.4 2.0 2.0 1.0

Table 3: Performance of each method on the benchmark datasets in terms of exact match accuracy.
Numbers in parentheses show the relative ranking of the method on each dataset.

The best methods (by paired t-test at α = 0.05) are shown in bold. The last row shows the average ranking of the methods.

CLL-loss BR CTBN CC PCC MCTBN MCC

Image 432.6±20.8 (5) 391.0±22.2 (4) 475.9±34.9 (6) 347.0±24.4 (1) 378.3±20.7 (3) 342.6±30.7 (1)

Scene 343.6±22.5 (5) 287.2±16.4 (4) 371.8±32.3 (6) 230.1±15.6 (1) 277.8±12.0 (3) 234.2±18.4 (1)

Emotions 153.9±10.7 (5) 135.8±8.6 (4) 155.2±10.1 (5) 130.1±10.1 (1) 134.2±9.9 (3) 132.0±10.0 (1)

Flags 68.6±11.5 (2) 66.5±11.2 (2) 80.9±19.7 (6) 57.6±11.4 (1) 66.6±12.1 (2) 66.3±9.1 (2)

Yeast 1502.4±45.1 (5) 1075.3±46.5 (3) 2233.4±126.4 (6) 932.1±72.6 (2) 1077.5±52.7 (3) 915.7±38.6 (1)

Medical 155.9±25.2 (4) 145.4±23.8 (2) 152.7±35.6 (4) - (-) 133.3±34.8 (1) 140.6±36.6 (2)

Enron 1441.3±85.7 (5) 1316.4±78.6 (4) 1230.9±72.4 (3) - (-) 1127.4±63.8 (1) 1156.2±71.3 (2)

Avg.Rank 4.4 3.3 5.1 1.2 2.3 1.4

Table 4: Performance of each method on the benchmark datasets in terms of conditional log-likelihood loss.
Numbers in parentheses show the relative ranking of the method on each dataset.

The best methods (by paired t-test at α = 0.05) are shown in bold. The last row shows the average ranking of the methods.

that ML-ME compensates for the restrictions that the
base MLC models have using their combinations. In ad-
dition, this is in contrast to simple averaging, which of-
ten leads to inconsistent estimation (ECC and EPCC).
The model fitness of MCC measured by CLL-loss (Table
4) also indicates that MCC is competitive, followed by
MCTBN, CTBN, BR and CC. Although PCC is record-
ing the highest average ranking, it is computationally
very expensive and does not scale up to large data.

In summary, the experimental results show that
our ML-ME method with the CCF experts is able
to outperform or match the existing state-of-the-art
methods across a broad range of benchmark MLC
datasets. We attribute this improvement to the ability
of the CCF mixture that simultaneously compensates
for the restricted dependencies modeled by an individual
CCF, and to its ability that better fits the different
regions of the input space with new expert models.

6 Conclusion

We presented a novel probabilistic ensemble framework
for multi-label classification. Our approach attempts
to capture different input-output and output-output
relations that tend to change across data. We in-
tegrated the mixtures-of-experts architecture and the
multi-label classification models in the classifier chains
family, that decompose the class posterior distribution
P (Y1, ..., Yd|X) using a product of posterior distribu-
tions over components of the output space. We devel-
oped the learning and prediction algorithms for our mix-
ture framework, and showed that our approach recovers

a rich set of dependency relations among inputs and out-
puts that a single multi-label classification model cannot
capture due to its modeling simplifications. Through
the experiments on multiple benchmark datasets, we
demonstrated that our approach achieves highly com-
petitive results and outperforms the existing state-of-
the-art multi-label classification methods.
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