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Abstract

The focus of this work is the computation of efficient strategies for commodity trading in a
multi-market environment. In today’s “global economy” commodities are often bought in one
location and then sold (right away, or after some storage period) in different markets. Thus, a
trading decision in one location must be based on expectations about future price curves in all
other relevant markets, and on current and future storage and transportation costs. Investors
try to compute a strategy that maximizes expected return, usually with some limitations on
assumed risk. With standard stochastic assumptions on commodity price fluctuations, computing
an optimal strategy can be modeled as a Markov decision process (MDP). However, in general such
a formulation does not lead to efficient algorithms. In this work we propose a model for representing
the multi-market trading problem and show how to obtain efficient structured algorithms for
computing optimal strategies for a number of commonly used trading objective functions (Expected
NPV, Mean-Variance, and Value at Risk).

1. Introduction

Investment is the act of incurring immediate cost in the expectation of future reward. Investment
options represent various tradeoffs between risk and expected profit. Investors try to maximize
their expected return subject to the risk level that they are willing to assume. Modern economics
theory models the uncertainty of future rewards as a stochastic process defining future price curves.
The process is typically Markovian, thus investment decision can be modeled as a Markov decision
process (MDP) [3, 16, 24] where a state of the underlying process needs only to include the current
investment portfolio and current prices. While the MDP model gives a succinct formalization of
the investment decision processes it does not necessarily imply efficient algorithms for computing
optimal strategies. A challenging goal in this research area is to characterize special cases of the
general investment paradigm that are interesting enough from the application point of view while
simple enough to allow efficiently computable analytic solutions.

We focus in this paper on commodity trading. Past work has mainly dealt with single market
trading problems (see [12, 15] and the references there), where commodity is bought, stored and
eventually sold at the same location. Here we address a more realistic scenario in today’s “global
economy”, that of a multi-site trading problem where a commodity can be bought in one location,
stored at a second location and eventually sold at a third market. Prices at different locations may
be different, and they may have different future price curves. Transportation costs also vary in time.
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While there can be large gaps in spot prices in different locations, future prices are more correlated
- the future price of the commodity at site X cannot be larger than the price at site Y plus the cost
of transportation between Y and X. Trading in a “global economy” is significantly more complex,
since a local trading decision must be based on expectations about future price curves in all other
relevant markets, as well as transportation and storage costs.

Modeling the multi-site commodity trading as a Markov decision process leads to a large state
space, and a large action space. There has been extensive research in AI in recent years on solving
MDPs with large state spaces exploiting, e.g., the structure of a specific problem through factoring
and decompositions [20, 7, 11, 10, 22, 6] or various abstractions [9, 14]. However, all these works
assume finite or at least discrete state space and the optimal solution or its close approximations still
may not be efficiently computable. Nevertheless, we show in this work that under several commonly
used utility functions the optimal trading strategy for the multi-site commodity problem still can be
computed efficiently. In addition we show that the problem offers a specific structure which can be
exploited to further reduce the computational complexity of a problem and speed-up the solution.

A standard assumption in mathematical economics is that commodity prices (e.g., oil and copper)
are best modeled as a mean reverting stochastic process [12]. In our case, prices in all locations follow
the mean reverting process but with different set of parameters for different sites. To solve the
trading problem we first consider the expected net present value (ENPV) objective function, where
the goal is to maximize expected gain with no consideration to risk. Under this objective function
the optimization problem becomes myopic and can be computed by considering only current and
next step prices. This allows us to design global optimal portfolio allocation algorithms that are
polynomial in the number of sites in each trading step.

Building on the myopic property of the ENPV objective function we extend the result to two
commonly used objective functions that combine ENPV maximization with limits on assumed risk
at any one step. In the Mean-Variance function the goal is to maximize a weighted difference of the
expected gain and the variance. The Value at Risk function maximizes expected gain subject to a
(probabilistic) limit on the possibility of a large loss at any one step. Since both functions include
a term that is linear in the variance of the process, the optimization problems in both cases lead
to a constrained quadratic optimization problem. However, the computational complexities of the
two problems are different. The mean-variance function has a particular structure that allows for
polynomial time solution. The complexity of the optimization problem for the value at risk function
varies, some special cases have polynomial time solutions.

A typical investor is risk-averse and tries to maximize the expected value of the investment
while reducing the risk. Mean-Variance and Value at Risk are examples of objective functions with
risk-aversion. We show that for a class of risk-averse functions a multi-site trading problem offers
a special problem structure that allows us to decompose the optimization process to a sequence of
problems of smaller complexity and thus to reduce the complexity of the original problem. Using
this result, we develop and present efficient structure-based algorithms for both the Mean-Variance
and Value at Risk models and show empirically significant running-time improvements for these
algorithms compared to unstructured ones.

2. The Model

We consider investment problems with one type of commodity that is traded at n different sites.
Once the commodidity is bought it can be either stored in each of the locations or transported
between any two locations.
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2.1 Price model

We assume that trading occurs at discrete time steps. To model commodity price fluctuations we
adopt a discrete time version of the mean-reverting model [12]:

p(t+1) = µ − e−η(µ − p(t)) + ǫ(t), (1)

where µ is the long term average price of the commodity i.e., a value to which the process reverts,
η is the speed of reversion and ǫ(t) is a sequence of independent random variables following normal
distribution N(0, σǫ).

1 Figure 1 shows an example of a disrete-time mean-reverting process.
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Figure 1: An example of a price trajectory for the mean reverting process with µ = 100, η = 0.6, σ =
7.

Commodity prices at all locations follow mean reverting processes, each with different parameters
and with possible correlations between their random components ǫ’s. Their combined fluctuations
are fully described by a multivariate normal distribution N(0, Σ), with a zero mean vector and a
covariance matrix Σ. We assume that price movements are independent of our trading activities.
We simplify the treatment of the problem by assuming that price spread (the difference between
buy and sell prices at a given location) is negligible.2

There are natural capacity constraints on the number of commodity units we can transport
(store) between the two locations at any time step. However, there are no constraints on buy and
sell activities.

1. We note that normally distributed random components of the price process may lead to negative prices. One way
to deal with this issue is to use a geometric version of the mean reverting process, where the logarithm of the
price follows the mean reverting model. However, the behavior of such a model is quite different, and price curves
of the standard model are more realistic.

2. In the more general setting (not considered here) prices can also fluctuate based on our demand and supply for
the commodity or transportation service.
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2.2 Valuation

Profit is measured by the standard expected net present value (ENPV) (see e.g. [8, 26]):

V π(s) = E(

T
∑

t=0

γtm(t)|π, s) (2)

where s denotes an initial state, π is the trading strategy, γ = 1
1+r

is a discount factor, with r

denoting the interest rate (present cost of money), T is the decision horizon, and m(t) is the cash
flow at time t. We focus primarily on problems with infinite horizon (T → ∞).

3. Markov decision process formulation of the problem

A Markov decision process (MDP) [3, 16, 24] describes a stochastic controlled process represented by
a 4-tuple (S, A, T, R), where S is a set of process states; A is a set of actions; T : S×A×S → [0, 1] is a
probabilistic transition model describing the dynamics of the modeled system; and R : S×A×S → R
models rewards assigned to transitions.

In the multi-site commodity trading problem the state of a process is determined by a price
vector

p = {p1, p2, · · · , pi, · · · , pn, p11, p12, · · · , pnn},

where the pi’s give the commodity price at location i, the pi,j’s give the transportation price from i

to j, and the pi,i’s give the storage price at site i. Actions represent trading activities at a specific
time step, and are defined as

a = {a11, a12, · · · , aij, · · ·ann},

where aij is the amount of commodity to be transported between i and j, or stored at location i if
j = i. Thus, actions define allocations of commodity to different transportation (storage) edges. 3

Individual edge allocations in a are restricted to Cij ≥ aij ≥ 0, where Cij is the transportation limit
from location i to j. The allocation weights in a must be non-negative since there is no meaning in
our model to negative investment.4 Also, weights aij can have real or integral values (depending on
the problem definition). In the following we assume real-valued allocations, the extension to integral
problems is straightforward.

The transition model is defined by a set of mean-reverting price functions (Equation 1), one for
each location. For example, the price movements for location i is

p′i = µi − e−ηi (µi − pi) + ǫi,

where pi and p′i is the current and next step price, ηi and µi are the parameters of the mean-
reverting process and ǫi is the random component. Similarly, we assume the mean-reverting model
of transporation price dynamics.5

Rewards represent partial profits from applying the strategy and are modeled in terms of step-
wise gains. The gain for transporting one unit of commodity from location i to j is defined by

gij(p) = −pi − pij + γp′j ,

3. It is easy to see that the number of units to be transported between different locations is sufficient to define all
trading activities. Simply, the number of units to buy and sell at different locations can be obtained by comparing
the number of units currently held and the number of units to be transported from that location in the next step.

4. We note that in some of the problems in finance (e.g. portfolio optimization), constraints on weights can be lifted.
This is the case when short-selling of an asset or security is possible. In that case, negative weights in the portfolio
will reflect a short position.

5. The main results of the paper can be extended to other price models with Gaussian random component in a
straightforward way.
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where pi is the current price of the commodity in location i, pij is the cost of transportation and p′j
is the price of the commodity in location j in the next step. The gain for an action a that allocates
commodity to different transportation edges is the combination of partial gains

g(p, a) =

n
∑

i=1

n
∑

j=1

gij(p)aij.

Using our model, a sequence of cash flows for any strategy can be expressed in terms of step-wise
gains (rewards) rather than actual money inflow and outflow. Intuitively, we can replicate payoffs
from any strategy by buying the commodity at the beginning of a decision step and selling it at
the end of that step. Therefore, the expected NPV model from Equation 2 for a strategy π can be
expressed in terms of gains as

V π(p) = lim
T→∞

E(
T

∑

t=0

γtg(t)|π, p), (3)

where g(t) is the gain at time t. This is exactly the discounted, infinite-horizon criterion used
commonly in MDPs [24]. Thus, our multi-site investment problem for expected NPV model can be
expressed and solved as a Markov decision problem.

The optimal trading strategy for the discounted, infinite horizon Markov decision problem is
stationary (see [3, 24]) and maps states of the process to actions. Therefore, the optimal strategy for

our problem is π∗ : IRn × IRn2

→ IRn2

, mapping the current commodity and transportation prices
to amounts of units to be allocated to different transportation/storage edges.6

4. Solving the expected NPV problem

Using the MDP formulation, Equation 3 for the expected NPV model and a fixed policy π can be
rewritten in Bellman’s form [3] as

V π(p) = E(g(p, π(p))) + γ

∫ ∞

−∞

· · ·

∫ ∞

−∞

V π(p′)f(p′|p)dp′, (4)

where E(g(p, π(p))) is the expected one-step gain for π(p) and f(p′|p) is the conditional probability
density function of the next step prices.

4.1 Myopic property

We see that V π(p) is hard to compute exactly. However, despite this difficulty the optimal strategy
that maximizes ENPV can be computed efficiently. A key feature of our model is that prices change
independently of our trading decisions (see Equation 4). Thus, the optimal policy is myopic (a
greedy one-step policy is globally optimal) and can be easily computed (see [15]).

Theorem 1 The optimal trading strategy for the expected NPV model is myopic.

Proof The value of the optimal trading strategy is obtained from Equation 4 by maximizing over
all possible actions

V ∗(p) = max
a

[

E(g(p, a)) + γ

∫ ∞

−∞

· · ·

∫ ∞

−∞

V ∗(p′)f(p′|p)dp′

]

.

6. For integral allocations the optimal policy is π
∗ : IR

n
× IR

n
2

→ IN
n
2

.
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As the next step prices are independent of the action choice, the value can be rewritten as

V ∗(p) = max
a

[E(g(p, a))] + γ

∫ ∞

−∞

· · ·

∫ ∞

−∞

V ∗(p′)f(p′|p)dp′.

We see that in order to get the optimal solution for a it is sufficient to optimize a only with regard
to E(g(p, a)). Thus the optimal strategy is myopic. 2

The myopic property of the optimal investment strategy is critical for computing the solution for
the commodity problem. The complete optimal investment strategy π : Rn × Rn2

→ Rn2

allocates
the commodity units to different transportation edges for every price vector p. As the number of
possible prices and corresponding allocations is very large, it is not feasible to represent and store
the optimal policy.

4.2 On-line algorithm

One way to avoid the computation of the complete policy is to compute individual price-specific
allocations on-line. The on-line algorithm is invoked repeatedly in every step. In the general case,
the on-line phase may be very time consuming as it may require to examine multiple price trajectories
spanning multiple time steps. The myopic property of the decision process (Theorem 1) assures that
we can obtain the optimal solution just by looking on what can happen in the next step. Simply,
in order to decide the best allocation of investment for some price vector p it is sufficient to choose
the allocation with the best one-step expected gain, and it is not necessary to consider more distant
future and possible later price movements.

4.3 Optimal allocation

To find the optimal trading strategy for the expected NPV model it is sufficient to optimize expected
one-step gains. Let a be some allocation of units to different transportation edges. The expected
gain for a is

E(g(p, a)) =

n
∑

i=1

n
∑

j=1

aijE(gij(p)).

To maximize the expectation we need to maximize the components of the sum. Assuming that Cij

is the constraint on the number of units we can transport between location i and j, the optimal
allocation of aij is easy:

a∗
ij =

{

Cij if E(gij(p)) > 0;
0 otherwise.

Simply, we invest the limit to every edge with a positive expected gain.

5. Objective functions with one-step risk models

Once risk is taken into account, the above strategy of investing the limit on all edges with positive
expected gains may not be optimal anymore.

Investment risk can be incorporated into the model in various ways. We focus here on objective
functions that penalize or bound risk in any single step. In particular, we investigate:

• Mean-Variance model [21, 1, 5] that explicitly relates expected one-step gain and the gain
variance;

• Value at Risk (VaR) model [19] which maximizes the expected present value of the investment,
but at the same time limits possible step losses.

6
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The important property of both models is that their value function is time-decomposable and can
be expressed in the form similar to the expected NPV model

V ∗(p) = (5)

= max
a

[

h(g(p, a)) + γ

∫ ∞

−∞

· · ·

∫ ∞

−∞

V ∗(p′)f(p′|p)dp′

]

= max
a

[h(g(p, a))] + γ

∫ ∞

−∞

· · ·

∫ ∞

−∞

V ∗(p′)f(p′|p)dp′.

Here, h(g(p, a)) is a function of a one-step gain (a random variable), not just its expectation.
Different risk models use different forms of h. Note that the optimal policies must be myopic for
this formalization.

5.1 Mean-Variance (MV) model

The mean-variance model [21, 1, 5] quantifies the risk in terms of the gain volatility. The model
is additive and combines the expected one-step gain and the gain volatility into a single objective
function h(g(p, a)):

h(g(p, a)) = αE(g(p, a)) − βV ar(g(p, a)), (6)

where α, β ≥ 0. Intuitively the function reflects the fact that investors like the mean to be large but
dislike the variance. Parameters α, β quantify this relation. We note that this valuation corresponds
to the quadratic utility function [21].

Using the valuation function from equation 6, our goal is to find the allocation of commodity
maximizing it. That is:

π∗(p) = arg max
a

[αE(g(p, a)) − βV ar(g(p, a))] , (7)

subject to constraints Cij ≥ aij ≥ 0 for all aij. The variance of the gain for a is:

V ar(g(p, a)) = aT Σ′a,

where Σ′ is the gain covariance matrix (an n2×n2 matrix) obtained from the price covariance matrix
Σ as:

Σ′

(ij)(kl) = Cov(gij(p), gkl(p)) = γ2Cov(ǫj , ǫl) = γ2Σjl.

5.1.1 Solution for the model

Equation 7 defines a quadratic optimization problem with linear constraints. The important property
of this problem is that the h function has a unique global optimum solution. We can observe this
from the fact that the Hessian of our function is a constant negative definite matrix (equal to
−2βΣ′).7 Therefore, the function is concave. Figure 2 illustrates the shape of the function for the
2-dimensional case. This special case of Quadratic Programming is known to have a polynomial
time solution [27]. Note, however, that by considering only integer allocation weights the problem
becomes an integer programming problem and may not be solvable efficiently (see [23]).

5.2 Value at Risk (VaR) model

Let K be a loss threshold and δ the maximum probability of losing K or more units. The value of
K is called the value at risk for δ (see [19]).

7. Recall that the covariance matrix Σ′ is symmetric, positive definite.

7
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Figure 2: An example of a concave quadratic function for two dimensions.

This optimization problem has the form of Equation 5, where we maximize

h(g(p, a)) = E(g(p, a))

subject to
Cij ≥ aij ≥ 0 for all i, j = 1, · · · , n;

P (g(p, a) ≤ −K) ≤ δ. (8)

This is a linear optimization problem with linear and quadratic constraints. Inequality 8 reduces
to a quadratic constraint by the properties of the normal distribution. Let x be a normally distributed
random variable with mean µ and variance σ2. Let k be a value such that P (x ≤ µ− kσ) ≤ δ holds.
The value of k measures the distance from the mean in terms of a standard deviation σ, such that
values smaller than µ − kσ occur with probability less than δ. In the case of a normal distribution,
k is only a function of δ, and it is independent of µ and σ. Therefore, in order to limit the losses of
more than K units with probability 1− δ, we set the value of kδ such that it satisfies µ−kδσ ≥ −K.

Therefore, the constraint 8 can be rewritten as

[E(g(p, a)) + K]2 − k2
δV ar(g(p, a)) ≥ 0 (9)

which is quadratic in allocation weights a. We can rewrite the constraint in terms of mean one-unit
gains (vector m) and covariances (Σ′) as:

aT
[

mm
T − k2

δΣ
′
]

a + 2Km
T a + K2 ≥ 0. (10)

Let W =
[

mm
T − k2

δΣ
′
]

be the n2×n2 matrix defining the quadratic term. We note that if the
matrix W is negative definite, the problem corresponds to the linear optimization over the convex
space. Thus, it can be solved efficiently in polynomial time [23]. However, when the matrix W is
not negative definite we have a non-convex space over which we optimize. To solve this problem we
can apply standard augmented Lagrangian techniques (see e.g. [4]).

5.3 Example

Figures 3, 4 and Table 1 illustrate and compare the performance of investment strategies for the three
optimality criteria on a problem with five different trading sites. In this problem, both commodity
and transporation/storage prices follow (partly correlated) mean reverting processes.8

8. We also assured that prices satisfy no-arbitrage conditions in means. That is, mean price of commodity at site X

is never larger than the mean price at Y plus (mean) transportation cost between Y and X .
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Figure 3: Comparison of three different optimization criteria: Expected NPV (ENPV), Mean-
Variance (MV) and Value at Risk (VaR) on a problem with 5 trading sites and 50-step
trajectory of prices’ fluctuations, each following a mean-reverting process. For each step
we plot the real gains for that step. The parameters of the MV model we use are α = 1
and β = 0.005. We use K = 0 and δ = 0.0005 for the VaR model.

ENPV MV VaR
average real gains 38.08 12.08 33.34

standard deviation 56.87 18.61 49.65

Table 1: Average of the real gains and their standard deviation for ENPV, MV and VaR criteria
and data from Figure 3.

Figure 3 shows the actual step-wise gains obtained for the three criteria using a fixed 50-step
trajectory of prices’ fluctuations; each price following a mean-reverting process. Table 1 summarizes
the results in Figure 3 by showing real gain averages and their standard deviations. Finally, Figure
4 compares expectations of gains under different strategies.

We see that ENPV always leads to the maximum expected gain and it also achieves higher real
gains on average compared to the other two criteria. However, step-wise gains for ENPV are also
subject to higher fluctuations. Mean-Variance (MV) criterion yields gains that fluctuate less, but
at the same time lead to considerable lower expected gains and also real gains on average. On the
other hand, the VaR choices do not penalize a large variance when expectation is also high. Instead,
it only tries to limit the probability of losses. Thus the real gains obtained for the VaR model vary
more than those of the MV model and also tend to achieve higher gains (both under expectation
and on average). From the graphs we observe that in many instances the allocations for the VaR
criterion replicate exactly the ENPV choices. However, in some instances, when a chance of losses
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Figure 4: Comparison of expected gains for three different optimization criteria: Expected NPV
(ENPV), Mean-Variance (MV) and Value at Risk (VaR) on a problem with 5 trading
sites and 50 step long prices’ trajectories.

exceeds the confidence threshold, the approach is more conservative and the allocation it chooses is
different. For example, in 50 simulation steps in Figure 3 the VaR approach (with threshold gain
0) never lead to the negative gain, while there are eight different cases of negative gains for ENPV
and two for the MV criterion.

Besides experiments comparing ENPV, MV and VaR criteria, we have tested the performance
of the MV and VaR models for different combinations of parameters. Figures 5 and 6 illustrate
the changes in real gains resulting from changes in these parameters. As expected, higher values
of β lead to smaller average gains and smaller gain fluctuations. Simply, for higher values of β we
penalize the variance more and thus we are likely to sacrifice the opportunity to capture higher gains.
Similarly, for higher threshold prices and larger confidence factor δ, the VaR criterion becomes more
conservative and leads to the reduction of both real and expected gains.

6. Exploiting the structure of a multi-site problem

Solving the optimization problem for the multi-site case requires to optimize all n2 possible allocation
weights. We show that this optimization can be carried out more efficiently by taking advantage of
the problem structure and by solving a sequence of optimizations of smaller complexity.

The idea of our solution is to exploit the regularities of the covariance matrix Σ′ of one-step
gains for all transportation edges, in particular the fact that random components of transportation
links leading to the same location are the same (fully correlated). Combining this property with
certain objective criteria makes it possible to find the optimal allocation incrementally. The idea of
the approach is based on the following theorem.

10
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Figure 5: Comparison of performance of the Mean-Variance criterion for α = 1 and three different
settings of parameter β.

Theorem 2 Let a∗ be the optimal allocation of commodity maximizing expected gains (returns) and
penalizing risk (volatility). Let, (i, j) and (k, j) be two different transportation links ending in the
same target location j such that −pk − pkj < −pi − pij holds. Then a∗

kj > 0 only if a∗
ij = Cij,

otherwise a∗
kj = 0.

Proof Gains from transporting one unit of commodity from i to j and k to j are

gij(p) = −pi − pij + γ [µj − eηj (pj − µj) + ǫj]

gkj(p) = −pk − pkj + γ [µj − eηj (pj − µj) + ǫj]

As the two gains share the same stochastic component and their difference is always deterministic

gij(p) − gkj(p) = −pi − pij − [−pk − pkj].

Moreover their covariance terms in Σ are the same. Thus, if −pk −pkj < −pi −pij , there is no value
in allocating the commodity to the transport link choice from k before we allocate the maximum,
Cij, to aij. Therefore if a∗

kj > 0, a∗
ij must be saturated (a∗

ij = Cij). By similar argument, a∗
ij < Cij

implies a∗
kj = 0. 2

The main consequence of the theorem is that we can perform the allocation of commodity to
different transportation edges incrementally by allocating commodity to edges according to their
expected gains, i.e., edges with higher expected gains for the same target location are allocated first.
Then the problem of finding optimal allocations of n2 weights can be decomposed into a sequence
of optimization tasks with at most n variables.
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Figure 6: Comparison of performance of the Value at Risk criterion for three different settings of
precision parameter δ. The threshold gain K = 0 is used for all three cases.

6.1 Structured algorithm

The structured algorithm builds the solution incrementally starting from edges with highest expected
values and continuing with edges with smaller expectations afterwards. Let a = {a11, a12, · · · , ann}
be a vector of all previous allocations, reflecting, for each edge, the number of units of commodity
already allocated to it. Initially this vector is set to 0̄. Let ξ = {ξ1, ξ2, · · · , ξn} be a vector of n

indexes, such that ξj indexes the source location for the current best choice of a nonsaturated edge
leading to location j (nonsaturated edge has not reached its full capacity). That is:

ξj = arg max
i=1···n

E(gij(p)) such that Cij > aij,

and where ties are broken arbitrarily. The edge (ξj, j) is called an active edge for location j. Accord-
ing to Theorem 2 an active edge must be allocated a full capacity before other nonsaturated edges
incident to the same target location are used. To reflect this we always optimize the allocations over
active edges (ξ) only.

Let ã = {ã11, ã12, · · · , ãnn} be a vector of (partial) allocations to all edges for the current
optimization step and ãA = {ãA

1 , ãA
2 , · · · , ãA

n} be a projection of ã to the active edge set, that is,
ãA

j = ãξjj. By restricting our attention to active edges only, the optimization step becomes

max
ãA

h(g(p, a + ã))

subject to
0 ≤ ãξjj ≤ Cξjj − aξjj for all j = 1, · · · , n,

ãij = 0 for all i, j = 1, · · · , n such that i 6= ξj.

12
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Structured-optimization (p, h)

initialize a (set all aij = 0);
choose a set of active edges ξ;
repeat

set ξ′ = ξ;
solve ãA,∗ = arg maxãA h(g(p, a + ã))

subject to: 0 ≤ ãξjj ≤ Cξjj − aξjj for all j = 1, · · · , n,

ãij = 0 for all i, j = 1, · · · , n such that i 6= ξj .

for all j = 1, · · · , n

update aξjj = aξjj + ã
A,∗
j ;

update the set of active edges ξ;
until ξ′ = ξ (no change in the active edge set)

return a;

Figure 7: Structured algorithm.

By repeating the restricted optimization, while dynamically changing the active edge set we can
construct the optimal allocation for all n2 edges gradually by solving a sequence of optimization
tasks over n variables only (the size of the active edge set is at most n). Figure 7 shows a structured
algorithm implementing this idea.

The algorithm starts by considering transportation choices with the highest expected gains, one
for each target location. The restricted optimization procedure is then applied to the current set
of active edges yielding partial allocations for these edges (ãA,∗). If the edge reaches its maximum
capacity its allocation is fixed and a new edge for the same target location is considered as a choice
(becomes active). This is repeated until the active edge set in the two consecutive cycles remains
unchanged, signaling that either all edges have been exhausted or none of the edges were saturated
in the last step (and no more improvements are possible).

The basic structured algorithm presented above can be further refined to fit better a specific
objective function. In the following we apply the structure-based idea to solve the edge alloca-
tion problem for both the Mean-Variance and Value at Risk criteria and show the running-time
improvements over the respective unstructured implementations.

6.2 Structured algorithm for the Mean-Variance model

The Mean-Variance criterion leads to a quadratic optimization problem over n2 variables (see Section
5.1). By applying the structured approach the optimization can be decomposed into a sequence of
quadratic optimizations with at most n variables. The reduced (partial) optimization task for the
Mean-Variance model can be written as

ãA,∗ = arg max
ãA

{

α
[

E(g(p, ãA))
]

− β
[

(s(a) + ãA)T Σ̃(s(a) + ãA)
]}

(11)

subject to constraints:
0 ≤ ãA

j ≤ Cξjj − aξjj for all j = 1, · · · , n,

where E(g(p, ãA)) =
∑n

j=1 E(gξjj(p))ãA
j is the expected gain for the portfolio of active edges, and

Σ̃ is the reduced gain covariance matrix, an n×n matrix of the gain fluctuations for target locations
(Σ̃kl = γ2Σkl). The vector function s(a) = {s1, s2, · · · , sn} yields target allocation counts for the

13
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Figure 8: Average running times for unstructured, MIP-based and structured versions of the algo-
rithm for the Mean-Variance criterion and varying number of trading sites.

current allocations a. That is, for each target location, sj =
∑n

i=1 aij is the number of units of
commodity already allocated to edges incident to that location. The vector s is easy to compute
(update) after every optimization step and it simplifies the optimization task setup of the basic
structured algorithm.

To illustrate the computational advantages of the structured algorithm over the unstructured
one on multi-site commmodity trading problem we ran a set of experiments for varying number of
trading sites. In addition, to the two approaches we have also tried and tested the mixed-integer
programming (MIP) approach that takes some advantage of the underlying problem structure. The
MIP approach is described in more detail later in Section 6.4. Figure 8 shows the results. We plot
average running times, obtained for different market sizes. 100 different parameter settings (for
fixed number of trading sites) were used to compute averages. To solve the underlying quadratic
optimization problem we use ISML C/Math/Library implementation based on [13]. To implement
the MIP method we rely on the IBM’s OSL library [18]. We see that it takes about 1.5 seconds (on
average) to compute optimal allocations for 14 trading sites with the unstructured method. In the
same time we can comfortably solve problems with 80 sites using both the MIP and the structured
approaches. The structured algorithm outperforms the MIP approach which is indicated by the
widening difference in running times for larger number of sites. Solving problems with 80 sites with
the MIP and the structured approach takes about 1.2 and 0.07 seconds respectively.

6.3 Structured algorithm for the VaR model

The optimization of VaR criterion can be performed more efficiently as well by using the structured
optimization. To solve the problem, we optimize repeatedly the (reduced) problem with n variables:

ãA,∗ = arg max
ãA

E(g(p, ãA))

14
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Figure 9: Average running times for unstructured and structured versions of algorithms for the
Value at Risk criterion and varying number of trading sites.

subject to,
0 ≤ ãA

j ≤ Cξjj − aξjj for all j = 1, · · · , n;

[

u(p, a) + E(g(p, ãA)) + K
]2

− k2
δ

[

(s(a) + ãA)T Σ̃(s(a) + ãA)
]

≥ 0.

The notation used here is the same as in the Mean-Variance case. The only difference is that for the
VaR criterion we use an additional quantity u(p, a) = E(g(p, a)) which summarizes the contribution
of current allocations (a) to the expected gain. This quantity is updated dynamically after every
step and is needed to assure that the non-linear constraint is not violated during the optimization
process. Figure 9 illustrates savings and speed-ups resulting from the structured version of the
algorithm. We see that the unstructured algorithm can (on average) solve problems with 14 sites in
about 35 seconds. 9 In contrast, the structured algorithm can solve problems with approximately 55
sites during the same time. To solve the VaR optimization problem we use ISML C/Math/Library
functions based on [25].

6.4 Mixed-integer programming approach

The key to our structured solution is that allocations of commodity to different edges leading to
the same target location j are fully correlated and that they can be ordered locally with respect to
that target location (Theorem 2). The ordering is possible because the cost component of the gain
(includes the cost of commodity and the cost of transportation) for target j decomposes to the sum
of costs for different source locations, and because costs for all transportation edges are deterministic
and linear functions of the amount of commodity allocated to them.

9. Note that similarly to the Mean-Variance case one can also apply the mixed-integer programming approach to
the VaR case. However, we were not able to obtain any suitable library for this type of problem and thus we do
not compare it to the other two algorithms.
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This special problem structure can be also used to formulate a problem and solve it as a mixed
integer program (MIP) [28] with special ordered set variables of type 2 [2].10 The basic idea here is
to represent the gain g(p, a) for the purpose of optimization as:

g(p, a) =
n

∑

j=1

[E(g′(p, aj)) + ajǫj ]

such that

aj =
n

∑

i=1

aij

is a total number of commodity units transported to a location j, and E(g′(p, aj)) for a fixed p is a
piecewise-linear function of aj. Linear components of E(g′((p, aj)) correspond to indvidual source-
target pairs and are ordered according to the values of E(gij(p)), reflecting the result of Theorem 2.
A region of aj in which a specific linear function is active is determined by capacity constraints of
source-target choices and their ordering. Let ξj(k) denotes the k-th best choice of a source location
for target j. The optimization problem for a risk averse investor is then:

max
{a1,a2,··· ,an}

h(

n
∑

j=1

[E(g′(p, aj)) + ajǫj ]),

such that,

aj =

n
∑

v=1

bvjxvj, for all j = 1, · · · , n;

E(g′(p, aj)) =

n
∑

v=1

lvjxvj, for all j = 1, · · · , n;

where bvj and lvj are constants defining piecewise-linear function E(g′(p, aj)):

bvj =

v
∑

k=1

Cξj(k)j;

lvj =

v
∑

k=1

E(gξj(k)j(p))Cξj(k)j;

and x1j, x2j, · · · , xnj (for all j = 1, · · · , n) are special ordered set of type 2 variables satisfying:

n
∑

v=0

xvj = 1.

Note that because of the ordering, function E(g′(p, aj)) is always piecewise linear and concave.
Although, a mixed-integer program with special variables allows us to represent a great deal

of problem structure, the formulation is not as specific as we would like to. In particular, it can
take arbitrary piecewise-linear functions, no further specific structure is considered. However, in
our case, functions E(g′(p, aj)) are always concave. Indeed, this additional property leads to the
decomposition of a problem into a sequence of problems of smaller complexity and our structured
solution presented in Section 6.1.

10. We would like to thank an anonymous reviewer for pointing out the MIP formulation of a problem to us.
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7. Conclusion

We addressed the complex problem of finding optimal strategies for trading commodity in a multi-
market environment. We investigated various objective criteria based on expected net present value
(ENPV) and risk preferences of the investor. Different criteria can lead to optimization problems
of different complexity. We showed that under the assumption of equal buy and sell prices, a
number of criteria lead to the myopic portfolio optimization problem. This is very important as
the computation of the optimal strategy needs to take into account only the current and next step
prices and not all possible future price trajectories.

We analyzed and solved the problem for the expected NPV criterion and two commonly used
risk-based criteria: Mean-Variance and Value at Risk models. We showed that in both risk-based
models the optimization problem reduces to some form of the quadratic optimization problem. To
further improve the efficiency of the solution we exploited the structure of the covariance matrix,
in particular the fact that gains for the same target locations are fully correlated. This allowed us
to reduce a large optimization problem for both risk-based criteria into a sequence of problems of
smaller complexity. The empirical results obtained for the Mean-Variance and Value at Risk models
support the feasibility of the solution and its practical applicability.

We note that our results and algorithms can be applied directly to any multi-site model in which
the next-step price fluctuations are normally distributed, and thus not necessarily mean-reverting.
The current model can be extended in a number ways. For example, interesting issues will arise if we
refine the market models and extend them to include price spreads, trading (buy, sell) constraints,
prices sensitive to supply and demands, etc. Another interesting direction is the investigation and
application of more complex risk models (see e.g. [17]), reflecting different preferences of an investor
and exploitation of our structure-based approach for solving them.
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