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Graphical models

* Represent complex multivariate probabilistic models
— multivariate -> multiple random variables

P(X)=P(X;, X,,... Xy)
P(X) = p(X, X550, Xy)

» Parametric distribution models:
— Bernoulli (outcome of coin flip)
— Binomial (outcome of multiple coin flips)
— Multinomial (outcome of die)
— Poisson
— Exponential
— Gamma distribution
— Gaussian (this one is multivariate)
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Challenges for modeling complex multivariate
distributions

How to model/parameterize complex multivariate distributions
P(X) with a large number of variables?

One solution:
» Decompose the distribution. Reduce the number of parameters,
using some form of independence.

Two graphical models:
+ Bayesian belief networks (BBNS)
» Markov Random Fields (MRFs)

» Learning of these models relies on the decomposition.
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Bayesian belief network

Directed acyclic graph

« Nodes = random variables

» Links = direct (causal) dependencies
Missing links encode different marginal and conditional
independences

g

@ P(A|B,E)

P(J|A) P(MIA)

Gomncaty  (Marycans
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Graphical structure and independences
Burglary

=

1.

1. JohnCalls is independent of Burglary given Alarm
PJ|AB)=PU[A)
P(J,BIA) =P [AP(BI|A)

Independences in BBNs

1. 2. 3.

Sl R

2. Burglary is independent of Earthquake (not knowing Alarm)
Burglary and Earthquake become dependent given Alarm !!

P(B,E) =P(B)P(E)




Independences in BBNs

- > >
Earthd Cavarm)

Catarm> | Gomncatiy — Cuarycali

3. MaryCalls is independent of JohnCalls given Alarm
PO IAM)=PI|A)
P(J,.M[A) =P |APM |A)

Bayesian belief network: parameters

2. Local conditional distributions
 relate variables and their parents P(v | pa(v))

-

@ P(A|B,E)

P(J|A) P(M|A)

Gomcat)  (Marycanz
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Bayesian belief network

P(B) P(E)
| T _F | T F |
Burglary )| 0.001 0.999 | ( Earthquake ) |0.002 0.998
P(A|B,E)
/ BE|] T F
T T | 0.95 0.05
T F | 0.94 0.06
F T | 0.29 0.71
F F | 0.0010.999

PQAIA)

\ P(M|A)
Al T F Al T F
T| 0.90 0.1
F| 0.05 0.95

m -
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Full joint distribution in BBNs

The full joint distribution is defined as a product of local
conditional distributions:

P(Xy, Xy, X)) = HP(Xi | pa(X;))

i=1,..n
. QB E
Example: \ C;)
Assume the following assignment A
of values to random variables <>/ x) M
J

B=T,E=T,A=T,J=T,M=F

Then its probability is:

PB=T,E=T,A=T,J=T,M=F)=
PB=T)P(E=T)P(A=T|B=T,E=T)PJ=T|A=T)P(M =F|A=T)
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Parameter complexity problem

* In the BBN the full joint distribution is defined as:
P(Xl’ X Xn) = .HP(Xi | pa(xi))

« What did we save? =

Alarm example: binary (True, False) variables

# of parameters of the full joint:

? CEarthquake

Parameter complexity problem

* In the BBN the full joint distribution is defined as:
P(Xl’ X Xn) = .HP(Xi | pa(xi))

« What did we save? =hn

Alarm example: binary (True, False) variables

# of parameters of the full joint:
25 =32 garthquaite
One parameter depends on the rest:
2°-1=31
# of parameters of the BBN:
?




Bayesian belief network: parameters count

PB) 2 P(E) 2
| T _F | T F |
Burglary )| 0.001 0.999 | ( Earthquake ) |0.002 0.998
P(A|B,E)
/ BE| T F 8
T T | 0.95 0.05
T F | 0.94 0.06
Total: 20 F T |0.29 0.71
F F | 0.0010.999

4 POIA) \ P(M|A) 4
Al T F Al T F
T|0.90 0.1
F | 0.05 0.95

m -

Parameter complexity problem

* In the BBN the full joint distribution is defined as:
P(Xl’ X Xn) = .HP(Xi | pa(xi))

« What did we save? =

Alarm example: 5 binary (True, False) variables

# of parameters of the full joint:

25 -32 Cearthquake
One parameter depends on the rest: /
2° -1=31
# of parameters of the BBN:
2% + 2(22) +2(2) =20
One parameter in every conditional depends on the rest:
2




Bayesian belief network: free parameters

pB) 1 P(E) 1
| T F | | r F |
0.001 0.999 0.002 0.998
b =t
P(A|B,E) = 1- 0.002
/ BE| T F 4
T T |095 0.05<4——=1-09
T F | 094 0.06
Total free F T|029 071
params: 10 F F | 0.0010.999
2 PQIA) \ P(MIA) 2
Al T F Al T F
T1| 0.90 0.1 T!0.7 0.3
F]0.050.95 F|0.00 0.99
Parameter complexity problem
* In the BBN the full joint distribution is defined as:
P(Xy, X, X)) = .HP(Xi | pa(X;))
« What did we save? =
Alarm example: 5 binary (True, False) variables
# of parameters of the full joint:
25 _ 32 Cearthquake

One parameter depends on the rest:
2° -1=31
# of parameters of the BBN:
2% + 2(22) +2(2) =20
One parameter in every conditional depends on the rest:
22 +2(2)+2(1) =10




Inference in Bayesian network

» Bad news:

— Exact inference problem in BBNs is NP-hard (Cooper)
— Approximate inference is NP-hard (Dagum, Luby)
But very often we can achieve significant improvements
» Assume our Alarm network

~

T
Gomeaid Coarcai

* Assume we want to compute: P(J =T)

Inference in Bayesian networks

* Full joint uses the decomposition
+ Calculation of marginals:
— Requires summation over variables we want to take out

P(J=T)= O\BfE

S35 3 TPE-bE-cAza-TM=m

beT ,F ecT,F acT,F meT,F J

» How to compute sums and products more efficiently?

Zaf (x) = az f(x)




Variable elimination

» Variable elimination:

— E.g. Query P(J =T) requires to eliminate A,B,E,M and
this can be done in different order

P(J=T)=
=> > > YPU=T|A=a)P(M=m|A=a)P(A=aB=h,E=e)P(B=b)P(E=¢)

beT ,F eeT,F aeT ,F meT,F

Variable elimination

Assume order: M, E, B, A to calculate P(J =T)
=> Y > >PU=T|A=a)P(M=m|A=a)P(A=aB=h,E=e)P(B=b)P(E=¢)

beT ,F e€T ,F acT ,F meT ,F
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Variable elimination

Assume order: M, E, B,A to calculate P(J =T)
=> Y > >PU=T|A=a)P(M =m|A=a)P(A=aB=b, E:e)P(B:b)P(E:e)

beT ,F ecT F acT,F meT F

=> > Y PU=T|A=a)P(A=aB=b,E=e)P(B=h)P(E=e) Y P(M=m|A= a)

beT F ecT F aeT F meT,F

Variable elimination
Assume order: M, E, B, A to calculateP(J =T)

_Z Z Z ZP(J T|A=a)P(M =m|A=a)P(A=aB=b,E=e)P(B=h)P(E = e)
> ZP(J T|A=a)P(A=alB=h,E=¢e)P(B=b)P(E = e){ZP(M m|A= a)
beT,F eeT ,F mTF/

Z ZP(J T|A=a)P(A=a|B=hE=¢)P(B=h)P(E = e).

beT F ee
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Variable elimination

Assume order: M, E, B, A to calculate P(J=T)
= Z Z Z ZP(J:T|A:a)P(M:m|A:a)P(A:a|B:b E=e)P(B=b)P(E e)
=> > Y PU=T|A=a)P(A=aB=b,E=e)P(B=h)P(E= e){ZP(M m|A= a)

beT ,F eeT ,F aeT ,F

Y Y P =T|A=a)P(A=a|B=b,E=¢e)P(B=b)P(E=¢) 1

_b;FGET,FaET,F
=Y > PU=T|A=a)P(B=b) ) P(A:a|B:b,E:e)P(E:e)}
aeT ,F beT ,F eeT ,F

Variable elimination
P(J =T)

Assume order: M, E, B, A to calculate
= Z Z Z ZP(J:T|A:a)P(M:m|A:a)P(A:a|B:b E=e)P(B=b)P(E e)
_Z Z ZP(J T|A=a)P(A=alB=b,E=e)P(B=h)P(E = e){ZP(M m|A= a)
=> > > PU=T|A=a)P(A=a|B=b,E=e)P(B=h)P(E=¢) 1

= Z Z P(vJ :T|A:a)P(B=b){Z P(A=a|B=b,E=¢)P(E =€)

aeT ,F beT,F
7.(A=a,B=b)

A=T A=F
B=T ,/Z P(A=F|B=T,E=¢)P(E=¢)
r,(A=a,B=b)= el F
B=F «+— 2 P(A=F|B=FE=¢)P(E=¢)
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Variable elimination

Assume order: M, E, B, A to calculate P(J=T)
—Z > > > PU=T|A=a)P(M =m|A=a)P(A=a[B=b,E=€)P(B=b)P(E =€)

beT ,F ecT F acT,F meT F

=2 2 ZP(J T|A=a)P(A=alB=b,E=e)P(B=b)P(E= e){ZP(M m|A=a)

beT ,F eeT ,F meT .E

= Z Z P(J=T|A=a)P(A=a|B=b,E=e)P(B=b)p(E=e) 1
=Y Y PU=T|A=a)PB=D) ¥ P(AzaIB:b,E:e)P(E:e)}
aeT ,F beT,F eeT ,F /

=Y 2.PU=T|A=a)P(B=b)r,(A=2,B=h)

Variable elimination

Assume order: M, E, B, A to calculate P(J =T)
_Z > > > PU=T|A=a)P(M =m|A=a)P(A=aB=b,E=€)P(B=b)P(E =€)

beT ,F ecT F acT ,F meT F

=> > Y PU=T|A=a)P(A=aB=h,E=e)P(B=h)P(E=¢) ZP(M:m|A:a)

beT ,F ecT ,F acT ,F |:meT,F

=> > > PU=T|A=a)P(A=a|B=b,E=e)P(B=h)P(E=¢) 1

> PU :T|A:a)P(B:b){ > P(A=a| B:b,E:e)P(E:e)}
beT ,F ecT F /

=> > PU=T|A=a)P(B=h)r,(A=a,B=h)

aeT ,F beT ,F

Z PQJ _T|A:a){ > P(B=bh) rl(Aza,sz)}

beT F

aeT,

n
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Variable elimination

Assume order: M, E, B, A to calculate P(J=T)
—Z > > > PU=T|A=a)P(M =m|A=a)P(A=aB=b,E=€)P(B=b)P(E = e)

beT ,F ecT F acT,F meT F

=2 2 ZP(J T|A=a)P(A=alB=b,E=e)P(B=b)P(E= e){ZP(M m|A= a)

beT ,F eeT ,F meT ,F

=2 Z P(J=T|A=a)P(A=a|B=b,E=e)P(B=b)p(E=e) 1

beT F ecT F a

=> > PU T|A:a)P(B=b){Z P(A:a|B:b,E:e)P(E:e)}

aeT F beT,F ecT F /
z > P =T|A=a)P(B=h)r,(A=a,B=h)
Z (J_T|A:a){z P(B:b)rl(A:a,B:b)}

Variable elimination

Assume order: M, E, B, A to calculate P(J =T)
_Z > > > PU=T|A=a)P(M =m|A=a)P(A=aB=b,E=€)P(B=b)P(E =€)

beT ,F ecT F acT ,F meT F

=> > Y PU=T|A=a)P(A=aB=h,E=e)P(B=h)P(E=¢)

beT ,F ecT ,F acT ,F |:meT,F

=> > > PU=T|A=a)P(A=a|B=b,E=e)P(B=h)P(E=¢) 1
> PE =T|A=a)P(B=b){Z P(A=a|B:b,E:e)P(E:e)}
beT ,F eeT ,F /

> P =T|A=a)P(B=h)r,(A=a,B=h)

aeT,

n

ecT ,F /

(J=T|A=a) r,(A=3a)

e
Z PJ=T|A= a){z P(B=b)r,(A=a,B= b)}
= LM

Y P(M=m|A=a)
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Variable elimination

Assume order: M, E, B, A to calculate P(J=T)
_Z > > > PU=T|A=a)P(M =m|A=a)P(A=aB=b,E=€)P(B=b)P(E = e)

eeT F acT F meT F

=2 2 ZP(J T|A=a)P(A=alB=b,E=e)P(B=b)P(E= e){ZP(M m|A= a)

beT ,F eeT ,F meT .E

= Z Z ZP(J=T|A=a)P(A=a|B=b,E=e)P(B=b)P(E=e) 1
Y PU= T|A=a)P(B=b){Z P(AzaIB:b,E:e)P(E:e)}
beT ,F eeT ,F /

=Y > PU=T|A=a)P(B=h)r,(A=a,B=h)

aeT ,F beT ,F

=Y PJ=T|A= a){z P(B=b)r,(A=a,B= b)}
e </

aeT,

n

ecT F

= Y P =T|A=a) r,(A=a) =|PQ=T)

acT F

Variable elimination
Assume order: M, E, B, A to calculate P(J =T)
=Y Y ) YPU=T|A=a)P(M =m|A=a)P(A=alB=h,E=€)P(B=h)P(E =¢)

beT ,F eeT ,F aeT ,F meT ,F

=2 2 2 2 L(AfLMM,A)(ABE),(B)f,(E)

BeT ,F E€T ,F AcT ,F MeT F

Conditional probabilities defining the joint = factors

—

Variable elimination inference can be cast in terms of operations
defined over factors




Factors

Factor: is a function that maps value assignments for a

subset of random variables to R (reals)
The scope of the factor:
— aset of variables defining the factor

« Example:
— Assume discrete random variables x (with values al,a2, a3)

and y (with values b1 and b2)

— Factor: =

b1 05

al b2 02

p(xy) ——>

a2 b1 0.1

— Scope of the factor: 2 | w | o

{X, y} a3 b1 0.2

a3 b2 0.4

CS 3750 Advanced Machine Learning
Factor Product
Variables: A,B,C
¢(A.B,C) =¢(B,C)°¢(A B) #(A B,C)
al b1 ol 0.5+0.1
¢(B’ C) ¢(A’ B) al b1 @ 05406
al b2 ol 0.20.3
al b2 02 a2 b1 ol 0.1%01
b1 e 06 a2 b1 @ 0.1%0.6
a2 b1 0.1

a2 b2 ol 0.340.3
b2 o 03 a2 b2 03 a2 b2 c2 0.3*0.4
b2 2 04 a3 b1 0.2 s ot o 02701
a3 b1 @ 0.20.6
a3 b2 04 a3 b2 a 0.4%0.3
a3 b2 @ 0.4%0.4

CS 3750 Advanced Machine Learning
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Factor Marginalization

Variables: A,B,C #(A,C)=>" ¢(AB,C)
al bl cl 0.2 B
al bl c2 0.35
al b2 cl 0.4
al b2 c2 0.15
al cl 0.2+0.4=0.6
@ o o 05 al 2 0.35+0.15=0.5
a2 bl c2 0.1 a2 ol 0.8
a2 b2 cl 0.3 a2 c2 0.3
a3 cl 0.4
a2 b2 c2 0.2
a3 c2 0.7
a3 bl cl 0.25
a3 bl c2 0.45
a3 b2 cl 0.15
a3 b2 c2 0.25
CS 3750 Advanced Machine Learning
Factor division
A=l |B=1 |05 A=l |B=1 |0.5/0.4=1.25
A=l |B=2 |04 A=l |B=2 |0.4/0.4=1.0
Z =1 |04
A=2 |B=1 |08 A=2 |B=1 |0.8/0.4=2.0
A=2 |04
A2 |B=2 |02 | =3 |05 A=2 | B=2 |0.2/0.4=2.0
A=3 |B=1 |06 A=3 |B=1 |0.6/0.5=1.2
A=3 |B=2 |05 A=3 |B=2 |05/0.5=1.0

Inverse of a factor product

CS 3750 Advanced Machine Learning
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Markov random fields

An undirected network (also called independence graph)
» Probabilistic models with symmetric dependences
« G=(S,E)

— Ssetof random variables

— Undirected edges E that define dependences between pairs
of variables

Example:
variables A,B ..H \\ @ @

CS 3750 Advanced Machine Learning

Markov random fields

The full joint of the MRF is defined

P(x)oc [ ]4(x)

cecl(x)
#.(X.) - A potential function (defined over variables in cliques/factors)

Example:
® 9@

Full joint: &D%)

P(A/B...H) ~¢,(AB,C)¢,(B,D,E)¢ (A G)4, (C, F)gs (G, H)gs (F, H)
#.(X.) - A potential function (defined over a clique of the graph)
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Markov random fields: independence
relations

Pairwise Markov property

— Two nodes in the network that are not directly connected
can be made independent given all other nodes

Local Markov property

— A set of nodes (variables) can be made independent from
the rest of nodes variables given its immediate neighbors

Global Markov property

— A vertex set A is independent of the vertex set B (A and B
are disjoint) given set C if all chains in between elements in
A and B intersect C

CS 3750 Advanced Machine Learning

Markov random fields: independence
relations

Pairwise Markov property

— Two nodes in the network that are not directly connected
can be made independent given all other nodes

¢’

C and H are independent given the rest of the nodes

CS 3750 Advanced Machine Learning
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Markov random fields: independence
relations

« Local Markov property

— A set of nodes (variables) can be made independent from
the rest of nodes variables given its immediate neighbors

000"

C is independent of {G,H,D,E} given the neighbors of C
that is, variables {A,B,F}

CS 3750 Advanced Machine Learning

Markov random fields: independence
relations

« Global Markov property

— A vertex set A is independent of the vertex set B (A and B
are disjoint) given set C if all chains in between elements in
A and B intersect C

« Example:

Aset {B, C} is independent of {G,H} given the set{A,F}

CS 3750 Advanced Machine Learning
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Markov random fields

 regular lattice
(Ising model)

« Arbitrary graph

CS 3750 Advanced Machine Learning

Markov random fields

 regular lattice
(Ising model)

« Arbitrary graph

CS 3750 Advanced Machine Learning
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Markov random fields

 Joint probability

PO~ []e(x)

cecl(x)

#.(X.) - A potential function (defined over cliques/factors)

» Typical condition on potential functions:

- If #.(X:)is strictly positive we can rewrite the definition in
terms of a log-linear model

( mgy function

- Gibbs (Boltzman) distribution

Z=> exp{— > Ec(xc)j - A partition function

xe{x} cecl(x)

1
P(x)=—¢
(x) - &Xp

CS 3750 Advanced Machine Learning

Types of Markov random fields

MRFs with discrete random variables

— Clique potentials can be defined by mapping all clique-
variable instances to R (= factors)

— Example: Assume two binary variables A,B with values
{al,a2,a3} and {b1,b2} are in the same clique c. Then:

¢c (A’ B) ~ al b1 05

al b2 0.2

a2 bl 0.1

a2 b2 0.3

a3 bl 0.2

a3 b2 0.4

CS 3750 Advanced Machine Learning
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Types of Markov random fields

» Gaussian Markov Random Field
X~ N(p,X)

P(X|n, X) T exp[—%(X—M)T El(X—u)}

- (27Z')d/2|2|

- Precision matrix X
« Variables in x are connected in the network only if they

have a nonzero entry in the precision matrix
— All zero entries are not directly connected

CS 3750 Advanced Machine Learning

MRF variable elimination inference

A G—
Example: / \ H
P(B) = P(A B,..H) BZ— C —F
AC.D,.H \>
D E

% >_#(A B,C)¢,(B,D,E)¢(A G)4,(C, F)gs (G, H)g (F, H)
.C,D,.H Ao

N
Elimi E
Iminate B\> E
D E
% > ¢1(A,B,C)[Z@(B,D,E)}¢3(A,G)¢4(0,F)¢5(G,H)¢6(F,H
Tl(BY’D)

CS 3750 Advanced Machine Learning
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MRF variable elimination inference

Example (cont): / . . & H
P(B)= > P(AB,..H) B~ C —F -
A,C,D,..H \
L D
=7 > #.(A,B,C)z,(B, D)5 (A, G)g, (C, F)gs (G, H) g (F, H)
Eliminate D / \ o ¢4
5—C—— ¢ /
\
1 D
== > @#(AB,C) > 7(B,D) |A(AG)e(C,F)é (G, H)g (F,H)
7,(B)

CS 3750 Advanced Machine Learning

MRF variable elimination inference

T 6——

Example (cont): / \ H
P(B)= > P(AB,.H) B~ C TF
1
— Z 2 4(AB,C)r,(B) (A G)g,(C,F)g (G, H)gs (F, H)
A,C,F,G,H A G\
Eliminate H / \ &
B~ C TF

1
— =z > ¢1(A,B,C)rz(B)¢3(A,G)¢4(C,F)[Z ¢5(G,H)¢6(F,H)}
73(':76‘1 H) )

.

~
7, (F.G)
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MRF variable elimination inference

Example (cont): / \ \
P(B)= > P(AB,..H) B~ C
=2 ZAABOLEEACHC, P (.0
Eliminate F //\C \\

1
- = ¢ (A, B,C)TZ(B)¢3(A,G)[Z¢4(C, F)T4(F,G):|

A,C.G

Y
N 7(C.F.G) ,

N
7:(G,C)

CS 3750 Advanced Machine Learning

MRF variable elimination inference

Example (cont): /A\i/G
P(B)= > P(AB,..H)

L 4(A B,C)r,(B)4, (A G)r(C,G)
Z

z JR—
/N
B/C

Eliminate G

1
- 2 ¢1(A, 81C)Tz(B)[Zfa(A:G)TG(C-G)j

AC

Y
\ 2'7(A,C,G)J

\r
75(A,C)

CS 3750 Advanced Machine Learning
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MRF variable elimination inference

Example (cont): /A\
P(B)= > P(AB,..H) B— ©
— 2 Y AAB.C),(B)n(AC)
AC A
. /N
Eliminate C B— C

= % ;TZ(B)|:2¢{(A! B!C)TS(A1 (3):|

Y
\ 74(A,B,C) Y

N
710(A, B)

CS 3750 Advanced Machine Learning

MRF variable elimination inference

Example (cont): /A
P(B)= > P(AB,..H) B
=L L EnaB)
= 2 =@ X (A B) A
- /
Eliminate A B

= % Tz(B)Zrlo(Av B)
AH—I
7,,(B)

= % :7,(B)7,,(B)

CS 3750 Advanced Machine Learning
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Variable elimination

Depends on the order of variables to eliminate

Question: can we optimize the structures ahead of
times so that we can make inferences efficiently and
without worrying about the specific variable order?

« Structures that support efficient inferences:
Chains, and trees
B C D
() ()
< O—O O

O—0O—0 :

CS 3750 Advanced Machine Learning
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