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RESTRICTED BOLTZMANN MACHINE

- Unsupervised Learning: use only the inputs x  for learning
> automatically extract meaningful features for data

> Leverage the availability of unlabeled data

Modern Generative Models:

Restricted Boltzmann Machines

> Can use negative log-likelihood to learn the underlying feature

- We will see 2 neural networks for unsupervised learning
> Restricted Boltzmann Machines

> Variational Autoencoders
Jun Luo
Based on presentation by Hung Chao 02/2020

https://people.cs.pitt.edu/~milos/courses/cs3750/lectures/class22.pdf




GENERATIVE MODELS

- Given training data, we want to generate new samples from
the same distribution
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Training data ~ pyaa(X) Generated samples ~

pmodeI(X)

Want to Iearn pmodel(x) Slmllar to pcffagal@&)urce: CIFAR-10 dataset (Krizhevsky and Hinton, 2009

GENERATIVE MODELS

- Why generative models?

- Realistic samples for artwork, super-resolution, colorization, etc.

- Generative models of time-series data can be used for simulation and planning
(reinforcement learning applications!)

- Training generative models can also enable inference of latent representation
that can be useful as general features

Figure source: Internet
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RESTRICTED BOLTZMANN MACHINE

- Many interesting theoretical results about undirected models depends on
the assumption that vz, (z) > Q A convenient way to enforce this
condition is to use an energy-based model where

5(z) = exp(~ E(a)
p(z) = (a)

- E(x) is known as the energy function

« Normalized probability

- Any distribution of this form is an example of a Boltzmann distribution.
For this reason, many energy-based models are called Boltzmann
machines.

e.g. 9 0 G E(a, b, c, d, e, f) can be written as

Eap(ab) + Epc(D,C) + Egq(a,d) + Epe(b€) +
D ©O® eien -

RESTRICTED BOLTZMANN MACHINE

- Restricted Boltzmann machines (RBMs) are undirected probabilistic
graphical models containing a layer of observable variables and a single
layer of latent variables

- RBM is a bipartite graph, with no connections permitted between any
variables in the observed layer or between any units in the latent layer

Boltzmann Restricted

Machine Boltzmann

Machine
: P Ve . n e G AT LT amm
Hidden .\) .\U () (H(O) ()
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RESTRICTED BOLTZMANN MACHINE RESTRICTED BOLTZMANN MACHINE
Structure: (Q O Q] h - Hidden layer Markov network view

(binary units)

Bias< : W . ?20[;”[1/?;3;? p(x,h) = exp(-E(x,h))/Z
— exp (hTWX +c'x+ bTh) /Z

Ck
OO0 - e — cxp (57 W) e () (671) /2
(binary units) \ )
Energy function: E(x,h) = ~h"Wx—-c'x—b'h Y
- _ZZWMhJIk _chk —ijhj Factors
Jj k k J

Distribution: p(x,h) = exp(—E(x,h))/Z

The notation based on an energy function is simply an alternative to

partition function the representation as the product of factors
(intractable)




RESTRICTED BOLTZMANN MACHINE

Markov network view

pair-wise factors

1
p(x,h) = 7 H Hexp (Wj khjzi)
ik

1;[ exp (cxTx) 1

— Unary Factors
[ exp (b;R)) J
j _

The scalar visualization is more informative of the structure
within the vectors

INFERENCE

Conditional Distribution:

p(bfx) =TT o (%)

©O000 h
1
p(hj =1lx) =
0O0000 1 +exp(—(b; + W; - x))
= sigm (b; + W, - x)
p(xh) = [ [ p (zx/h)
00000 h »
(2% = 1/h) = !
ocoooco PR T Y T T exp (— (e FRTW - R))

= sigm (¢ + hTW_k)
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p(afx) = plx. )/ 3 p (x, ) BT Rh) o e )
B e)ql)~1 (h"Wx+e'x+b'h)/Z 3 ex; (h("Wx +e"x+b'h)/Z
B Pwefonzexp(hTWx +elx+bTh') /Z _ Y weqonyn exp (W TWx+e x+b W) /Z
E (Z; hiWj.x + bjhj) exp (ZJ hiW,;.x+ bjhj)
3 2mtef01} " 2onye(0,1) ©XP (EJ h}Wj.X-J-th"j) F 2 ohiefo,1} " 2ant, e{0,1} €XP (E; h}Wj.erth;.)

oy H_j exp (thj 'X"‘bjhj)
2onpefo) " 2nyefoy LI exp (h}Wj.XH:jh;)
I1; exp (R;W; - x + bjhy;)
(Zhyetony oxp BIW -+ b1h)) . (S efo.1 0 (W Wi - X+ birhiy))




p(hlx) = p(x,h)/ > " p(x, )
hf

B exp(h"Wx+e'x+b'h)/Z
N >wefopr exp(WTWx +elx+bTh') /Z
i exp (32, by W + by )

Chieton Thypetony & (T 4 Wi )
I [T, exp (hj W - x + bjh;)

Dorie(o,1} " 2ans eqo,13 11 €xp (h}WJ.x+rajh;)

I1; exp (hy W - x + bjh;)

(Zhieqony exp (BIW1-x +b1h)) . (g, eq0.y X0 (R W - %+ biahly))

7 [1; exp (h;W; - x + bjh;)

I (Zuecon @ (KW ximn))
I exp (hjWjx + bjh;)

]-_[j (1 +eXp(bj —)—WJ,‘ - x))

n H exp (h; W, - x+b;h;)
B : 1+ exp(b; + W; - x)

= HP (hjlx)

p(h; = 1jx) =

exp (b; + W - x)
1+exp(b; + W, x)
1

~ 1+exp(—b; — W, x)

sigm (b; + W, x)
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What about p(x) ?

QOO0 h

QOO0

FREE ENERGY

p(x)

S b= Y exp(—E(x.h)/Z

he{0,1}H he{0,1}7

H
exp (CTX + Z log (1 +exp (b; + W;.x))

j=1

exp(—F(x))/Z

)

Free Energy

)/Z

p(x)

= Y exp(h’Wx+c'x+b"h)/Z

he{0,1}H

= exp (ch

) o2

h1€{0,1}

Z exp

hee{0,1}

(

> hiW;x +bjh;

J

)/z
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p(x)

= Y exp(h’Wx+c'x+b'h)/Z
he{0,1}1H

= exp (ch) Z e Z exp (Z hiW;x + bjhj) /Z

h,1€{0,1} hge{0,1} J

= exp (cTX) ( Z exp(hlwl.x+b1h1)) ( Z exp(hgWg -x—l—thH)) /Z

hi1€{0,1} hpe{0,1}
= (55 (ch) (I+exp(by + Wi -x))...(1+exp(by + Wy -x))/Z

p(x) = Z exp (h"Wx+c'x+b'h)/Z
he{0,1}H

= exp (ch) Z e Z exp (Z hiW;x + bjhj) /Z

hi€{0,1}  hue{0,1} J

= exp (Jx)( > exp(hlwl.x+blf11)) ( > exp(hHWH-X—i—thH)) /Z

h1€{0,1} hpe{0,1}
=55y (CTX) (I+exp(by + Wi -x))...(1+exp(by + Wg -x))/Z

= exp (CTX) exp (log (1 4+ exp (b + W1 -x)))...exp (log (1 +exp (by + Wg -x))) /Z

=1

= exp (CTX + Zlog (1+exp(b; + W;,X))) /Z
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FREE ENERGY

H
@O000 h p(x) =exp [ c"x+ ) log(1+exp(b; + W;x)) | /Z

j=1
GOOO00)

H
—exp [ c'x+ Z softplus (b; + W;.x) | /Z
v j=1

' ' '
— Softplus

Bias of each feature

Bias the probability of x Feature expected in x

Training
Training objective

To train an RBM, we minimize the average negative log-likelihood (NLL)

I3 1(7 (x9)) = 21080 () 1y (40) =1 (S (o)
t t i
= log (Z w)

h

— (; exp (—E (a:“), h))) —logZ

We’d like to proceed by stochastic gradient descent

9 —logp (xM) _ g, OF (x,h) x® | — By OFE(x,h)
a0 00 = 0o
\ s
| |
Positive Phase Negative Phase
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Training
Training objective

To train an RBM, we minimize the average negative log-likelihood (NLL)
1
el (t) ot = ()
£ 3017 (<)) = # 32 -tozn (x)

We’d like to proceed by stochastic gradient descent e G

9 Ing (X(t)) = HEp —8E (X(t)jh) ‘x(t) —|E h LE(Xj h)
0f 00 g o0
)\ J
| |
Positive Phase Negative Phase

Contrastive Divergence (CD)
(Hinton, Neural Computation, 2002)

ldea:

1. obtain the point X by Gibbs sampling

2. start sampling chain at x(t)

3. replace the expectation by a point estimate at X

ﬁ(‘) 1”1
(@}0)0)0)0) (@0/0/00)

hjx Often called
Al ~ plx negative sample
COO00) (olo/el0l®) (elo/elo®)

x?) X! x* =x

2/11/2020
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Contrastive Divergence (CD)
(Hinton, Neural Computation, 2002)

Replace the expectation by a point estimate

d —logp (x) - OF (xV),h) ) OE(x,h)
0 = En ag * E’““[ a6 ]
® {O®
Qe b)) oL (0.5
90 90

Contrastive Divergence (CD)
(Hinton, Neural Computation, 2002)

Replace the expectation by a point estimate

9 —logp (x(M) - OF (xM) ) ) JE(x, h
89 = Eh Tb( — Ex,h l
OE (x,h) ., OF (x(t), fl(t)) \ Probabllltyj
B | =g K|~ 20 CEEEE
dE(x,h)] OE(%h) J Probability
Exn | =5 ~ o0 goes down

2/11/2020
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Parameter Update

E(x,h)
o0

Derivation of g for 8 = Wy

k

O0FE(x,h) 0
- e khiTh — N bk,
Qij 8ij ( %:ijhjl’k: ZCkZEk ZJ: J J)

0
LN E;W e
oW, T Ik T

= —hjCL'k

VwE(X, h) — —th

Parameter Update

s OE(x, h)
Derivation of Ep 50 x| for 8 = W
JF(x,h
Ey, ( )|x =En [-hjzlx] = > —hjzep (hylx)
W
h;e{0,1}
= —zip (h; = 1|x)
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Parameter Update

e OE(x,h)
Derivation of Ey 50 x| for 8 = W
OFE(x,h
Eh (X ) |X = Eh [—hjil?kb(] — Z —hjilfkp (hJ|X)
oWk
h;€{0,1}
== e e
If we define: Then,
p(h1 =1]x
el Ey [Vw E(x, h)[x] =
p(hg = 1]x) h[ wE(x, )‘X]
= sigm(b + Wx)

—h(x)x"

Parameter Update

Update of W
Given xft] and X |, the learning rule of # = W becomes:
W W —aq (vw logp( (ﬂ))

— W —a(Ep [VWE( ® h ) \x(f)] Exn [VwE(x, h)])

(
—W—a (B [VwE (x®,h) x| - Ep [VwE(%, h)[%])
(

—W+a h( (t)) ) _ x)i&T)

2/11/2020
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CD-K: PSEUDOCODE Contrastive Divergence-k

Contrastive Divergence: Contrastive Divergence:
1. For each training sample x(t) ) » CD-k: contrastive divergence with k iterations of Gibbs sampling
. Generate a negative sample }ﬁ} using k steps of Gibbs  In general, the bigger k is, the less biased the estimate of the
sampling, starting at X gradient will be
IR parameters: * In practice, k=1 works well for pre-training

W = W +a (h(x®)x®" — h(z)x")

b<=Db+a(h(x®)-h(x))
c<—=c+a(x® -x)

2. Go back to 1. until stopping criteria is reached

15



Software

» Sci-kit learn
https://scikit-
learn.org/stable/modules/generated/sklearn.n

eural network.BernoulliRBM.html
* Pydbm
https://pypi.org/project/pydbm/
» Other self-implemented versions on github

References
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Modern Generative Models:

Variational Autoencoders

Jun Luo
02/2020

GENERATIVE MODELS

- Given training data, we want to generate new samples from

the same distribution

Training data ~ pPyaa(X) Generated samples ~

pmodeI(X)
Want to Iearn pmodel(x) Slmllar to pd’a‘gw@Qurce: CIFAR-10 dataset (Krizhevsky and Hinton, 2009

2/11/2020
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GENERATIVE MODELS

- Why generative models?

- Realistic samples for artwork, super-resolution, colorization, etc.

- Generative models of time-series data can be used for simulation and planning
(reinforcement learning applications!)

- Training generative models can also enable inference of latent representation
that can be useful as general features

Figure source: Internet

Autoencoders (Recap)

Unsupervised approach for learning a lower-dimensional feature representation

from unlabeled training data

z usually smaller than x
(dimensionality reduction)

Features vector are

generally shorter

than input vector to Features
extract meaningful

features

Originally: Linear +
nonlinearity (sigmoid)

Later: Deep, fully-connected
Later: ReLU CNN

Encoder

Input data

2/11/2020
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Autoencoders (Recap)

How to learn this feature representation?
Train such that features can be used to reconstruct original data
"Autoencoding” - encoding itself

Reconstructed T
data 4

Originally: Linear +

Decoder——— nonlinearity (sigmoid)
Later: Deep, fully-connected

Features 7 Later: ReLU CNN

Encoder

Input data a8

Autoencoders (Recap)

How to learn this feature representation? :
Train such that features can be used to reconstruct original data uihm'

"Autoencoding” - encoding itself ,.}I‘m@
Reconstructed % u!s'zn
vy sl « S

data Decod
ecodaer
Encoder: 4-layer conv f

Decoder: 4-layer upconv

Input data

Encoder i’iﬁg
Input data T ,E& @

Reconstructed data

Features Z,

RS
sl < B8

Figure adapt from CS 231n

2/11/2020
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Autoencoders (Recap)

Train such that features Use L2 Loss
can be used to Function >
reconstruct original data H:L' — g;H
Reconstructed T
data )
Decoder
Features 7
A
Encoder
Input data a8

Reconstructed data
e

YR

EXLallS

Figure adapt from CS 231n

Autoencoders (Recap)

Train such that features
can be used to
reconstruct original data

Reconstructed T
data A
Decoder
Encoder: 4-|
Decoder: 4-|
Features Z,
A
Encoder
Input data a5

Use L2 Loss
Function Does not

Reconstructed data

M i = M3

H$—§3H2 need labels ,Elﬂ@

RSS2

Figure adapt from CS 231n

2/11/2020
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Autoencoders (Recap)

Encoder can be used to
initialize a supervised

model
Reconstructed T
data A
Decoder
Features i
A
Encoder
Input data a8

Autoencoders (Recap)

Encoder can be used to

1 _ Throw away
initialize a supervised decoder
model
Features 7
A
Encoder
Input data T

2/11/2020
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Autoencoders (Recap)

Encoder can be used to Throw away decoder Add label and new
initialize a supervised after training with m=)  |oss function (e.g.
model reconstruction loss softmax loss)
Train for final 3{ y Softmax
task (sometimes :
with small data) Fine-tune
Features 7 encoder
7\ jointly with
Encoder < Classifier

Input data a8

Autoencoders (Recap)

Autoencoders can reconstruct data,
and can learn features to initialize a
supervised model

Reconstructed T
data !
Decoder
Features 7
A
Encoder
Input data T

2/11/2020
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Autoencoders (Recap)

Autoencoders can reconstruct data,
and can learn features to initialize a
supervised model

Reconstructed T
data 4
Decoder
Features Z,
A
Encoder
Input data 9

Features capture factors
of variation in training
data. Can we generate
new images from an
autoencoder?

Variational Autoencoders

Probabilistic spin on autoencoders - will let us sample from the model to
generate data!

N
Assume training data {w“)}?_;l Is generated from underlying unobserved
(latent) representation z

Intuition (remember from
Sample from true T autoencoders!): x is an
conditional . (x\z(i)) ] image; z is latent factors
used to generate

Sample from true prior Vi
po~(2)

2/11/2020
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Variational Autoencoders

We want to estimate the true parameters §™*of this generative model.

Sample from true

conditional ,, . (I‘z(i))

Sample from true prior

Po-(2)

X

Decoder network

2

How should we represent
this model?

Choose prior P(2) to be simple,
e.g. Gaussian. Reasonable for
latent attributes, e.g. pose, how
much smile.

s
EESEEESEE

EEESees

Variational Autoencoders

We want to estimate the true parameters * of this generative model.

Sample from true

conditional . ($|z(i))

Sample from true prior

Po-(2)

X

Decoder network

How should we represent
this model?

Choose prior P(2) to be simple,
e.g. Gaussian.

Conditional p(z|z) is complex
(generates image) => represent
with neural network

2/11/2020
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Variational Autoencoders

We want to estimate the true parameters §™*of this generative model.

How to train the model?

Sampl_e from true T Data likelihood
conditional ,, . (I‘z(i)) .
po(@) = [ ol Ipaal2)iz

Similar as Restricted Boltzman

_ Machines, here, we maximize the
Sample from true prior Z data likelihood.

po-(2)

Decoder network

Variational Autoencoders

vV VvV
Data likelihood:  pg(x) =/p9(z)p9(x|z)dz

/

Simple

i . Decoder neural network
Gaussian Prior

2/11/2020

25



Variational Autoencoders

v vV
Data likelihood:  pg(x) :/pg(z)p9($|z)dz

\

Intractable to compute p(x|z)
for every z

Variational Autoencoders

vV VvV
Data likelihood: PB(:C)z/pg(Z)pg(mk)dz y

Posterior density also intractable:  po(2|x) = po(x|2)pe(z)/po(z)

|

» Because of intractable data likelihood

2/11/2020
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Variational Autoencoders

v vV
Data likelihood: Pe(w):/pg(z)pg(x|z)dz y

Posterior density also intractable:  pg(2z|z) = po(z|2)pe (Z)/pg(a:)

Solution: In addition to decoder network modeling py(x|z) , define
additional encoder network g, (z|x) that approximates pg(z|x

Will see that this allows us to derive a lower bound on the data likelihood
that is tractable, which we can optimize

Variational Autoencoders

Since we’re modeling probabilistic generation of data, encoder and decoder networks are

probabilistic

Mean and (diagonal) covariance of z | x

Nl .

Bz

Zz|w

Encoder network
e (2|7)
(parameters @)

Mean and (diagonal) covariance of x | z

N

M|z

Ejmlz

Decoder network
po(x|z)
(parameters ¢ )

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014

2/11/2020
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Variational Autoencoders

Since we're modeling probabilistic generation of data, encoder and decoder networks are
probabilistic

Sample z|x from 2|z ~ N (212, X2)) Sample x|z from x|z ~ N (um‘z, Em‘z)
\\_ N
Hz|x Ez|a: Hz|z Emlz
Encoder network Decoder network |
g¢(2|x) po(z]2)
(parameters gb) (parameters )
I Z

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014

Variational Autoencoders

Now let us see the (log) data likelihood again with encoder and decoder
log py (w(i)) = B te (2le) [10%%109 (9:“'))] (P (a:“)) Does not depend on 2 )

I

Taking expectation over z
(using encoder network)
will be helpful later on

2/11/2020
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Variational Autoencoders

Now let us see the (log) data likelihood again with encoder and decoder
log py (ﬂﬁ(i)) =B, e (zle®) [logpe (m(”)] (P (-r”)) Does not depend on 2 )

po (1]2) po(2)

=E, :
Po (z|$(1))

log

] (Bayes'’ rule)

Variational Autoencoders

Now let us see the (log) data likelihood again with encoder and decoder
log ps (w(i)) = B te (2le) [10%%109 (:c(“)] (P (-r”)) Does not depend on 2 )

po (29]2) po(2)
po (2]z0)

I (i) (i)
—E, |log? Elle) po(2) 45 (2l ) (Multiply by 1)
i po (z]z®)  gg (2]2®)

=E, |log

] (Bayes’ rule)

2/11/2020
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Variational Autoencoders

Now let us see the (log) data likelihood again with encoder and decoder
log py (3;(%')) =B, e (zle®) [logpe (m(”)] (P (-r”)) Does not depend on 2 )

[ (i)
_E, logpf) (29)2) pa(2)

Po (z'gj(@))

=E. |lo

] (Bayes'’ rule)

po (2]z®)

= 10y, ilogpg (:E“”Z)} —E. |lo

o 2 (912) po(2) g4 (z|$(i))] (Multiply by 1)

4o (212)

(i)
log % (2]z®)

+ Ez
pe(2)

log

g (2|29)
)

Do (z\:z(" )

] (Logarithm)

Variational Autoencoders

Now let us see the (log) data likelihood again with encoder and decoder

log pg (m(i)) = Ezm%(z\m(w)) [logpg (33(

I (%)
= logpe (29]2) po(2)

po (2|z®)

=E. |lo

1))] ( po (-r”)) Does not depend on 2 )

] (Bayes’ rule)

po (2]2®)

=10, ilogpg (m(“)\zﬂ —E. |lo

(20 1) po(2) g (w(f))] (Multiply by 1)

ap (2[)

()
log % (z|z)

pe(2)

log

g (2|2®)
)

Do (z|:.c(t )

] (Logarithm)

=\ [logpe (x(i)lz)] — Dk, (q¢, (z\g;(i)) ||p9(z)) + Dy, (% (Z|$(7;)) lIpe (z|a:(i)))

N

The expectation over z lead to
nice KL Divergence form

2/11/2020
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Variational Autoencoders

Now let us see the (log) data likelihood again with encoder and decoder

log pg (‘“m) = B (2l [logpﬂ (m(i))]

1

log

( 7+ (=) Does not depend on 2 )

po (2V|z) po(z)
Do (z'_fg(@))

] (Bayes'’ rule)

- o Do (;g(i)|z) Po(z) 44 (z|:.~:(i))] (Multiply by 1)

20 G g0 (7120
I (i) (i)
(i) - gy (2]2?) s (z]z@) !
710g299 (:E |z)} E. |log (2 + E, |log )] (2l®) (Logarithm)

=E, [logpe (gg(i)\z)] — Dk, (qq;, (z|m(i)) ||p9(z)) + Dxr (% (z|x(i)) Ipe (Z‘m(i)))

z=p+o0e¢

Decoder network gives po(x|2), can
compute estimate of this term through
sampling. (Sampling differentiable
through reparam. trick, see paper.)

This KL term (between
Gaussians for encoder can’t compute this KL term. But
and z prior) has nice we know KL divergence always
closed-form solution! >=0.

Pa(z|x) intractable (saw earlier),

Variational Autoencoders

Now let us see the (log) data likelihood again with encoder and decoder

log pg (5’3@) = Bota (2la) [logp" (fc(i))]

( 7+ (=) Does not depend on 2 )

po (29]2) po(2)

1
og Do (Z|$(i))

] (Bayes’ rule)

r (i) (i)
o Do (:c \z) po(2) gg (2] . )] (Multiply by 1)

20 ) g6 (2120)
I (@) (i)
(i) - gq (2]29) g¢ (2|z®) !
7logpa (m \zﬂ E. |log =) +E, |log NG (o0 (Logarithm)

2 [logpe (gg(i)lz)] — Dk1, (q¢, (z\g;(i)) ||p'5,(z))J \DKL (% (z|:c(i)) pe (z|a:(i))1)

L (:r:(”tg,cb) ZY 0

Tractable lower bound which we can take gradient
of and optimize! pg(x|z) differentiable, KL term
differentiable)
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Variational Autoencoders

Now let us see the (log) data likelihood again with encoder and decoder
log py (3;(1')) =B, e (zle®) [logpe (m(”)] (P (-r”)) Does not depend on 2 )

po (29]2) po(2)
Do (;3|;1;(i) )

r (2) (1)
B, |log 2@ Po3) a6 F20) | gupinly by 1)
I po (22®)  gg (2]2®)

(i)
log % (2]z®)

=E, |log

] (Bayes'’ rule)

— o) ilogpe (:C(i)|z)i| ~E. |log === | +E. |log i": Ejzz;;] (Logarithm)
=E. [10g109 (I(“\Z)] — Dk1 (qqa (ZIIE(“) ||p9(z))1+le (% (ZII(“) [ (zm(’”))
ol Y
logpy () > £ (9,6,0) £(+2.6.9) >0

Variational Lower Bound
“ELBO”

Training: Maximize

N
9*; == [-: (t): 97
9" =arg H&f; (m qs) lower bound

Variational Autoencoders

Now let us see the (log) data likelihood again with encoder and decoder

log py (w(")) =E, g, (2120) [logpa (:c(“)] ( 7+ (+?) Does not depend on 2 )

po (29]2) po(2)
po (2]z) Make approximate

D (:c(ﬂ 2) po(2) g (z\w(i)) P posterior distribution
po (2]z®)  gg (2]2®) Tgidiplyy 195 1) close to prior

= e, (0 _
9 £120) log ¢ Gl )] (Logarithm)

| O Tbgﬁ(x(e)zﬂ - E, 0(2) po (212

:[Ez [logpe (x(i)|2)] — Dk, (q¢, (z\g;(i)) ||p9(2))1+lDKL (% (Z|$(7;)) lIpe (z|a:(i))1)

@' g . ¥
logpy (+) > £ (29,6,0) £ (.6.9) >0

Variational Lower Bound = ; Training: Maximize
0, 4" = £ (2,9,
“ELBO” = %lff)x; (:E Cb) lower bound

=E, |log

] (Bayes’ rule)

Reconstruct =E; |log
the input data

log

+E,
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Variational Autoencoders

Putting it all together: maximizing the
likelihood lower bound

E. [logpg (a:(i)\z)] — Dgr, (qq-, (z\m(i)) Hpg(z))

L(z(,0,0)

Let’s look at computing the bound
(forward pass) for a given
minibatch of input

Variational Autoencoders

Putting it all together: maximizing the
likelihood lower bound

E. [logpg (m“”z)] — Dk (qtp (z|a:(i)) Hpg(z))

v

L(x,0,0)

Hz|z

Encoder network
e (z|)
(parameters @)

Input data
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Variational Autoencoders

Putting it all together: maximizing the
likelihood lower bound

E. [logpg (a:(i)\z)] — Dgr, (qq-, (z\m(i)) Hpg(z))

L(z(,0,0)

Make approximate
posterior distribution close

to prior

Mz

Encoder network
e (2|z)
(parameters @)

Input data

Variational Autoencoders

Putting it all together: maximizing the
likelihood lower bound

E. [logpg (m“”z)] — Dk (q¢, (z|a:(i)) Hpg(z))

v

L(x,0,0)

Sample z|x from
Z|'T ~N (Juz|z7 Zz|:r:)

Make approximate
posterior distribution close

to prior

Hz|z

Encoder network
e (z|)
(parameters )

Input data
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Variational Autoencoders

Putting it all together: maximizing the
likelihood lower bound

E. [logps (212)] - Dz (45 (#12) llpo(2)) Hez|z iyl

> Decoder network
L(z(,0,0)
po(z|2)

(parameters @)

_ Sample z|x from
Make approximate N
posterior distribution close z\a: £ (Mz|:m Ez\z)

to prior IJ’z|$ Ez|w

Encoder network
e (2|z)
(parameters @)
Input data h

Variational Autoen

izing the Sample x|z from
Maximize likelihood :L‘|z ~ u$|z,

Putting it all together: m

of original input
E. [logpg (m('ﬂ')|z)] - Dg1 (q¢) (z|g;(’i)) Hpg(z)) being reconstructed Ma:|z xlz

" Decoder network
L(x,0,0)
po(x|2)

(parameters ¢ )

, Sample z|x from
Make approximate N
posterior distribution close z|lz ~ ”ZII? ZICE

to prior Mz|a: |$

Encoder network
e (z|)
(parameters )
Input data X
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Variational Autoen
Putting it all together: m

S ! imizing the Sample x|z from
likelihood lo und Maximize likelihood 3:|2: ~ ./\f ,um|z7

of original input
E. [logpg (a:(i)\z)] = Dy, (qq-) (z\m(’i)) Hpg(z)) being reconstructed M:c|z :UIZ

> Decoder network
L(z(,0,0)
po(x|2)

(parameters @)

_ Sample z|x from
Make approximate
posterior distribution close zlz ~ N (Mz|:m Ez\z)

to prior lex EZ|$
Encoder network
For every minibatch of
input data: compute this e (2|z)
forward pass, and then (parameters @)
backprop! Input data i

VAE: Generate data

Use decoder network. Now sample z from prior!

Sample x|z from
‘/E|Z o :U’a:|za

Mm|z m!z

Decoder network
po(x|z)

(parameters ¢ )

Sample z|x from z\:c ~N ()2, Sz

Kingma and Welling, “Auto-Encoding Variational
Bayes”, ICLR 2014
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2/11/2020

Generate data

Use decoder network. Now sample z from prior!

VAE

Data manifold for 2-d z

QDAUANANNANNANNANN SN NSNNNNS
QAVIAY M ELLLL LW NN~
QAVIINNIHKELELLLVVYV YN~~~
QUAVVNNIN Ly Gototo © VWV W -~~~
QAVVHHINNHVWWWBVIOVIWY W - ——
QAOOVOHINININMHEEBBDIOVI W W - ——
QAOQOOIMHINMNMMON M DIOID D W - ——
QOOOMMNMMMN MDD D D —
QODMMIN MMM MD DD e e —
QOO MMM M0 W® DD e e —
QOMME MMM N OO en on om o o —
QOMMMM M 0" 0O 000 e o o ——
R L L N N Nl ol
G frrorororrrs oo~
adaddadogorororrorraraaon~N
SdaqadaddoorrrorrrdIIINN
SAddddgrrrrrrFFIIIRINN
SAdAddTTTrrrrrr>rIrI™2R2RANN
B g g gl ol ol ol ol ol o SN N L L N NN

Vary Z, |

&

N

b
Rz

2
Sample z|x from z|z ~ N (f5)2, X2p2)

Sample x|z from
£U|Z ~N (/'L:J:|za

po(x[2)

Decoder network
(parameters ¢ )

Kingma and Welling, “Auto-Encoding Variational

Bayes”, ICLR 2014

Vary Z,

Generate data

Use decoder network. Now sample z from prior!

VAE

DUV NANNANNANNEN NSNS NNNNS
QAVIAN N EHEELLLL LW NN~
QAVINNNHRKHELELLLVYY YN~
QAVADNNINLH G tot © VOV W -~~~
QAVVHIHINNHHNWWBVIVIVY W - —-—
QOOVONMHINININMNHEBBDIOVI WD W - ——
QAOQOIMHIMNMNMMON N DIOID D W - ——
QOOOMMNMN MMM ®ODD D —
QODMM MMM NN MDD D e e —
QOO MMM 00D DD e e —
QOMME MMM N 00O N o am om = —
QOMMMM MO 000 e o ——
O ed 080900070000 0000 o 0~ 0~ 0 o~
R L G L R R R
G rorororrrreoso o~
Jadadadodogorororrorrraaanan~
SadadadddorrrrrrFrrTIIIINN
SddddgorrrrrrrFrFIIIRINN
AddTTrTrrrrrr>rII2R2RAN
S I g gl ol ool ol ol ol Ol O L NI NI LN

N

b3
Ha|z

%
Sample z|x from z|z ~ N (1512, X))

Sample x|z from
$‘Z ~N (Ium|z7

po(z]2)

Decoder network
(parameters @)

Kingma and Welling, “Auto-Encoding Variational

Bayes”, ICLR 2014
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VAE: Generate data

Use decoder network. Now sample z from prior!

Diagonal prior on z =>
independent latent
variables

Different dimensions of z
encode interpretable factors

of variation Vary 7,
Degree of smile

Kingma and Welling, “Auto-Encoding Variational
Bayes”, ICLR 2014

Vary Z,

Head pose

VAE: Generate data

Use decoder network. Now sample z from prior!

Diagonal prior on z =>
independent latent
variables

Different dimensions of z

encode interpretable factors

of variation Vary Z,
Degree of smile

Also good feature
representation that can
be computed using ¢4 (z|z)

Kingma and Welling, “Auto-Encoding Variational
Bayes”, ICLR 2014

11“

‘.‘!‘.‘!_’3‘.'3“ :

Vary Z,

Head pose
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Softwares

Vae — PyPI
» https://pypi.org/project/vae/

Deep learning platforms such as TensorFlow
and PyTorch

vae 0.1

pip install vae &

PYTHRCH
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