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Density estimation

Data: p ={D,D,,..D.}
D, =x; a vector of attribute values

Objective: estimate the model of the underlying probability
distribution over variables X , p(X), using examples in D

t ietributi estimate
rue distribution n samples — -
p(X) D={D,,D,,..D,} p(X)
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Density estimation: iid assumptions

true distribution n samples esEimate
pP(X) D={D,,D,,..D.} ' p(X)

Standard (iid) assumptions: Samples
+ are independent of each other
 come from the same (identical) distribution (fixed p(X))

e Independently drawn instances
/—> . y R R R .
——¢ from the same fixed distribution

Density estimation

Types of density estimation:

(1) Parametric

« the distribution is modeled using a set of parameters ©
p(X) = p(X|©)

» Estimation: find parameters ® fitting the data D

» Example: estimate the mean and covariance of a normal

distribution
_/\ P(x) =N(X| u,0)




Density estimation

Types of density estimation:

(2) Non-parametric

» The model of the distribution utilizes all examples in D
« As if all examples were parameters of the distribution

. P(X) = p(X| D)

+ Examples:

histogram Kernel density estimation

ﬁﬂh ~

ML Parameter estimation

Model p(X)=p(X|®,,) Data D={D,,D,,.. D}
« Maximum likelihood (ML)
| ®,, =argmax, P(D|0®, &) |

p(D|®,8) =P(D,, D,,..D, [0,$) l Independent
—P(D,|©,6)P(D,|0,&)...P(D, |®,&) * TP

-11 PO, 10.9)

Log likelihood — has the same maximum as likelihood

O, =argmax, P(D|®,&) =argmax, logP(D | ®, &)




Bernoulli distribution

Model for random variable with two outcomes
« Random variable: x
« Two outcomes: O or 1
« Bernoulli Distribution:
P(x|0)=0"1-0)*™
where @ is the probability of x=1

Example: Coin toss
Outcomes:

+ Head 2 x=1

« Tail 2 x=0

« @ - probability of a Head

Maximum likelihood (ML) estimate.

Likelihood of data:

P(D|6,&) = f[exi 1-g)+
Maximum likelihood estimate -

Oy, =argmax P(D | 6,¢&)
Optimize Iog-likelihooc;g(the same as maximizing likelihood)

I(D,8)=N,log&+N, log(1-6)
/ \

N, - number of heads seen N, - number of tails seen

Nl _ Nl

ML Solution: Oy,

N N,+N,




Maximum likelihood estimate. Example

« Assume the unknown and possibly biased coin
« Probability of the head is €
» Data:
HHTTHHTHTHTTTHTHHHHTHHHHT
— Heads: 15
— Tails: 10
What is the ML estimate of the probability of a head and a tail?

R
i

Maximum likelihood estimate. Example

« Assume the unknown and possibly biased coin

« Probability of the head is €

+ Data:
HHTTHHTHTHTTTHTHHHHTHHHHT
— Heads: 15
— Tails: 10

What is the ML estimate of the probability of head and tail ?

+N, 25
N, 10 _
N,+N, 25

Head: HML—m— N, —15:0.6

N
Tail:  (1-6,,)=

0.4

N
N2
N




Bayesian parameter estimation

Bayesian parameter estimation
 Uses the posterior distribution of parameters
* Posterior ‘covers’ all possible parameter values (& their
“weights”)
Data Likelihood
Parameter posterior o~
p(®\| D) = p(D|©,&)p(®| &) «— Parameter prior

p(D <)
Prior on a parameter
p(®|D)

P(®)
+ | Data + =
p(D|©) | .
€]

B ©

Bayesian parameter estimation

Uses the distributions (prior and posterior) over all possible
values of the parameter @ of the sampling distribution p(x| &)
(Bernoulli):
Likelihood of data

N\
P(D]6,5)p(@]¢)
P(D[S)

We know that the likelihood is:
P(D|6,5)=T]6" @-6)*" =6™1-06)"
i=1

Posterior
N p(@|D,&) =

e Prior
(via Bayes theorem)

Normalizing factor

How to choose the prior probability?
P(@|<&) - is the prior probability on &




Prior distribution

Choice of prior: Beta distribution

[a, +a,) eal—l(l_e)az—l
I'(e) (er,)

I'(x) - aGamma function T'(x)=(x—-1D)I'(x—-1)
For integer valuesof x T°(n)=(n-1)!

p(@ &) =Beta(@ | oy, ;) =

Why to use Beta distribution?
Beta distribution “fits” Bernoulli sample - conjugate choices

P(D|6,&) =0 1-6)"
Posterior distribution is again a Beta distribution

P(D|6,&)Beta(d | ay, a,)

= Beta(¢ +N,,a, +N
P(D|&) @y 1 2)

p(@|D,¢) =

CS 2750 Machine Learning

Beta distribution

3

0 0
0 0.5 1 0 0.5 1

(0| &) = Beta(d] a,b) = %e“a—e)“
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Posterior distribution

(R9]

2)

rior “| likelihood function
B Beta
1 * 3
0 0
0 0.5 1 0 0.5
7 2 M
posterior
1 Beta
0
0 0.5 1

P(D|¢9,§)Beta(¢9|al,52)

PO1D.&) = 015

=Beta(@ |, + N,,a, + N,)

Posterior distribution

Beta posterior
— A conjugate prior to Bernoulli sample

P(D|6,&)Beta(@ | oy, ;)
P(D[S)

_ I'(a,+a,+N; +N,)

- (e, + NI (e, +Ny)

p(@1D,¢) =

=Beta(@ |, + N,,a, + N,)

0N1+a1—l(1_ 0) Ny+a,-1

Notice that parameters of the prior
act like counts of heads and tails
(sometimes they are also referred to as prior counts)




Posterior distribution

« Probability of the head is &

» Data:
HHTTHHTHTHTTTHTHHHHTHHHHT
— Heads: 15
— Tails: 10

Example 1:

« Assume p(@|<&) =Beta(@|5,5)

« Then p(@| D, &) = Beta(@|?,?)

Posterior distribution

« Probability of the head is &

+ Data:
HHTTHHTHTHTTTHTHHHHTHHHHT
— Heads: 15
— Tails: 10

Example 1:

« Assume p(@|<&) =Beta(@|5,5)

« Then p(@|D,¢&) =Beta(@]20,15)




Posterior distribution

« Probability of the head is &

» Data:
HHTTHHTHTHTTTHTHHHHTHHHHT
— Heads: 15
— Tails: 10

Example 1:

« Assume p(@|<&) =Beta(@|5,5)

* Then p(@|D,¢) = Beta(d|20,15)

Example 2:
« Assume p(f| &) =Beta(d|31)
« Then p(@|D,&)=Beta(@d]?,?)

Posterior distribution

« Probability of the head is &

+ Data:
HHTTHHTHTHTTTHTHHHHTHHHHT
— Heads: 15
— Tails: 10

Example 1:

« Assume p(@|<&) =Beta(@|5,5)

« Then p(@|D,¢&) =Beta(€]20,15)

Example 2:
 Assume p(f| &) =Beta(d|31)
* Then p(@|D,¢&) = Beta(6]18,11)

),
L)

10



Parameter estimation: MAP

« Maximum a posteriori probability (MAP)
maximize P(@|D,¢)

. Posterior on a parameter
Prior on a parameter

p(®)
+ | Data +
p(D|®)

« MAP
— Yields: one set of parameters @,  (mode of the posterior)
— Approximation:

f)(X) = p(X | ®MAP)

Maximum a posteriori estimate: MAP

Maximum a posteriori estimate
— Selects the mode of the posterior distribution

gMAP =arg ;nax p(9| D,f)

Likelihood of data ~ .~ brior
P(D|0, 0
0(01D.5) = PB1.£pO2)

P(D | é) <+«—— Normalizing factor

By using Beta prior:

] Beta posterior
» \We get Beta posterior

«  And MAP solution is: p(®| D) ; < MAP
o+ N, -1
Ovnp = :
o, +a,+N;+N, -2 ' @ ®

11



MAP estimate example

« Assume the unknown and possibly biased coin

+ Probability of the head is 6

» Data:
HHTTHHTHTHTTTHTHHHHTHHHHT
— Heads: 15
— Tails: 10

« Assume Pp(€|<¢)=Beta(@]5,5)

What is the MAP estimate?

g
i

MAP estimate example

« Assume the unknown and possibly biased coin

+ Probability of the head is 6

» Data:
HHTTHHTHTHTTTHTHHHHTHHHHT
— Heads: 15
— Tails: 10

« Assume Pp(€|<¢)=Beta(d]5,5)

What is the MAP estimate ?

N, +o; -1 N, +a, -1 _19
N-2 N, +N,+a,+a,-2 33

HMAP =

12



MAP estimate example

The MAP can be biased with large prior counts

It is hard to overturn it with a smaller sample size

» Data:
HHTTHHTHTHTTTHTHHHHTHHHHT

— Heads: 15
— Tails: 10
* Assume L9
P(@|¢5) = Beta(@|5.5) Owe =5
19
p(@| &) = Beta(@|5,20) Onnp = 18

Note that the prior and data fit (data likelihood) are combined

Bayesian framework

+ Predictive probability of an outcome x=1 in the next trial
P(x=1|D,¢)

Posterior density

1 —Aee
P(x=1|D,&) = [P(x=1|6,£)p(0| D,&)do
0

= [p(01D,£)do =E(©0)

« Equivalent to the expected value of the parameter
— expectation is taken with respect to the posterior distribution

p@|D,&)=Beta(@ |, + N,,a, +N,)

13



Expected value of the parameter

How to calculate the expected value of Beta?
1 1
(7 +1,) oy 4
E(9) = | OBeta(@|n,,n,)dO = | 0 ———2-0""(1-0)""dO
! o I Fnren
— F(’h + 772) '[0771 (1_9)772—1d0
L(m)0(,) 4
_ L +1,) T(p +)I(n7,) j‘ Beta(r, +1,77,)d0
L) () Tl +m,+0) o
-
__h 1
o+,

Note:  T'(a+1)=al(a) for integer values of «

Expected value of the parameter

+ Substituting the results for the posterior:

p@|D,¢&)=Beta(@ |, + N,,a, +N,)

a, +N,;
a,+N,+a,+N,

* We get E@) =

* Note that the mean of the posterior is yet another
“reasonable” parameter choice:

6 =E(0)

O, = Ep(®|D,§) (©)= I®p(®| D,&)de

14



Binomial distribution
DOESOD -9+ @

Example problem: N coin flips, where each coin flip can have
two results: head or tail
Outcome: N, - number of heads seen N, - number of tails seen
in N trials
Model: probability of a head @
probability of a tail (1-6)
Probability of an outcome:

P(N,|N,8) = N O™ (1—@)" " Binomial distribution
' N
1

Binomial distribution:
» models order independent sequence of Bernoulli trials

Binomial distribution

Binomial distribution:
0.3

Bin(m|10, 0.25)

Matching prior: Beta distribution

15



Maximum likelihood (ML) estimate.

Likelihood of data:
N N N NI N N
P(D|@)= N 0(1l-0)"=——06"01-60)"
1

N,IN,!
Log-likelihood
N N N!
I(D,0) =log 0™ (1-6)" =log +N, log 8+ N, log(1-6)
N, N,IN,!

/
Constant from the point of optimization !!!

ML Solution: gML:m: N,
N N, +N,

The same as for a sequence of iid Bernoulli trials

Posterior density

Posterior density

P(D]|&, 0
p(@|D,&) = ( lp(é)lg 1) (via Bayes rule)

Prior choice

P01 £) = Beta(0 |y, ) = — %),

(o)1 (ez;)
Likelihood I'(N, +N,)
PRI =Ty

90:1—1 (l_ 9)0{2—1
1-0)™

Posterior  p(@|D,¢&) = Beta(e, + Ny, ¢, + N,)

MAP estimate Gy, =argmax p(@|D, <)
‘o, + N, -1
o, +a,+N; +N, -2

QMAP =

16



Multinomial distribution

Example: multiple rolls of a die with 6 results

Outcome: counts of occurrences of k possible outcomes of N
trials: N, - a number of times an outcome i has been seen

k
> N;=N
i=1 k
Model parameters: @ =(@,,6,,...6,) s.t. Zei =1

0; - probability of an outcome i '

Probability distribution:

I
P(Nl, N?_,... Nk |0,§) = m&l’“@fz ...49ka Multinomial
1 1N20 - VK distribution
ML estimate: N;
iML — W

Posterior and MAP estimate @

Choice of the prior: Dirichlet distribution
K
F(Zai)
Dir(0|a,,...,a,) =——2—07 702" ...

Hr(ai)

Dirichlet is the conjugate choice for the multinomial sampling

P(D|[0,£)=P(N,,N,,...N = N AN A
&) =P(N;,N,,... k|9,§)—m6’1 0,°...0,
Posterior density v ‘

P(D|0,£)Dir(0| ey, 2, ,..1,)

0|D,&) = =Dir(0|a, +N,,..,a, + N
p(0|D,<&) P(D[&) O], + Ny, +N,)
MAP estimate: 12 S\t

- i, MAP —
' o; +N,)—k
2N

17



Dirichlet distribution @
Dirichlet distribution: \&

F(iai)

Dlr(B | al,..,ock) =ki;91“1’10§’271...¢9£’“1

Hr(ai)

Assume: k=3

Distribution models for random variables

Distribution models covered so far:

+ Bernoulli distribution
— Model for binary random variables
P(x|0)=0"1-6)*

« Binomial distribution
— Model for order independent sets of binary outcomes

P(N,|N,9) = (I:' jeNl @a-enN

* Multinomial distribution
— Model for order independent sets of k-nary outcomes
N!

— 7 pNigN, Ny
P(Nl,Nz,...Nk|9,§)—Nl!NZ!melel oY .0

18



Distribution models for random variables

Models for other types of random variables:
» Gaussian distribution

— Models of real-valued random variable
+ Gamma distribution:

— Models of random variables for positive real numbers
» Exponential distribution

— Models of random variables for positive real numbers
+ Poisson distribution

— Models of random variables for nonegative integers

Conjugate choices of priors for some these distributions:
— Exponential - Gamma
— Poisson — Inverse Gamma
— Gaussian - Gaussian (mean) and Wishart (covariance)

Gaussian (normal) distribution

« Gaussian: X ~ N(u,o)
» Parameters: gz - mean

o - standard deviation
+ Density function:

__1 _
p(XI,u,G)—G o exp[ 552 (x—12)71]
« Example:

one] 1 N(01)

o.15

o.1f

o.05~

% -3 = BN [ 1 = 3 a

19



Parameter estimates

 Loglikelihood n
(D, o) =log [ | p(x | #.0)
i=1

« ML estimates of the mean and variance:
R L R L .
H:_in O':_Z(Xi_ﬂ)z
N =1 N =
— ML variance estimate is biased
13 . n-1
E,(c?) = E{—Z(xi —u)ZJ =——o? %0’
n+s n
» Unbiased estimate:

8% = -3 (x — @)?

n—-14=

Multivariate normal distribution

« Multivariate normal: X~ N(m, X)
» Parameters:  p- mean

X - covariance matrix
* Density function:

1 1 Ty-l(y
p(X|H,E)—WeXD[—E(X—M) (X H)}

« Example:

20



Partitioned Gaussian Distributions

» Multivariate Gaussian:
p(x) = N(x|p, X)

« Example:
_ Xa _ Heo 2 Yoo Zap
* (Xb) H (Hb) (Eba Ebb)

A A
A= 2—1 A aa ab)
(Aba Ay

N

Precision matrix

» What are the distributions for marginals and conditionals?
p(Xa) p(Xa | Xb)

Conditionals and Marginals

 Conditional density:

p(xa|xb) = N(Xa|ﬂu.|m Ea\b)
Ea\b = Agal = 3gq — Zabnglzba
#’a\h - E(le {Aufu.;ua — Ay (Xb - ”b)}

= pa— A Aa(xp — )
= M, + zﬂ-bzl;)l(xb - ["’b)

» Marginal Density:
p(xa) - ]P(meb)dxb

= N(Xﬂ“l'aazaa)

21



Conditionals and Marginals

zp = 0.7 & p(zqlzy = 0.7)

0.5

P(Za, Tp)

Parameter estimates

 Loglikelihood n
I(D,p,£) =log [ [ p(x; | 1. X)
i=1

» ML estimates of the mean and covariances:
. 1 n n 1 n . T
HZHZXi ZZHZ(Xi—u)(Xi—u)
i=1 i=1

— Covariance estimate is biased

E,(£) = E{%i(xi —R)(X —mTj=”T‘l>:¢z

i=1

» Unbiased estimate:

£ =20 -0 B

22



Posterior of the mean of a multivariate
normal

« Assume a prior on the mean p that is normally
distributed:
p(n)=N(pn,. =,)

* Then the posterior of p is normally distributed

n 1 1
D) ~ | I — —Z(x - )" 2 Yx —
p(u’ | ) { = (27[)dl2|2|1/2 eXp|: 2 (X| u’) Z (X| u):|J

1 1 _
*WWP[—E(H—M)TE;’ ‘(n-n,)
p

1 1 N
ZWEXF{—E(H—M)T X (n-n,)

Posterior of the mean of a multivariate
normal

« Then the posterior of p is normally distributed

1 1 fe 4
D)=— ~ e (T T -
p(ul ) (27T)dl2|2n|1/2 expl: 2("’ un) n (ll un)j|

X t=nz7+z

1. \Y1Q 1 1.\"
unzzp(zp+—2) (—inj +—z(2p+ﬁzj n,

n n<s n

-1
z, :zp(zp +32) ix
n n

CS 2750 Machine Learning
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Other distributions

Gamma distribution:
p(x|a,b) = _ 1 e
I'(a)b?

Exponential distribution:
» A special case of Gamma for a=1

p(x[b) = [%je

Poisson distribution:

o x

for x [0, ]

for x [0, <]

et x

P(X[A) =—

for xe{0,12,..}

Gamma distribution

A
1 a1, p

- e b
T (a)b® for 1 [0, 0]

where a is the shape and b is a scale parameter

p(4la,b) =

Gamma Probability Density

0.045
low shape, low scale
0.04 low shape, high scale
——— high shape, low scale
0.035 | — high shape, high scale
0.03
— 0.02
= 0.025
2 502
0.015} /[~
o.01}
0.005}
4] T ——
4} 50 100 150 20C
X

24



Exponential distribution

p(x|b) = [%je

Alternative parameterization: p(x|A) = le ™
where A1 =1/b

for x [0, ]

1.6

14l A=0.5 |

1.2} A=1
A=1.5

1.0

= 0.8}
0.6}

0.4}

0.2} K‘

0.0

Poisson distribution

Poisson distribution:

e_/lﬂ,x
p(x|A)= for xe{0,1,2,..
X!
0.40 A\ =1
0.35 . /\ _a
0.30 PuSY 10
0.25 -
0.20
015 ¢ )
0.10F
0.05
0.00 - LR s s s s s

[=3
(4]
-
o
(4]
2]
o

3+
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