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Density estimation

Data: p={D,D,,.D,}
D, =X, a vector of attribute values

Objective: estimate the model of the underlying probability
distribution over variables X , p(X), using examplesin D

true distribution n samples esfimate
P(X) D={D,D,....D} : p(X)

N\ 1\
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ML Parameter estimation

Model p(X) = p(X|®) Data D={D,,D,,.,D,}

« Maximum likelihood (ML) parameter estimation:
— maximizes the data likelihood

®ML =argmaxg p(D | O, 5)

Log-likelihood log p(D|©,&) =Y logP(D; |®, &)
i=1

Maximization of the data Iikelihoodfz maximization of
the data log-likelihood

O, =argmax, p(D|®,&) =argmax, log p(D |06, <)

Maximum likelihood (ML) estimate.
Likelihood of data: n
P(D|6,&) =] 0" @-6)“™

Maximum likelihood estimate
O =argmax P(D|6,¢$)
o

Optimize log-likelihood (the same as maximizing likelihood)

I(D,08) =logP(D|8,¢&) =log ﬁ&xi 1-0)*™ =

i=1 n

Zn: X, log &+ (1-x,) log(1-6) =log 6> " x; + Iog(l—é’)zn:(l— X.)

i=1 i=1 i=1

N, - number of heads seen N, - number of tails seen




Maximum likelihood (ML) estimate.

Optimize log-likelihood
I(D,8) =N, logéd+N, log(1-6)
Set derivative to zero
oAD.0)_N,_ N, _
00 6 (1-0)

Solving 0=

ML Solution: ¢ N __ N

Maximum likelihood estimate. Example

« Assume the unknown and possibly biased coin

« Probability of the head is &

+ Data:
HHTTHHTHTHTTTHTHHHHTHHHHT
— Heads: 15
— Tails: 10

What is the ML estimate of the probability of a head and a tail?

C it




Maximum likelihood estimate. Example

« Assume the unknown and possibly biased coin

« Probability of the head is &

» Data:
HHTTHHTHTHTTTHTHHHHTHHHHT
— Heads: 15
— Tails: 10

What is the ML estimate of the probability of head and tail ?

Head: ¢, -N__M 15 .6

N N,+N
):

‘z
I

Tail:  (1-6,,
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Bayesian parameter estimation

The ML estimate picks just one value of the parameter

» Problem: if there are two different parameter values that are
close in terms of the likelihood, using only one of them may
introduce a strong bias, if we use it, for example, for
predictions.

Bayesian parameter estimation
— Remedies the limitation of one choice
— Uses the posterior distribution for parameters ®

— Posterior ‘covers’ all possible parameter values (and their
“weights”) o
Parameter posterior .~ DataLikelihood

\ .
p(D|®,&)p(®| &) «—— Parameter prior
®|D,¢) =
p(©®|D,¢) o(D| &)




Bayesian parameter estimation
What does it do?

» Prior and Posterior ‘covers’ all possible parameter values
(and their “weights”)

Assume: we have a model of p(x|®) with a parameter ®
« Bayesian parameter estimation:

Prior on a parameter Posterior on a parameter
p(®) pP@®| D)T
I + | Data + = A
p(D|©) I
[ ® ®

» ML parameter estimate

Data + = | Just one value
e

®

Bayesian parameter estimation

Bayesian parameter estimation
— Uses the posterior distribution for parameters
— Posterior ‘covers’ all possible parameter values (and their

“weights”)
Parameter posterior .~ DataLikelihood
\ :
D|®, (C) <«—— Parameter prior
AT CIEOLICIE
p(D <)

« How to use the posterior for modeling p(X)?

p(X) = p(X| D) = I p(X|©)p(@]|D,5)dO




Bayesian parameter estimate: coin example
Calculate posterior distribution

p(@]D,s)

Likelihood of data

~
p(@|D,&) = PO |F>6(I§)| gge 1£) (via Bayes rule)

Normalizing factor

prior

Likelihood of data for a sequence of n coin flips:
P(D|6,&)=]]6" @-0)* =o™(1-0)"
i=1

P(@|&) - is the prior probability on &
How to choose the prior probability for Bernoulli trials?

Beta distribution

C iyt

Choice of prior: Beta distribution

p(018) = Beta (0] ) = At %) gy _ gy

NI (e,)
Distribution on interval [0,1], | @=2
thatis: @<[0/]] .| a,=3

0

0 0.5 g 1
I'(x) - aGamma function TI'(x)=(x—-DI'(x—1)

For integer values of x Gamma is defined by a factorial function
rn)=(n-1)!




Beta distribution

3

Fé+m
I'(@)r'(b)

0.5 1

aa—l (1 _ 9) b-1

0
0 05 i 1

p(@|<&) =Beta(@|a,b) =

Posterior Beta distribution

Prior Beta distribution -”“”‘9”
Ny +a,)
()T ()
Why to use Beta distribution?

Beta distribution “fits” Bernoulli trials - conjugate choices

P(D|8,&) =0 1-6)":
Posterior distribution is again a Beta distribution !!!!

p@| &) =Beta(@| oy, a,) = 1 (1— )+

P(D|6,&¢)Beta(@| ey, x,)
P(D|&)
— 1—‘(a{jl_ +0.’2 + Nl + N2) 0N1+a171(1_9)N2+a2—1
(e, + NI (o, +N,)

p(@|D,&) = =Beta(d |+ N,,a, + N,)




Posterior Beta distribution

G ifiiile
<

Prior Beta distribution

I'a, +a,)
0|&)=Beta(@|ay,ax,) = —L—2~
p(@1s) Oy, a,) Na) (@)
Why to use Beta distribution?

Beta distribution “fits” Bernoulli trials - conjynate choicec

9(11—1 (1 _ 0)0:2 -1

a ,a
P(D|6,&) =0 @1—-0)\: | Are r_eferrzed to as
Prior counts

Posterior distribution is again a Beta distri

P(D|6,&)Beta(@| oy, x,)

d|D,&)= =Beta(@ |, +N,,a, + N
p(@|D,<) P(D|2) (@], + Ny e, +Ny)
— 1—‘(Cxl +a2 + N1 + Nz) 9N1+a1—l(1_0)N2+a2—1

I'(ey + NI (a, +N,)
Posterior distribution &
2o % Mikelinood functi
prior Beta IKellnood tunction

1 *
0 0
0 0.5 0 1 0 0.5 o !

. posterior

B 1 Beta
0
0 0.5 o 1

p(0|D,s) = PL10:)BM@ON oy a5) _ pos 910 4N e, +N,)

P(D]<)




Posterior distribution

G il

L3

« Probability of the head is &

» Data:
HHTTHHTHTHTTTHTHHHHTHHHHT
— Heads: 15
— Tails: 10

Example 1:

« Assume p(@|<&) =Beta(@|5,5)

« Then p(@| D, &) =Beta(0]?,?)

Posterior distribution

« Probability of the head is &

+ Data:
HHTTHHTHTHTTTHTHHHHTHHHHT
— Heads: 15
— Tails: 10

Example 1:

« Assume p(@| &) =Beta(€|5,5)

« Then p(@| D, &) =Beta(@|20,15)




Posterior distribution

« Probability of the head is &

» Data:
HHTTHHTHTHTTTHTHHHHTHHHHT
— Heads: 15
— Tails: 10

Example 1:

« Assume p(@|<&) =Beta(@|5,5)

* Then p(@| D, &) =Beta(€|20,15)

Example 2:
« Assume p(@| &) =Beta(f]31)
* Then p(@| D, &) =Beta(d]?,?)

Posterior distribution

« Probability of the head is &

+ Data:
HHTTHHTHTHTTTHTHHHHTHHHHT
— Heads: 15
— Tails: 10

Example 1:

« Assume p(@| &) =Beta(€|5,5)

« Then p(@| D, &) =Beta(d]20,15)

Example 2:
+ Assume  p(@|¢)=Beta(|31)
« Then p(@| D, &) =Beta(6]1811)

C it
I
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Parameter estimation: MAP

« Maximum a posteriori probability (MAP)
maximize P(@|D,¢)

. Posterior on a parameter
Prior on a parameter

p(@)'[ p(®| D) < MAP
+ (Data+| = |
p(D|©) IR N
\ o 0 ®

+ MAP
— Yields: one set of parameters @,  (mode of the posterior)
— Approximation:

f)(X) = p(X | ®MAP)

Maximum a posteriori estimate: MAP

Maximum a posteriori estimate
— Selects the mode of the posterior distribution

eMAP =arg gnax p(9| D,f)

Likelihood of data N rior
~— P
P(D]|@, 0
N P CISLGES

P(D[S) <«— Normalizing factor

By using Beta prior:
» We get Beta posterior

Beta posterior

 And MAP solution is: p(©| D)t
|
0 _ a4 + Nl -1 ‘ :
o +a, + N+ N, -2 L

11



MAP estimate example

« Assume the unknown and possibly biased coin

« Probability of the head is &

» Data:
HHTTHHTHTHTTTHTHHHHTHHHHT
— Heads: 15
— Tails: 10

« Assume Pp(@|<&)=Beta(f]55)

What is the MAP estimate?

MAP estimate example

+ Assume the unknown and possibly biased coin

« Probability of the head is &

+ Data:
HHTTHHTHTHTTTHTHHHHTHHHHT
— Heads: 15
— Tails: 10

« Assume Pp(@|<&)=Beta(f|5,5)

What is the MAP estimate ?

N, +o -1 N, +a, -1 _19
N-2 N, +N,+a,+a,—-2 33

‘9MAP =

12



MAP estimate example

 Note that the prior and data fit (data likelihood) are combine
« The MAP can be biased with large prior counts
 Itis hard to overturn it with a smaller sample size
» Data:
HHTTHHTHTHTTTHTHHHHTHHHHT

— Heads: 15
— Tails: 10
* Assume 19
p(9 | §) = Beta(0 | 5’5) O = 5
19
p(0| &) = Beta(0|5,20) Ovne = 28

Binomial distribution
deeed -9+ e

Example problem: N coin flips, where each coin flip can have
two results: head or tail
Outcome: N, - number of heads seen N, - number of tails seen
in N trials
Model: probability of a head @
probability of a tail (1-6)
Probability of an outcome:

N
P(N, | N,6’)=[N

1

j@”l @—e)" ™ Binomial distribution

Binomial distribution:
« models order independent sequence of Bernoulli trials

13



Binomial distribution

Binomial distribution:

0.3

0.2}
Bin(m|10, 0.25)

0.1p

Maximum likelihood (ML) estimate.

Likelihood of data:

N [
PD|0)=| " lo™a—oy = —N_gn1_gyn
N, N,IN,!
Log-likelihood
I(D.6)=log| " |0™@-6)" =log—N" + N, logd-+ N, log(1-6)
0)=log =log -t M 10gf+N; log

/
Constant from the point of optimization !!!

ML Solution: gMLzﬁ: N,
N N, +N,

The same as for a sequence of iid Bernoulli trials

14



Posterior density

Posterior density

P(D16,5)p(@]<)

| p(@| F),f) = P(D|2) (via Bayes rule)
Prior choice
p(01£) = Beta (0], z;) = %9%*&—9)“2‘1
Likelihood
T D)oy = LMNEN) gy
L(N)HI(N,)

Posterior  p(@|D,¢) =Beta(ey, + N;, @, + N,)

MAP estimate 6, =argmax p(&| D, &)
‘o, +N, -1
a,+a,+N; +N, -2

eMAP =

Multinomial distribution

Example: multiple rolls of a die with 6 results

Outcome: counts of occurrences of k possible outcomes of N
trials: N, - a number of times an outcome i has been seen

K
> N, =N
i=1 k
Model parameters: @ =(6,,0,,...6,) s.t. Zei =1

0, - probability of an outcome i '

Probability distribution:
N!

P(N,,N,,...N, [6,&)=——————6"6,~...6,* Multinomial
N IN,!L . N, ! distribution
ML estimate: Ni
i,ML :W

15



Posterior density and MAP estimate

Choice of the prior: Dirichlet distribution
k

1ﬂ(zoﬁ)
Dir(0|a,,...a) = ——2—067705 " ...08
Hr(ai)
i=1
Dirichlet is the conjugate choice for the multinomial sampling
]
P(D|0,&) = P(N,,N,,...N, [0,Z) :mgfle} oM

Posterior density
0(0| D, )= P(P10.9)Dir(®l oy, )

=Dir(0|e, + N;,..,a, +N,)

P(DIS)
o +N. —1
MAP estimate: O map = (' i
’ o, + N, )—k

Dirichlet distribution @
Dirichlet distribution: \&

l—‘(zai)

Dir(0|ay,...,) = —— = 070t oo

Hr(ai)

Assume: k=3

16



Distribution models for random variables

Distribution models covered so far:

» Bernoulli distribution
— Model for binary random variables

P(x|6)=6"1-6)*

« Binomial distribution
— Model for order independent sets of binary outcomes

P(N,|N,0) :(S ja“‘l @a-oe~ ™

* Multinomial distribution
— Model for order independent sets of k-nary outcomes

N!
oMo .00

P(Nl’NZ""Nk |e,§):m 1

Distribution models for random variables

Models for other types of random variables:
» Gaussian distribution

— Models of real-valued random variable
« Gamma distribution:

— Models of random variables for positive real numbers
» Exponential distribution

— Models of random variables for positive real numbers
 Poisson distribution

— Models of random variables for nonegative integers

Conjugate choices of priors for some these distributions:
— Exponential - Gamma
— Poisson — Inverse Gamma
— Gaussian - Gaussian (mean) and Wishart (covariance)
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