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Abstract

How to identify influential nodes is a central research
topic in information diffusion analysis. Many existing
methods rely on the assumption that the network struc-
ture is completely known by the model. However, in
many applications, such a network is either unavailable
or insufficient to explain the underlying information dif-
fusion phenomena. To address this challenge, we devel-
op a multi-task sparse linear influence model (MSLIM),
which can simultaneously predict the volume for each
contagion and automatically identify sets of the most
influential nodes for different contagions. Our method
is based on the linear influence model with two main
advantages: 1) it does not require the network structure;
2) it can detect different sets of the most influential n-
odes for different contagions. To solve the correspond-
ing convex optimization problem for learning the mod-
el, we adopt the accelerated gradient method (AGM)
framework and show that there is an exact closed-form
solution for the proximal mapping. Therefore, the opti-
mization procedure achieves the optimal first-order con-
vergence rate and can be scaled to very large datasets.
The proposed model is validated on a set of 2.6 mil-
lions tweets from 1000 users of Twitter. We show that
MSLIM can efficiently select the most influential users
for specific contagions. We also present several interest-
ing patterns of the selected influential users.

Introduction
The problem of modeling the diffusion of information aris-
es in a wide spectrum of domains, including social media
analysis, infectious disease spread and viral marketing. One
important research question is to detect the most influential
nodes in an information diffusion network. The successful
identification of influential nodes is crucial in many appli-
cations. For example, in viral marketing, the company may
give free samples of the product to those influential cus-
tomers to trigger a large cascade of recommendations. In
preventing the spread of infectious disease, once the sources
of the infection have been detected, we could limit their in-
teractions with the outside world.

The problem of identifying influential nodes has been in-
vestigated in many social network analysis literature over
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the past ten years (Richardson and Domingos 2002; Kempe,
Kleinberg, and Éva Tardos 2003; 2005; Ma et al. 2008;
Weng et al. 2010; Chen, Wang, and Wang 2010; Cha et al.
2010; Biessmann et al. 2012). However, most of these works
suffer from the following two problems:

1. Many existing work makes the assumption that the com-
plete network structure is given as a priori and informa-
tion can only spread over the edges of the underlying dif-
fusion network. However, in many scenarios, the diffusion
network is implicit or unknown. Moreover, in many situa-
tions, even though the network structure is available (e.g.,
friendship/followers in social networks), the network it-
self cannot explain how a node gets infected by the con-
tagion. For example, in viral marketing, a customer, who
discovered and liked a new product, could have been in-
fluenced by many different types of information, e.g., rec-
ommendation from friends in real life, media sites, blogs
and forums. Therefore, when analyzing social network
data, it is not proper to directly model the fact that “a node
gets infected” as a result of influence from its neighbors.

2. Many existing work strives to detect influential nodes for
either only one contagion (i.e., information, topic, dis-
ease) or across all contagions. When there are multiple
related contagions in the network, we should detect dif-
ferent sets of influential nodes for different contagions,
yet utilizing the similarities among contagions. In other
words, for two similar contagions, the estimated sets of
influential nodes should also be close.

In this paper, we address the above issues by developing
a new method for detecting the most influential nodes for
multiple contagions, which does not require explicit knowl-
edge of the network structure. Our method is built on the re-
cently proposed linear influence model (LIM) by Yang and
Leskovec (2010), which is one of the state-of-the-art meth-
ods for modeling the global influence of a node through an
implicit network. However, LIM only addresses the prob-
lem of predicting the volume of each contagion but is un-
able to detect influential nodes for different contagions. In
addition, LIM assumes a global influence function for each
node without modeling the different levels of influence for
different contagions. In this work, we extend LIM by in-
troducing a contagion-sensitive influence function for each
node; and formulate the problem into a convex optimiza-



tion problem, which jointly minimizes the prediction loss
and a sparsity-inducing penalty function. Since our sparsity-
inducing penalty is designed by extending the penalty in
multi-task sparse Lasso (Obozinski, Wainwright, and Jordan
2009) into its tensor form, we name our method as multi-task
sparse linear influential model (MSLIM).

Due to the non-smoothness and high-complexity of the
penalty, the optimization problem for MSLIM becomes
quite challenging. To solve this optimization problem, we
adopt the accelerated gradient method (AGM) (Nesterov
2003; Beck and Teboulle 2009). We prove that for the prox-
imal mapping, which is the key step in AGM, there is an
exact closed-form solution. Therefore, the corresponding
AGM achieves the optimal convergence rate in O(1/

√
δ) ,

where δ is the desired optimization accuracy.
In summary, we propose a new method called MSLIM for

detecting the most influential nodes in an implicit informa-
tion diffusion network, which has the following three main
advantages over state-of-the-art work:

1. MSLIM does not require the prior knowledge of the net-
work structure.

2. MSLIM is a contagion-sensitive node selection method,
which can detect different sets of influential nodes for d-
ifferent contagions.

3. MSLIM simultaneously conducts the diffusion prediction
and influential node detection in a unified framework.

We demonstrate both the superior prediction accuracy and
better interpretability of the selected nodes on a real Twitter
dataset.

Related Works
Identifying influential nodes in social network analysis is
first formulated into a discrete optimization task by Kempe,
Kleinberg, and Éva Tardos (2003; 2005). After that, many
work has been devoted to this research topic. Due to space
limitation, we cannot survey all of them. Instead, we com-
pare a few highly relevant work to MSLIM in Table 1 ac-
cording to the following three metrics:

1. WO-NS (without network structure): whether the
method allows the absence of the network structure.

2. Multi-C (multiple contagions): whether the method can
select different influential nodes for different contagions
and utilize the relatedness of contagions to guide the se-
lection.

3. Temporal: whether the method incorporates the temporal
information into the modeling process or treats each time-
stamp independently.

As seen from Table 1, all of these work requires the network
structure to guide the selection of influential nodes. One re-
cent work was proposed to predict the canonical trend in an
implicit network based on a canonical correlation analysis
(Biessmann et al. 2012). However, this work mainly focus-
es on detecting a single trend setter (i.e., earliest source of a
canonical trend); while our method strives to detect a set of
the most influential nodes.

Method WO-NS Multi-C Temporal
(Kempe, Kleinberg, and Éva Tardos
2003)

$ $ "

(Ma et al. 2008) $ $ "

(Weng et al. 2010) $ " $

(Cha et al. 2010) $ $ "

(Chen, Wang, and Wang 2010) $ " "

(Bakshy et al. 2011) $ $ "

MSLIM " " "

Table 1: Summary of some representative work for influential n-
ode detection.

Figure 1: Volume vector Vk ∈ RT×1, lower-triangular matrix
Mu,k ∈ RT×L and influence vector I ∈ RL·N×1. This figure is
adopted from (Yang and Leskovec 2010).

Preliminary
In this section, we introduce the linear influence model
(LIM) proposed by (Yang and Leskovec 2010), based on
which we develop our MSLIM. Assume that there are N
nodes and K different contagions diffused among these n-
odes over time, where each contagion can infect a subset of
nodes at any time. We discretize the entire time span into
T units: {0, 1, . . . , T}. Let Vk(t) be the total volume of the
contagion k between t − 1 and t, i.e., the total times that a
node gets infected by the contagion k between t − 1 and t;
and Muk(t) be the number of times that the node u gets in-
fected by the contagion k in [t − 1, t]. The LIM assumes a
linear model between Vk(t) and Muk(t):

Vk(t+ 1) =

N∑
u=1

L−1∑
l=0

Muk(t− l)Iu(l+ 1) + εk(t+ 1), (1)

where Iu = (Iu(1), . . . , Iu(L)) ∈ RL×1 is the non-negative
influence function for the node u, the term we want to esti-
mate. The length L of the vector Iu means that the influence
of a node is assumed to drop to zero after L time units. εk(t)
is the i.i.d. zero-mean Gaussian noise. Following (Yang and
Leskovec 2010), Vk(t) and Muk(t) can be organized into
the matrix form as shown in Figure 1. We further define the
node influence function I ∈ RL·N×1 to be the concatena-
tion of I1, . . . , IN and matrix Mk = (M1k, . . . ,MNk) ∈
RT×L·N . Given the matrix form of Vk, Mk and I, Eq. (1)
can be written into a more compact form as follows:

Vk = MkI + ε. (2)



Figure 2: Influence function Iu ∈ RL×K for the node u.

Figure 3: Linear relationship between Vk and Mk.

Based on (2), LIM estimates the non-negative influence
function by solving a non-negative least square problem:

min 1
2

∑K
k=1 ‖Vk −Mk · I‖22, (3)

s.t. I ≥ 0

where ‖·‖2 is the vector l2-norm. By plugging the estimated
influence function into (1), one can predict the total volume
at the future time T + 1 for each contagion k.

Proposed Method: Multi-task Sparse LIM
Although LIM can model the influence for each node and
has been proven to be effective for predicting the future vol-
ume for each contagion, it cannot detect the most influential
nodes in an implicit network. In addition, LIM uses a sin-
gle influence function Iu for each node u as in (2), which
is based on an underlying assumption that each node has
the same influence across all the contagions. Clearly, this
assumption could be too restrictive for many applications.
For different types of contagions, the set of the most influ-
ential nodes could be very different. To achieve contagion-
sensitive node selection in an implicit network, we extend
the LIM model to the multitask sparse learning setting and
propose the multitask sparse linear influential model (M-
SLIM).

We define the influence function by extending Iu in LIM
into the so-called contagion-sensitive Iuk ∈ RL×1, which is
a L-length vector representing the influence of the node u
on the contagion k. For each contagion k, let Ik ∈ RL·N×1

be the vector obtained by concatenating I1k, . . . , INk, which
corresponds to I in LIM. For each node u, we further define
the influence matrix for the node u: Iu = (Iu1, . . . , IuK) ∈
RL×K , which is shown in Figure 2. Given the contagion-
sensitive influence function, we assume a linear relationship
between Vk and Mk as in (2) but replace I in (2) by Ik (see
Figure 3):

Vk = MkI
k + ε. (4)

We formulate the problem of contagion-sensitive in-
fluential node selection into a convex optimization prob-
lem, which jointly minimize the square loss and a non-

smooth sparsity-inducing penalty inspired by multi-task s-
parse learning (Obozinski, Wainwright, and Jordan 2009).
In particular, we estimate the non-negative vector {Iuk} for
all nodes and contagions by:

min
1

2

K∑
k=1

‖Vk −Mk · Ik‖22 (5)

+λ

N∑
u=1

‖Iu‖F + γ

N∑
u=1

K∑
k=1

‖Iuk‖2

s.t. Iuk ≥ 0, 1 ≤ u ≤ N, 1 ≤ k ≤ K,

where ‖ · ‖F is the matrix Frobenius norm. The penalty term
‖Iu‖F encourages the entire matrix Iu to be zero altogeth-
er, which means that the node u is non-influential for all
different contagions. If the estimated ‖Iu‖F > 0 (i.e., the
matrix Iu is non-zero), a fine-grained selection is performed
by the penalty

∑N
u=1

∑K
k=1 ‖Iuk‖2, which is essentially a

group-Lasso penalty (Yuan and Lin 2006) and can encour-
age the sparsity of vectors {Iuk}. The sparsity-level (i.e., the
number of selected nodes for each contagion) is controlled
by the regularization parameters λ and γ. In particular, for
a specific contagion k, one can identify the most influential
nodes Uk with respect to this contagion as:

Uk = {u : ‖Îuk‖2 > 0}, (6)

where Îuk is the optimal solution of (5).
With the estimated Îuk, one can predict the total vol-

ume of the contagion k at T + 1 by V̂k(T + 1) =∑N
u=1

∑L−1
l=0 Muk(T − l)Iuk(T + 1). Therefore, our M-

SLIM can simultaneously conduct contagion-sensitive vol-
ume prediction and influential node detection in a unified
framework.

We further note that as compared to the traditional multi-
task sparse learning with the l1/l2 mixed-norm penalty
(Obozinski, Wainwright, and Jordan 2009) (l1 corresponds
to the summation and l2 corresponds to the vector l2-
norm), the formulation of MSLIM is much more complicat-
ed, which makes the optimization (5) quite difficult. Firstly,
the traditional multi-task sparse learning only has one l1/l2
mixed-norm penalty on the regression coefficients. In con-
trast, MSLIM in (5) has both l1/lF penalty

∑N
u=1 ‖Iu‖F

and l1/l2 penalty
∑N
u=1

∑K
k=1 ‖Iuk‖2; and these two penal-

ties are intertwined together in the sense that Iuk is a sub-
matrix of Iu. In addition, since the influence is always “pos-
itive” in the basic LIM model (1), MSLIM requires the
non-negativity of {Iuk}, which is generally not required
by multi-task sparse learning. The complicated structure
of the penalty function in MSLIM makes the correspond-
ing optimization very challenge. Thus traditional method-
s for multi-task sparse learning (e.g., (Chen et al. 2009;
Liu, Ji, and Ye 2009)) cannot be directly applied. The work
in (Chen et al. 2012; Chen and Liu 2012) proposed a s-
moothing proximal gradient method which can be used for
our problem and achieves the convergence rate of O(1/δ)
where δ is the desired accuracy. In the next subsection, we
show how to adapt the FISTA algorithm (Beck and Teboulle



2009) to solve MSLIM in (5) with a faster convergence rate
of O(1/

√
δ).

Optimization
To solve MSLIM, we adopt the accelerated gradien-
t method, in particular, the popular fast iterative shrinkage-
thresholding algorithm (FISTA) in (Beck and Teboulle
2009). Since it only utilizes the gradient information of the
squared loss, it is efficient and can be scaled to very large
problems. To guarantee the optimal first-order convergence
rate of an accelerated gradient method, it requires that one
key step called proximal mapping has an exact analytical
solution. For our problem, the proximal mapping takes the
form:

argminI≥0

N∑
u=1

1

2
‖Iu−Wu‖2F+

λ

L

N∑
u=1

‖Iu‖F+
γ

L

N∑
u=1

K∑
k=1

‖Iuk‖2,

(7)
where Wu is a given matrix with the same size as Iu and L
is the Lipschitz constant for the gradient of the squared loss.
The analytical solution of (7) is presented in Appendices.
With the close-form solution of the proximal mapping step,
we could directly apply FISTA (Beck and Teboulle 2009)
to solve MSLIM in (5), which achieves the optimal first-
order convergence rate of O(1/

√
δ), where δ is the desired

optimization accuracy.

Experiments
In this section, we evaluate the performance of MSLIM on
a Twitter dataset. We first describe the data collection and
topic (contagion) extraction procedures, and then compare
MSLIM with several competitors on the prediction task. In
addition, we also present some qualitative analysis results on
the detected influential users(nodes) for different topics.

Data collection
In our experiment, we used the tweets from Twitter, which
are text-based messages of up to 140 characters. Prior to
crawling a corpus of tweets, we need to collect a set of Twit-
terers who composed those tweets. To that end, we resorted
to the public company profiles on TechCrunch 1, and ex-
tracted a list of 1000 Twitter usernames. TechCrunch is one
of the leading technology media sites, dedicated to profiling
startups, new products, and breaking finance and tech news.
Using the Twitter search API 2, we crawled all the tweets
of these twitter users between January 2009 and Novem-
ber 2011, which include the full text, the author, and the
time-stamp for each tweet. In addition, we also collected the
profile for each individual user, including followers coun-
t, the location, a short biography, etc. We conducted a s-
tandard Twitter-data cleaning procedure by removing from
tweets URLs, shortened URLs, stop words, special symbols,
words containing non-English characters, numbers, punctu-
ation, as well as words in the form of “@username”. After
the pre-processing, we converted each tweet into a bag-of-
words representation. In our dataset, on average, each user

1http://techcrunch.com/
2http://apiwiki.twitter.com/

Twitter-API-Document

has 2,611.825 tweets and the maximum number of tweets
for a specific user is 10,986. Following (Yang and Leskovec
2010), we further selected N = 786 users out of 1000 users
with at least 1,000 tweets during these three years and used
them to construct the so-called active node set for model-
ing the total volume of contagions to construct our implicit
network.

Topic modeling
When applying MSLIM, the first thing is to define seman-
tically meaningful contagions (corresponding to topics of
tweets). A straightforward way of defining topics is to di-
rectly use words as topics (e.g., LinkedIn). However, a sin-
gle word may not be rich enough to represent a broad topic
(e.g., social network sites). Another possible way is to use
the hashtag (e.g., #SouthAfrica). However, the frequency of
“#hashtag” is low in our tweet corpus, rendering the use of
them in defining topics inappropriate. In our experiment, we
constructed the topics using the Latent Dirichlet Allocation
(LDA) (Blei, Ng, and Jordan 2003) , which is a renowned
generative probabilistic model for topic discovery. We took
the LDA implementation (Phan and Nguyen 2007) , which
uses the Gibbs sampling for parameter estimation and infer-
ence (Griffiths and Steyvers 2004); and we set the number
of topics K = 50. For each topic, we only keep the top
100 words since probability on these 100 words has already
achieved a significant portion. Table 2 lists the top 10 words
from four example topics learned by LDA.

For each tweet w, LDA will make inference on
Pr(topic of w = k|w). Thus, we could simply set the topic
for each tweet w using the maximum a posterior rule, i.e,
the topic for w is max1≤k≤K Pr(topic of w = k|w). Given
the topic for each tweet, we can directly construct the matrix
Mk, where Mu,k(t) is the number of times that the user u
mentioned the topic k in [t − 1, t]. The volume Vk(t) is de-
fined by the total number of tweets that the topic k appears
in [t− 1, t] over the entire 1,000 users.

Quantitative analysis
In this section, we evaluate the prediction performance of
MSLIM. Volume Vk(t) of a contagion k can be viewed as
a time series in t. We thus evaluate MSLIM on a time se-
ries prediction task using the prediction mean-squared error
(MSE) as the evaluation metric:

MSE :=
1

K

K∑
k=1

(
1

T

(
T∑
t=1

(V̂k(t)− Vk(t))2

))
, (8)

where V̂k(t) is the predicted total volume for the contagion
k at the time t using the data from previous time.

To apply the model, some parameters (e.g.,time-tag L,
regularization parameters λ, γ) need to be determined. In
our time-series data analysis, it is hard to apply cross vali-
dation since if the validation set is in the middle of the en-
tire time sequence, the training set will not be consecutive
in time. Therefore, a common way to tune parameters is to
split the data into two portions: a training set and a valida-
tion set. In particular, we split the first 60% tweets in time
as the training set and the last 40% as the validation set. We



Apple apple iphone ios ipad ipod verizon siri sprint itunes jailbreak
Samsung phone android samsung tablet galaxy phones nexus smartphone tablets dual
Startup startup funding entrepreneurs startups raises clients investors techcrunch partners founders
Finance nytimes wsj nyc gutschein stock bloomberg tax finance bonus euro

Table 2: Top words for four interesting topics learned by LDA.

choose the best set of parameters that lead to the minimum
prediction MSE on the validation set. In our experiment, we
set one day as the time unit. Parameter L denotes how long
it takes the influence of a user to decay to zero. We set L to 5
since we observe when L exceeds 5 (days), the performance
becomes stable (i.e, the performance for L = 5 and L = 10
are roughly the same). In our experiment, we first use the
validation set to tune the parameters γ and λ, which deter-
mine the number of selected influential users for each topic.
Then we combine the training and validation sets to re-train
the model with the best selected parameters and estimate the
influence function for each user and topic. The final MSE is
reported on the entire time span.

Here, we compare our MSLIM algorithm to several com-
petitors on detecting influential nodes in social networks:

• In-degree selection: select users based on their total
number of followers (i.e.,in-degree).

• PageRank: select users with only link structure of the
network (Brin and Page 1998).

• TwitterRank: one of the state-of-the-art methods for se-
lecting topic-sensitive influential users (Weng et al. 2010).

• Single-task: a single-task version of MSLIM which sep-
arately runs MSLIM on each single topic.

All the first three methods require the network structure
given as the prior knowledge. In our dataset, we use the
standard “following relationship” to construct the network
structure. The first two methods, which are the most clas-
sical methods for hub node detection, select a common set
of users across all different topics; while the TwitterRank is
a topic-sensitive selection method. With the selected user-
s from each method, we adopted the LIM for the predic-
tion task. Here, single-task version of MSLIM is listed as
the last competitor to investigate the benefit of introducing
topic-sensitive influence function in LIM.

The comparison of the prediction MSE is presented in Ta-
ble 3. Note that we select the same number of influential
users as MSLIM for a fair comparison. As shown from Ta-
ble 3, the In-degree selection performs the worst, followed
by PageRank, and then single-task version of MSLIM. Twit-
terRank performs better since it considers the topic informa-
tion. Our MSLIM outperforms all the competitors in terms
of MSE. Again, we note that TwitterRank uses the informa-
tion about network, which is unavailable in some practical
situations. In contrast, our MSLIM does not require the net-
work structure and thus has wider applications.

We also point out that the runtime of MSLIM is slightly
longer than that of LIM due to the complicated penalty. In
our experiments, we implement both MSLIM and LIM on

Indegree Pagerank Twitterrank
SingleTask MultiTask

+ LIM + LIM +LIM
MSE 29.98 22.95 16.21 20.24 13.03

Table 3: Comparison of the prediction MSE.

Figure 4: Location of selected influential users for aggregation of
50 topics

NA Europe
Apple 22/35 6/35
Samsung 6/31 18/31

Table 4: Location distri-
bution of influential user-
s for topics “Apple” and
“Samsung”.

US West US East
Startup 10/29 4/29
Finance 5/26 9/26

Table 5: Location distri-
bution of influential user-
s for topics “Startup” and
“Finance”

a standard PC with 4GB RAM in MATLAB. For the best
chosen configuration of the parameters, the LIM takes 110.7
seconds while MSLIM takes 170.6 seconds.

Qualitative analysis
In this section, we present some interesting patterns of the
most influential users selected from MSLIM. For each topic
k, we detect a set of the most influential users Uk in (6). The
union set of the selected users (i.e., U = {u : ‖Îu‖F > 0})
contains 86 users while some users are influential on a va-
riety of topics. We plot the locations of these 86 users as
shown in Figure 4. We omit four of them since they do not
provide their locations in their profile. We can observe that
most of the influential users (42 out of 82) are located in
North America (NA), followed by the Europe (22 out of 82).
There is no influential user selected in Africa, Australia or
Antarctica. Such a result is quite expectable because the to-
tal 1000 users are closely related to internet media and high
technology and North America and Europe are centers for



high-technology.
By analyzing the influential users selected for each top-

ic, we show some interesting findings for the four topics in
Table 2. We omit those selected users without location in-
formation. The topic “Apple” has more influential users in
North America while “Samsung” are more popular in Eu-
rope. For the topic “Startup”, nearly 30% of influential users
are located in the west coast of USA. This is because the
Silicon Valley in the bay area has many startups in the high-
technology sector. In contrast, most influential users for the
topic “Finance” are located in the east coast of the US, which
is the world center of finance. We also analyze the influential
users’ short biography and find that some influential users
for “Apple” are marketing managers, graphic designers and
news sources while all of influential users for “Samsung”
are related to high-technology. Moveover, influential user-
s for “Startup” include more IT related users but less news
sources and financial media related users.

Appendices
We present the analytical solution for the proximal mapping
in (7). As we can see, Eq. (7) can be decomposed into N
independent problems where each problem only involves Iu:

argminIu≥0

1

2
‖Iu −Wu‖2F +

λ

L
‖Iu‖F +

γ

L

K∑
k=1

‖Iuk‖2 (9)

For simplicity, we use X, W, λ, γ to denote Iu,Wu, λL and
γ
L respectively so that Eq. (9) can be written as:

argminX≥0

1

2
‖X−W‖2F + λ‖X‖F + γ

K∑
k=1

‖Xk‖2, (10)

where X ∈ RL×K and Xk is the k-th column of X. Now
we only need to find the analytical solution of (10), i.e., the
solution not obtained by another optimization procedure.

Utilizing the dual-norm, we could write ‖X‖F =
max‖Y‖F≤λ〈X,Y〉 and ‖Xk‖2 = max‖Zk‖2≤γ〈Zk,Xk〉;
and hence (10) can be reformulated as:

max
‖Y‖F≤λ

max
‖Zk‖2≤γ

(
min
X≥0

1

2
‖X−W‖2F + 〈X,Y〉+

K∑
k=1

〈Zk,Xk〉

)
(11)

Assuming that Y and {Zk}Kk=1 are given, using the KKT
condition, we can obtain the optimal X by solving the inner
minimization problem in (11):

xlk = max (wlk − ylk − zlk, 0). (12)
We plug (12) back into (11). Now our goal is to solve Y and
{Zk}Kk=1 in the following problem:

max
‖Y‖F≤λ

max
‖Zk‖2≤γ

∑
l,k

[(
−

1

2
(ylk + zlk)

2
+ (ylk + zlk)wlk

)
I(wlk > ylk + zlk)

+
1

2
w

2
lkI(wlk ≤ ylk + zlk)

]
, (13)

where I(·) is the indicator function.
Let slk = ylk + zlk and define

φ(slk) = (−1

2
s2
lk + slkwlk)I(wik > slk) +

1

2
w2
lkI(wlk ≤ slk)

(14)
To maximize (13) over Y,Zk, we discuss it case by case:

1. When wlk ≤ 0, the solution slk = 0 has already achieved
the maximum value of φ(slk). Therefore, we could simply
set ylk = zlk = 0 and obtain xlk = 0 according to (12).

2. When wlk > 0, we define P = {{l, k} : wlk > 0} to be
the set of indices such that wlk > 0. Let vec(W(P)) be
the vectorization of wlk with (l, k) ∈ P .

(a) If ‖vec(W(P))‖2 ≤ λ, we could set Y(P) = W(P)
and all other elements in Y to zero so that ‖Y‖F ≤ λ;
and set Z = 0. Then, Eq. (11), i.e.,

∑
(l,k)∈P φ(slk),

achieves its maximum. According to (12), we have
X(P) = 0.

(b) If ‖vec(W(P))‖2 > λ , for each column of Wk, let
vec(Wk(P)) be the vectorization of elements wlk with
(l, k) ∈ P for a fixed k.

i. If ‖vec(Wk(P))‖2 ≤ γ , we could set Zk(P) =
Wk(P) and other elements in Zk to zero so that
‖vec(Zk(P))‖2 ≤ γ; and set Yk(P) = 0. Then,∑
l:(l,k)∈P φ(slk) achieves the maximum for a fixed

k. According to (12), we have Xk(P) = 0 .
ii. If ‖vec(Wk(P))‖2 > γ, we can imply that both

Yk(P) and Zk(P) as the same direction as Wk(P).
According to the constraint ‖Zk‖2 ≤ γ:

Zk(P) =
γ

‖Wk(P)‖2
Wk(P). (15)

Now define wlk = wlk − γ
‖wPk ‖2

wlk and W to be

the matrix of wlk. Let Θ = {k : ‖wPk ‖2 > γ},
Ω = {(l, k) : (l, k) ∈ P ∧ k ∈ Θ}. By plugging the
solution of Zk(P) into (13), Eq. (13) can be written
as the following optimization problem:

max
‖Y‖F≤λ,Y(ΩC)=0

∑
(l,k)∈Ω

[
−1

2
(ylk − wlk)2I(wlk > ylk)

+
1

2
w2
lkI(wlk ≤ ylk)

]
(16)

Since ‖vec (Wk(Ω)) ‖2 > γ, we have wlk > 0 for all
(l, k) ∈ Ω. Now

A. ‖vec
(
W(Ω)

)
‖2 ≤ λ, we set ylk = w̄lk for (l, k) ∈

Ω and ylk = 0 for k ∈ Θ but (l, k) 6∈ Ω. Therefore,
we have xlk = 0 for (l, k) ∈ Ω. Combining with
the previous discussions, we can further infer that the
entire X = 0.

B. ‖vec
(
W(Ω)

)
‖2 > λ, we have

Y(Ω) =
λ

‖vec(W(Ω))‖2
W(Ω) (17)

Therefore, according to (12), we have X(ΩC) = 0
and for each (l, k) ∈ Ω:
xlk = wlk − zlk − ylk (18)

= wlk −
γ

‖vec (wk(P)) ‖2
wlk −

λ

‖vec
(
W(Ω)

)
‖2
wlk

= wlk

(
1−

γ

‖vec (wk(P)) ‖2

)1−
λ

‖vec
(
W(Ω)

)
‖2


By combining the case 1, 2(a), 2(b)i, 2(b)iiA and 2(b)iiB,

we obtain the analytical solution of X.
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